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The effectiveness of machine learning (ML) in today’s applications largely depends on the good-
ness of the representation of data used within the ML algorithms. While the massiveness in
dimension of modern day data often requires lower-dimensional data representations in many
applications for efficient use of available computational resources, the use of uncorrelated fea-
tures is also known to enhance the performance of ML algorithms. Thus, an efficient repre-
sentation learning solution should focus on dimension reduction as well as uncorrelated feature
extraction. Even though Principal Component Analysis (PCA) and linear autoencoders are
fundamental data preprocessing tools that are largely used for dimension reduction, when en-
gineered properly they can also be used to extract uncorrelated features. At the same time,
factors like ever-increasing volume of data or inherently distributed data generation impede the
use of existing centralized solutions for representation learning that require availability of data
at a single location. This thesis focuses on representation learning in the case of distributed
data. Specifically, it tackles the distributed feature learning problem when data samples are
scattered in an arbitrarily connected network. PCA, being the most widely used representation
learning tool, is the main focus of this thesis. The overall objective is solving the distributed
PCA problem in 1) batch setting, and 2) streaming settings. The goals include development of
algorithms that are both provably convergent at an optimal rate and also efficient in terms of
communication between nodes in the network.

Two novel algorithms for distributed PCA are proposed in the batch setting that converge
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at a linear rate to the true eigenvectors of the global covariance matrix. The first proposed
algorithm is called Distributed Sanger’s Algorithm (DSA), which is a one-time scale method
that converges to a neighborhood of the true eigenvectors of the covariance matrix of the data
distributed in an arbitrarily connected network. Although this algorithm is fast in convergence,
it reaches to only a neighborhood of the optimal solution. We propose a second algorithm called
FAST-PCA (Fast and exAct diSTributed PCA) that uses a gradient-tracking based technique
to converge linearly but also exactly to the true solutions. Extensive theoretical analysis is
provided for both the algorithms that prove their convergence and numerical results are also
presented that further show the efficacy of the methods.

An important aspect of the modern world data is its ever increasing volume and thus ML
algorithm in modern applications should be capable of adapting to new data. This motivates
the study of representation learning problem in the streaming data setting as well. The prob-
lem of distributed PCA in the streaming data case is tackled in the second part of this thesis.
To that end, an algorithm called Distributed Generalized Oja’s Algorithm (DIEGO) is pro-
posed that estimates multiple dominant eigenvectors of the population covariance matrix in
the streaming settings. Theoretical analysis of the algorithm is provided that proves its conver-
gence. In streaming data settings, the distributed PCA problem is also looked into and analysed
in a special case of the distributed network, namely the federated learning setup, which has a
master-slave architecture rather than an arbitrary mesh network. Numerical results to study
the effect of different parameters are presented to demonstrate the efficiency of the algorithm
in both distributed and federated settings. For the purpose of a neural network based repre-
sentation learning model, the algorithms are also implemented for training autoencoders with

linear activation units.
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Chapter 1

Introduction

1.1 Motivation

The modern world is a data-driven era as massive, high-dimensional datasets are becoming an
increasingly essential part of nearly every aspect of our lives, ranging from healthcare to finance
and from social media to the Internet-of-Things (IoT). In a related trend, machine learning
algorithms are finding their applications in every possible domain because of their data-driven
approaches and the ability to generalize to new unseen data. These machine learning algorithms
require considerable amount of data preprocessing for their efficient and effective use. For these
reasons, a lot of effort have been put over in the years in efficient data preprocessing such
that the resultant representation of the data can be used in downstream machine learning
algorithms like classification [1], prediction [2] etc. One of the major steps in this preprocessing
is dimension reduction and feature learning for compression and extraction of useful features
from raw data. Some of the most used techniques for dimension reduction and feature learning
are principal component analysis (PCA) [3], linear discriminant analysis (LDA) [4], restricted
Boltzmann machines (RBM) [5], autoencoders [6] etc. Moreover, the performance of machine
learning methods is heavily dependent on the choice of data representation (or features) on
which they are applied. Learning features from the data that embody the most important,
explanatory and distinguishing information is an essential requirement of representation learning
of the data. It has been argued in literature e.g., in [7], that one of the factors that makes a
representation (of a data sample) “good” is having disentangled, more commonly known as
uncorrelated, features in the learned representation. Different explanatory features of the data

tend to change independently of each other in the input distribution in the real-world inputs.



This implies that if the learned representations have uncorrelated features, changes or noise in
one will not affect the others. Hence, dimension reduction in a computationally efficient manner
such that the resulting features are uncorrelated have been an active area of research in signal
processing and machine learning domains. However, the continuous explosion in the volume
(number of samples) and dimension (number of features) of data presents new challenges to the
prevalent methods of representation learning.

Another aspect of this modern day data is it being inherently distributed geographically
across locations in cases such as Internet of Things (IoT) [8], smart cities [9], autonomous
vehicles, etc., where existing ways of representation learning are not directly applicable. Modern
world data tends to be distributed for a multitude of reasons; it can be inherently distributed
(e.g., in IoT) where privacy or communication bottleneck prevents collation of data at a single
location, or it can be distributed due to storage and/or computational limitations. Distributed
setups can be largely classified into two types: i) those having a central entity/server that
coordinates with the other nodes in a master-slave architecture like in parallel computing or
federated learning, and ii) those lacking any central entity, in which the nodes are connected in
an arbitrary network. Figure 1.1 pictorially depicts the two architectures. Although the terms
distributed and decentralized are used interchangeably for both the setups in literature, we call
the former scenario decentralized and the latter distributed in this thesis. In the decentralized
architectures, the nodes communicate only with a master node which aggregates information
from all the nodes and passes it back to them. Hence the network topology doesn’t play a role in
such solutions. On the other hand, distributed archiectures are more general, lacking any master
node. In such networks, the nodes communicate with each other and reach a solution through
mutual collaboration. Both these scenarios are prevalent in the world, but the distributed case is
more general as it encompasses all arbitrary network structures. The absence of a central server
has further advantages like absence of single point of failure, no communication bottleneck at
the central server etc. Motivated by these reasons, this thesis focus on the problem of dimension

reduction and uncorrelated/disentangled representation learning in a distributed network.

1.2 Representation learning

Simply put, representation learning means learning a good representation of the raw features
of the data that can be used efficiently by downstream machine learning algorithms. There can

be many attributes of representation learning and few of those are discussed below:



(a) Decentralized Network (b) Distributed Network

Figure 1.1: Types of network architectures

1. Tackling curse of dimensionality: The raw input feature space of data is usually very high-
dimensional, but data compression and efficient processing in the modern world is based
on the proposition that relevant information in the data actually lies near or within low
dimensional spaces. A good representation of data is the one that captures this relevant
low dimensional information and hence cures this curse of high dimension that comes with

the explosion of data.

2. Abstraction: More and more abstract features can be learnt in terms of less abstract
features in layered fashion using certain deep architectures [10]. The abstraction captures
certain complex features of data that are invariant to local changes in the input and have

higher predictive power.

3. Transferable representations: Another aspect of a good representation is its re-usability.
This means if the features learned for a particular application can be used with little or

no modification for another application e.g., word embeddings [11].

4. Uncorrelatedness/Disentanglement: Learning uncorrelated representations have also gained
attraction in feature learning. Correlated features bring redundant information and in turn
lead to unnecessary increase in dimension of learned representations. This ultimately can
have consequences in downstream machine learning models e.g., random forests can be
good at detecting interactions between different features, but highly correlated features

can mask these interactions.

A good feature representation will have a combination of the above attributes, not necessarily all.
In this thesis, we will talk about the representations that have reduced dimension (that tackle
the curse of dimensionality) and uncorrelated (disentangled) features. Two of the most widely

used representation learning tools are Principal Component Analysis (PCA) and autoencoders.



1.2.1 Principal Component Analysis

Principal Component Analysis (PCA) transforms a large set of correlated features to a smaller
set of uncorrelated features that contain maximum information of the raw data. The goal of
dimension reduction can be accomplished by learning a low-dimensional subspace spanned by
the dominant eigenvectors of the covariance matrix of the distribution to which the data samples
belong. Mathematically speaking, for a data point y € R? sampled from a distribution with
zero mean and covariance ¥ € R%*¢, dimension reduction can be achieved by projecting y
onto a matrix X € R>*K K « d, such that X spans a subspace spanned by the leading K
eigenvectors of ¥ under the constraint X7X = I, that is X lies on a Stiefel manifold. When
y is compressed as ¥ = XTy with such an X, its reconstruction XXTy has minimum error in
Frobenius norm sense. However, this approach can only be called principal subspace analysis
as it does not ensure that the resultant K features in y are uncorrelated. The uncorrelatedness
constraint requires E {ny} =E [XTnyX} to be a diagonal matrix, which is fulfilled only
when X contains the eigenvectors of 3, not just any orthogonal basis of the subspace spanned
by the said eigenvectors.

As explained above, the true and complete purpose of PCA is served when the search for
the optimal solution ends with the specific set of eigenvectors of the data covariance matrix,
and not just with the subspace it spans. That is, PCA aims to find the specific directions
in which maximum energy of the data lies (see Figure 1.2(a)). Even though the problem of
dimensionality reduction of data has many optimal solutions (corresponding to all the sets of
basis vectors spanning the K-dimensional space), our goal is to find only the ones that give the
eigenvectors as the basis. In terms of optimization, geometry of the PCA problem in which one
tries to minimize the mean-squared reconstruction error under an orthogonality constraint, it is
a non-convex strict-saddle function. In a strict-saddle function, all the stationary points except
the local minima are strict saddles wherein the Hessians have at least one negative eigenvalue
that helps in escaping these saddle points. Also, in the case of PCA the local minima are the
same as the global minima. These geometric aspects make PCA, despite being non-convex, a
“nice and solvable" problem whose optimal solution can be reached efficiently. However, note
that the set of global minima contains, along with the set of eigenvectors as basis, all other
possible bases that are rotated with respect to the eigenvectors. And our goal is not to find just
any of the global minima but to look into a very particular subset of it, where the basis is not
rotated. Thus, the true purpose of PCA is fulfilled by a specific element of the Stiefel manifold

that corresponds to the eigenvectors of 3.
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Figure 1.2: Pictorial Depictions

1.2.2 Autoencoders

Autoencoder is another popular neural-network based tool for representation learning. It is an
unsupervised artificial neural network that learns how to efficiently compress and encode data
so as to reconstruct the data back from the reduced encoded representation to a version that
is as close to the original input as possible. Like PCA, autoencoders were originally viewed
as a dimensionality reduction technique and thus used a “bottleneck” layer whose dimension is
smaller than the input dimension as shown in Figure 1.2(b). This bottleneck layer represents
the “code” or the lower dimensional representation of the input data. A study in [6] showed
that the optimum weights of an linear autoencoder, when the loss function is the reconstruction
error, are given by the subspace spanned by the eigenvectors of the input covariance matrix.
It was further shown in [12, 13] that with a different training algorithm based on the Hebbian
rule [14], the network weights will converge to the eigenvectors of the input correlation matrix
not just the subspace spanned by them. That is, the encoding from an autoencoder will be
uncorrelated and hence will be a “better” representation. The good generalization power of
neural network-based systems along with their ease of parallelization in case of massive data

make them very attractive and efficient solutions for representation learning.

1.3 Overview and Contributions

Figure 1.3 depict some of the representation learning methods that exist in literature. The
theme of this thesis is based on principal component analysis (PCA) in distributed settings.
Our focus is to develop solutions for distributed PCA when the data samples are scattered
across an arbitrarily connected network with no central node. While PCA is often reduced to
dimension reduction, we focus on the dual goal of PCA that requires dimensionality reduction

as well as feature decorrelation. Main contributions of this thesis include proposed two novel
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Figure 1.3: Types of Representation Learning

algorithms for distributed PCA in deterministic settings when the data is fixed at each node,
one algorithm for distributed PCA in stochastic setting for the case of online data, application
of our algorithm for distributed autoenocder training and its effect on some classification tasks.

The details of these contributions are:

1. In Chapter 3, we propose our first algorithm for distributed PCA. We consider a connected
network lacking any central server where nodes can communicate with their neighbors.
Oja’s method is one of the classical methods based on the Hebbian learning rule for estima-
tion of the dominant eigenvector in the case of streaming data. We use its generalization
by Sanger for our case of distributed data in non-streaming settings. Since each node holds
a part of the sample while we are trying to learn eigenvectors for the entire data (global
data), consensus is an important part for our solution. All distributed solutions that exist
in literature are two time-step algorithms that use multiple rounds of communications be-
tween neighbors to achieve this consensus. We propose a one time-scale algorithm called
the distributed Sanger’s algorithm (DSA) [15, 16] that converges to the true eigenvectors
of the global covariance matrix in a fast and efficient way. We provide extensive analysis
of our algorithm and proof that our solution converges, upto a neighborhood, to the true
eigenvectors of the global covariance matrix at a linear rate for a constant step size. Fur-
ther we provide numerical results on synthetic and real data to prove the efficacy of the

solution.

2. In Chapter 4, we continue our focus on distributed PCA in non-streaming settings. Our
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first solution, in the previous chapter, only reaches a neighborhood of the true solution
when a constant step size is used. It can however be shown that it converges excatly by
using decreasing step size, but that would mean compromising the rate. Hence we lose the
advantage of being fast. In short, DSA is fast but not exact. To mitigate that, we propose
another algorithm called Fast and exAct diSTributed PCA (FAST-PCA) [17] based on
the gradient-tracking approach. We propose two variants of the algorithm FAST-PCA-O
and FAST-PCA-K motivated from the Oja’s and Krasulina’s rule respectively. Like Oja’s,
Krasulina’s method is another classical algorithm for dominant eigenvector estimation in
streaming data case. Although its extension for multiple eigenevector estimation does not
exist. We propose a generalization of Krasulina’s rule for multiple eigenvector estimation
in the distributed case in FAST-PCA-K. Our proposed FAST-PCA method is an iterative
update algorithm and its main attributes are that it is fast since it lacks any explicit
consensus loop and hence reduces the communication overhead, and it converges exactly
to the true eigenvectors of the global covariance matrix at a linear rate, thereby filling
the gap of inexact convergence left by DSA. Through extensive analysis of both versions
of our algorithm, we show that our proposed methods converge to the true eigenvectors
of the global covariance matrix exactly and at a linear rate. We also provide numerical

results to support our claims.

. In Chapter 5, we shift our focus to the case of streaming data for the distributed PCA
problem. The increasing volume of data makes the case of straming and distributed PCA
a very relevant problem. In this setting, we propose an algorithm called DIstributEd
Generalized Oja’s Method (DIEGO) which is a distributed version of Oja’s algorithm
coupled with an orthogonalization technique to estimate top K eigenvectors of the pop-
ulation covariance matrix. We show through our analysis for the case of K = 1 that the
proposed algorithm indeed converges to the dominant eigenvector. In addition, we show
that in a different distributed setup, like a federated learning setup, the algorithm has
a faster convergence than centralized Oja’s algorithm. Extensive numerical experiments
are provided to study the effect of various parameters like eigengap, graph connectivity
on the performance of the proposed algorithm. We also compare the performance of our
algorithm with the centalized PCA solution that clearly shows an increase in the rate of

convergence.



11

Chapter 2

Review of Existing Algorithms

Data compression and representation has been an active area of research for decades. The ex-
plosion of machine learning in so many applications have only added to its importance. Besides
machine learning, the nature of growing data also encouraged the study and development of
stochastic algorithms for PCA. Additionally, problems focused on finding solutions in decentral-
ized and distributed settings needed different approaches to PCA and representation learning
in general. In this chapter, we provide an overview of the existing works of PCA in different

settings.

2.1 Centralized PCA

Non-stochastic PCA: The problem of dimension reduction goes back to as early as 1901
when Pearson [18] aimed to fit a line to a set of data points. Later, Hotelling [3] proposed a
PCA method for decorrelating and compressing a set of data points by finding their principal
components. Since then, many iterative methods like power method, orthogonal iterations [19],
Lanczos method [20] have been proposed to estimate eigenvectors or low-dimensional subspaces
of symmetric matrices, a class under which covariance matrices fall. These methods are useful
when all the data is stored at a single location.

Stochastic PCA: In case of large or growing datasets, it might be difficult to store the data
at a single location or make a pass over the whole data at once. To alleviate this issue, over the
past several decades significant attention has been given and research has been done to come up
with stochastic algorithms for PCA under the assumption that the data has reasonable statistical

properties. A stochastic approximation algorithm was proposed by Krasulina in [21] for the



12

estimation of the dominant eigenvector in the streaming data case. From the point of view of
training neural networks for data compression, an algorithm very similar to Krasulina’s method
was later proposed by Oja [12], which was based on the Hebbian rule [14] which has its roots in
neurobiology. Krasulina’s and Oja’s method are the earliest work for stochastic PCA. Oja’s rule
was also extended for multiple eigenvector estimation by Sanger [13] who combined Hebbian
rule with Gram-Schmidt orthogonalization. It was shown that the weights of an autoencoder
trained using this Hebbian rule converge to the eigenvectors of the input correlation matrix.
The convergence of all these algorithms used ideas from stochastic approximation methods [22]
and were proven to converge asymptotically when decreasing step sizes that converge to zero
were used. A different perspective on convergence of Oja’s and Sanger’s rule was later given
in [23, 24]. These works used a deterministic discrete time approach to prove convergence
in case of constant step sizes. Krasulina’s method was generalized for the estimation of a
subspace of dimension greater than one in [25], although it only guarantees convergence to the
principal subspace, instead of principal components, at a linear rate under the low-rank matrix
assumption.

Recently, some work has been done for obtaining the finite sample complexities i.e., non-
asymptotic guarantees, for the PCA problem in stochastic settings. The work in [26] use variance
reduction techniques for faster convergence. However, it requires multiple passes over the data,
which makes them not completely fit for fast streaming settings. Another work in [27] uses
mini-batching along with an added momentum term for faster convergence. The analysis in
both of these works require an initialization close to the true eigenvectors, which is also not
ideal in practice. With random initialization, Balsubramani et. al [28] provided finite sample
guarantees for Krasulina’s and Oja’s method. Several other methods have been proposed in the
recent years like [29, 30| etc. for the PCA problem in case of noisy or spiked gaussian covariance
matrices. The authors in [31] proved that the sample guarantees for Oja’s rule can achieve the
optimal sample complexity for the first eigenvector, in the sense that it matches the matrix
Bernstein inequality [32, 33]. The authors in [34] extended this analysis in [31] to mini-batch
settings as well as for subspace estimation. Among other works, [35] also achieve this optimality
and provide eigengap-free convergence guarantees for Oja’s rule in case of subspace estimation
without taking the variance of data samples into account.

PCA as an Optimization Problem: One approach towards solving the PCA problem in
streaming settings is to relax the non convex PCA problem to a convex optimization problem

and then use stochastic gradient descent to solve the resulting stochastic convex optimization
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problem [36]. Taking this approach immediately opens up the rich literature for solving stochas-
tic convex problems, but it comes with tradeoffs. One tradeoff is the requirement O(d?) storage
space in case of d dimensional data as opposed to O(dk) when we solve the PCA problem in
its original nonconvex form. Secondly, the relaxation allows to only estimate a k dimensional
subspace instead of the true leading k eigenvectors, thus preventing the learning of uncorre-
lated features. Due to these limitations, PCA is often solved in its non convex form. Some
nonconvex optimization methods have also been developed in recent years that can be used to
tackle the PCA problem in the presence of streaming data. In [37] the PCA problem is solved
as an optimization program over the Grassmannian manifold. However, the resulting analysis
relies on the availability of a good initial guess. In contrast, the authors in [38] analyze the use
of the SGD for solving certain nonconvex problems that include subspace tracking. Subspace
tracking can solve the principal subspace analysis problem in streaming data case, but solving
PCA completely would require different approach. Their analysis also requires the step size to

be significantly small for eventual convergence which implies slower convergence in practice.

2.2 Distributed and Decentralized PCA

The main focus of this thesis is distributed networks. As such, we briefly touch upon decentral-
ized solutions for PCA and talk more elaborately about existing distributed PCA solutions.

Decentralized PCA: The solutions for the PCA problem in this setting focus on com-
putation reduction at a single node and are useful when data is large and can be simply split
between machines in constrast to distributed settings, where the assumption is data is scattered
inherently and can be coordinated by a single node. Some of the decentralized PCA solutions
in case of non-stochastic settings are [39, 40]. In stochastic settings, some of the methods that
exist for decentralized PCA were proposed in [41, 42].

Distributed PCA: In any distributed network, data can be distributed in either of the
two ways i) by features, where each node in the network has access to a subset of the features
that comprise a data point, and ii)by samples where nodes holds full data points. The solutions
for these two data distribution types are significantly different. A detailed review of various
distributed PCA algorithms for both kinds of data distribution is done in [43]. For the case
of feature-wise distribution as in [44-46], each node in the network estimates one or a subset
of features of the entire subspace. The work in [44] estimates top K eigenvectors of the graph
adjacency matrix of a network, while another significant work in [45] proposed an algorithm

for estimation of top K eigenvectors of the covariance matrix sequentially starting from the
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eigenvector corresponding to the largest eigenvalue. This sequential approach slows down the
convergence of the algorithm when a higher-dimensional eigenspace needs to be estimated.
Another work by us in [47] did away with sequential estimation and proposed an orthogonal
iteration based method for simultaneous estimation of the dominant %k dimensional subspace,
albeit not eigenvectors, using a distributed QR algorithm [48].

In this thesis, we focus on the case of sample-wise data distribution, where each node esti-
mates the entire basis and consensus in the network is a necessary condition. The sample-wise
data distribution was considered in [49-51], where a power method-based approach was pro-
posed for estimation of the dominant eigenvector (K = 1). This method requires an explicit
consensus loop [52] in every iteration of the power method and the final error is a function of
the number of consensus iterations. The power method-based distributed PCA solutions can
be used for multiple (K > 1) eigenvector estimation in a sequential manner, where lower-order
eigenvectors are estimated using the residue of the covariance matrix left after its projection
on the higher-order eigenvectors. Since estimation of any lower-order eigenvector requires that
the higher-order eigenvectors are fully estimated, this sequential approach results in a rather
slow algorithm. To overcome the issues of the sequential approach, an orthogonal iteration-
based solution (S-DOT) for the case of K > 1 was proposed in [47]. Although this method
estimates the K-dimensional subspace simultaneously, its convergence guarantees are in terms
of subspace angles and thus it proves convergence to the principal subspace. Moreover, all these
aforementioned methods require an explicit consensus loop making these algorithms inefficient
in terms of communication overhead. Another recent paper on distributed PCA [53] used a
gradient-tracking idea to develop a two-time scale algorithm called DeEPCA for subspace esti-
mation. The algorithm proposed in this work is, however, also a two-time scale method based
on orthogonal iterations, although they removed the dependence of the number of consensus
iterations on the final error thereby reducing the number of communication required. However,
their convergence guarantees were for subspace estimation, not eigenvectors, thereby making
it a PSA algorithm effectively. Table 2.1 shows the convergence rates of these important al-
gorithms for the case of sample-wise distributed data in non-streaming settings. The table
provides a comparison of the communication and iteration complexities of various distributed
PCA (principal component analysis) and PSA (principal subspace analysis) algorithms in terms

K

of error € and eigengap gap. Here gap, = AA; for PSA and gap, = maxg—1,. k Af\'zl for PCA

algorithms. Also, gap = Mg — Ax 41 for PSA algorithms and gap = ming—1, . g Ap — Ap41 for
PCA algorithms.

Distributed Stochastic PCA: Recently, some work have been proposed for distributed
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Table 2.1: Comparison of Communication and Iteration Cost

’ | Comm./Iteration | No. of Iterations | Total Comm. | PCA/PSA |
~ T I 1 1 71 71
DlStSGqPM O(Kw loglz) O(Kl()glg]T lOglz) O(K W 102gl E) PCA
S-DOT O(Wllog ) O(W lolg <) O(W log ;1) PSA
DeEPCA O(log —;7) O(gup log <) O( 55 log Z-Tlog 1) PSA

PCA in the stochastic (online) settings. The goal in some of these works has been improving
the communication efficiency of distributed methods for PCA. The work in [42] computes the
top eigenvector of local covariances at each node and then add all these local eigenvectors in
the last iteration to compute the final estimate of eigenvector. Hence, this way they only need a
single round of communication at the last iteration of algorithm. Since, we add up all the local
estimates in the last iteration of algorithm the approach taken in [42] is not very well suited for
streaming settings. The work in [54] on the other hand proposes a distributed PCA algorithm
based on the Krasulina’s method using a mini-batching approach. Finite sample complexity
analysis of the algorithm showed speed up in the convergence proportional to the size of the
mini-batch. The conditions on the size of mini-batch beyond which the speed up advantage
dies out is also derived here. The algorithm, however, is for the estimation of the dominant
eigenvector only and assumes that exact averaging of estimates at the nodes is possible which
is possible in specific cases like federated learning.

Distributed PCA as an Optimization Problem: PCA is a non-convex problem since
the uncorrelated constraint requires the solution to be a specific element on the Stiefel mani-
fold. Recently, some algorithms in the field of distributed optimization were proposed to deal
with non-convex problems. While some of those deal with unconstrained problems [55], some
are developed for non-convex objectives with convex constraints [56, 57], while some methods
guarantee convergence only to a stationary point [58]. For these reasons, none of the existing
distributed algorithms for non-convex problems are directly applicable for the PCA objective.
A recent work based on perturbation theory for linear operators based on the Picard iteration
was proposed for distributed optimization in [59]. The extension of this work in [60] demon-
strated the application of the distributed Picard iteration (DPI) method to distributed PCA
but it could only prove local convergence, i.e., if the estimate is already “close enough" to the
optimal solution, then it converges to the optimal point at a linear rate. Furthermore, the
DPI method suffers from two more limitations in terms of its theoretical analysis, namely it
requires the covariance matrix to be full rank as well as the upper bound on step size required
for convergence guarantees is not quantified in terms of problem parameters like eigengap, data

dimension etc. Thus, many gaps still remain to be filled in distributed PCA.
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Chapter 3

Distributed Sanger’s Algorithm: A

Linearly Converging Algorithm for
Distributed PCA

This chapter considers the problem of computing the dominant eigenvectors of a covariance
matrix in distributed settings. The goal is to estimate the true eigenvectors, not just any
subspace spanned by them, of the covariance matrix of the data that is distributed across an
arbitrarily connected network. Also, the focus is on providing a solution that is efficient in
terms of communications between the interconnected nodes of an arbitary network. One of
the classical methods for PCA include Oja’s rule [12] and generalized Hebbian method [13].
This chapter talks about a distributed algorithm called Distributed Sanger’s Algorithm that
is based on the generalized Hebbian algorithm (GHA) proposed by Sanger [13], wherein the
nodes perform local computations along with information exchange with their directly connected
neighbors. Detailed theoretical analysis and numerical experiments are provided to demonstrate

the effectiveness of the proposed solution.

3.1 Introduction

Massive and high-dimensional datasets are becoming an increasingly essential part of the mod-
ern world ranging from healthcare to finance and from social media to the Internet-of-Things
(IoT). In a related trend, machine learning algorithms are finding their applications in every

possible domain because of their data-driven nature and the ability to generalize to new unseen
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data. But these algorithms need a considerable amount of data preprocessing for their effec-
tive and efficient use. One of the major steps in this preprocessing is dimension reduction and
feature learning for compression and extraction of useful features from raw data that can be
used in downstream machine learning algorithms for classification, clustering, etc. Simultane-
ously, the enormity of the amount of available data makes it difficult to manage it at a single
location. There are multiple and an increasing number of scenarios where data is distributed
across different locations, either due to storage constraints or by its inherent nature like in the
Internet-of-Things [61]. This aspect of the modern-world data have led researchers to explore
distributed algorithms, which can process information across different locations/machines [62].
These aforementioned issues have motivated us to study and develop algorithms for distributed
PCA that are efficient in terms of computations and communications among multiple machines,

and that can also be proven to converge at a fast rate.

3.1.1 Our Contributions

The main contributions of this paper are (1) a novel algorithm for distributed PCA, (2) theoret-
ical guarantees for the proposed distributed algorithm with a linear convergence rate to a small
neighborhood of the true PCA solution, and (3) experimental results to further demonstrate
the efficacy of the proposed algorithm.

Our focus in this paper is to solve the distributed PCA problem so as to find a solution that
not only enables dimensionality reduction, but that also provides uncorrelated features of data
distributed over a network. That is, our goal is to estimate the true eigenvectors, not just any
subspace spanned by them, of the covariance matrix of the data that is distributed across an
arbitrarily connected network. Also, we focus on providing a solution that is efficient in terms
of communications between the interconnected nodes of an arbitary network. To that end, we
propose a distributed algorithm that is based on the generalized Hebbian algorithm (GHA)
proposed by Sanger [13], wherein the nodes perform local computations along with information
exchange with their directly connected neighbors, similar to the idea followed in the distributed
gradient descent (DGD) approach in [63]. The local computations do not involve the calculation
of any gradient, but we instead use a “psuedo gradient”, which we henceforth call Sanger’s
direction. In our proposed solution, termed the Distributed Sanger’s Algorithm (DSA ), we have
also done away with the need of explicit consensus iterations for making the nodes agree with
each other, thereby making it a one time-scale solution that is more communications efficient.
Theoretical guarantees are also provided for our proposed distributed PCA algorithm when

using a constant step size. The analysis shows that, when using a constant step size «, the
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DSA solution reaches within a O(«)-neighborhood of the optimal solution at a linear rate when
the error metric is the angles between the estimated vectors and the true eigenvectors'. We
also provide experimental results and comparisons with centralized orthogonal iteration [19],
centralized GHA [13], a sequential distributed power method-based approach and distributed
projected gradient descent. The results support our claims and analysis.

To the best of our knowledge, this is the first solution for distributed PCA that uses a
Hebbian update, achieves network agreement without the use of explicit consensus iterations,
and still provably reaches the globally optimum solution (within an error margin) at all nodes

at a linear rate.

3.2 Problem Formulation

Principal Component Analysis (PCA) aims at finding the basis of a low-dimensional space that
can decorrelate the features of data points and also retain maximum information. More formally,
for a random vector y € R? with E [y} = 0, PCA involves finding the top-K eigenvectors of
the covariance matrix 3 := E [ny]. The zero mean assumption is taken here without loss of
generality as the mean can be subtracted in case data is not centered. Mathematically, PCA

can be formulated as

X = argmin B [ly - XXTy|y|  suchthat Vi #q, (E[XTyy"X] )Zq —0. (31

The constraint (IE [XTnyX} )lq = 0,Vl # q, ensures that X decorrelates the features of
y. Now, E [XTnyX} = XTE {ny} X = XTEX and it is straightforward to see that this
quantity is diagonal only if X contains the eigenvectors of 3. This explains why the search
for a solution of PCA ends with the eigenvectors and not the subspace spanned by them. In
practice, we do not have access to X and so a covariance matrix estimated from the samples of
y is used instead. Specifically, for a dataset with /N samples {yl}{il, or equivalently, for a data
matrix Y = [Y1,Y27 L ,YN]v the sample covariance matrix can be written as C = %YYT
such that 3 :=E [C} The true solution for PCA is then obtained by finding the eigenvectors

of the covariance matrix C, which are also the left singular vectors of the data matrix Y. The

empirical form of (5.1) is thus

X =argmin f(X) = argmin [|[Y — XXTY|% such that Vi # q, (XTYYTX) =0.
XcRAX K XeRdXx K lq

(3.2)

1Our results can also be extrapolated to guarantee exact convergence with decaying step size, albeit at a
slower than linear rate.
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In the literature, however, PCA is usually posed with a ‘relaxed’ orthogonality constraint of

XTX =1 instead of (XTYYTX)l =0,V # q, as follows:
q

X = argmin f(X)= argmin  ||[Y - XXTY|%. (3.3)
XeR4XK XTX=T XeR4x K XTX=T

The optimization formulation in (3.3) with this constraint will only lead to a subspace spanned
by the eigenvectors of C as the solution, thus actually making it a Principal Subspace Analysis
(PSA) formulation. In other words, although the formulation (3.3) gives a solution on the
Stiefel manifold, the actual PCA formulation (3.2) requires the solution to be within a very
specific subset of that manifold that corresponds to the eigenvectors of C. The accuracy of the
solutions given by the PCA and PSA formulations will be the same when measured in terms
of the principal angles between the subspace estimates and the true subspace spanned by the
eigenvectors of the covariance matrix. Specifically, if X = [Xl, X K} is an estimate of the
basis of the space spanned by the eigenvectors Q = {ql’ e ,QK}’ then the principal angles
between Q and X given by either (3.2) or (3.3) will be the same. But a more suitable measure
of accuracy for any PCA solution should be the angles between x; and q; for alli = 1,--- K,
which motivates us to judge the efficacy of any solution with respect to this metric instead of
the principal subspace angles.

In the distributed setup considered in this paper, we consider a network of M nodes such that
the undirected graph, G := (V, £), describing the network is connected. Here V = {1,2,..., M}
is the set of nodes and & is the set of edges, i.e., (i,j) € £ if there is a direct path between
¢ and j. The set of neighbors for any node i is denoted by N;. Under the setup of samples
being distributed over the M nodes, let us assume that the it node has a data matrix Y;
containing N; samples such that N = Zf\il N;. Thus each node has access to only a local
covariance matrix C; = N%YiY;f instead of the global covariance matrix but one can see that
NC = Zf\il N;C;. In this setting, a straightforward approach might be that each node finds
its own solution independent of the data at all the other nodes. While this might seem viable,
this approach will have major drawbacks. Recall that the sample covariance C approximates
the population covariance ¥ at a rate of O(f(N 1)), where f is some function (depending on
the distribution) of the number of samples N [? |. Since the local data has smaller number
of samples than the global data, working with the local covariance matrix C; alone instead of
somehow using the whole data will lead to a larger error in estimation of the eigenvectors. Also,
since uniform sampling from the underlying data distribution is not guaranteed in distributed
setups, the samples at a node may end up being from a narrow part of the entire distribution,

thus being more biased away from the true distribution. This invites the need for the nodes to
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collaborate amongst themselves in a way that all the data is utilized to find estimates of the
eigenvectors at each node while ensuring that all the nodes agree with each other. Thus, for a
distributed setting, the PCA problem in (5.1) can be rewritten here as

M

X = arg min fi(X) = arg min Y, - XXy,
Xe]Rde Z XeRde Z || HF
such that Vi # g, (XT(ZYiYiT)X)l —0. (3.4)
i=1 1

It is easy to see that Zgl fi(X) = f(X). Also, in a distributed setup, each node ¢ maintains
its own copy X; of the variable X due to the difference in local information (local data) they
carry. Thus, all nodes need to agree with each other to ensure the entire network reaches the

same true solution. Hence, the true distributed PCA objective at the i*” node is written as

M
argmm Z 1Y; — X; X} Y;||%2 such that (3.5)
ViEN;, X; =X, and Vi#q, (XZ-T(ZYZ-YZ-T)XZ-) —0. (3.6)
i=1 la

Note that (5.1)—(3.6) are non-convex optimization problems due to the non-convexity of the
constraint set. One possible solution to the PCA problem is to instead solve a convex relaxation
of the original non-convex function [36, 64]. The issue with these solutions is that they require
O(d?) memory and computation, which can be prohibitive in high-dimensional settings. In
addition, due to O(d?) iterate size these solutions are not ideal for distributed settings. Also,
these formulations, without any further constraints, will not necessarily give a basis that is the
set of dominant eigenvectors. Instead, they might end up giving a rotated basis as explained
earlier, thereby not completing the task of decorrelating features. Hence, in this paper we use
an algebraic method based on GHA for neural network training, which has O(dK) memory and
computation requirements, to solve the distributed PCA problem. Our goal is to converge to
the true eigenvectors of the global covariance matrix C at every node of the network. As noted
earlier, distributed variants of the power method exist in the literature [49-51] that can find
the dominant eigenvector but these methods employ two time-scale approaches that involve
several consensus averaging rounds for each iteration of the power method. Such two time-scale
approaches can be expensive in terms of communications cost. In this chapter , we propose a
one time-scale method that finds the top K eigenvectors of the global sample covariance matrix
C at each node through local computations and information exchange with neighbors. The
proposed method also converges linearly up to a neighborhood of the true solution when the

error metric considered is the angle between the estimates and the true eigenvectors.
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3.3 The Proposed Algorithm

In [13], Sanger proposed a generalized Hebbian algorithm (GHA) to train a neural network and
find the eigenvectors of the input autocorrelation matrix (same as the covariance matrix for zero-
mean input). The outputs of such a network, when the weights are given by the eigenvectors, are
the uncorrelated features of the input data that allow data reconstruction with minimal error,
hence serving the true purpose of PCA. The algorithm was originally developed to tackle the
centralized PCA problem in the case of streaming data, where a new data sample y;,t = 1,2,. ..,
arrives at each time instance.

In this paper we consider a batch setting, but the alignment of GHA with our basic goal
of finding the eigenvectors motivates us to leverage it for our distributed setup. The rationale
behind the idea of extrapolating the streaming case to a distributed batch setting is simple:
since E[y,y{] = E[Y; Y]] = ¥, the sample-wise distributed data setting can be seen as a
mini-batch variant of the streaming data setting. In the context of neural network training,
our approach can be viewed as training a network at each node with a mini-batch of samples
in a way that all nodes end up with the same trained network whose weights are given by the
eigenvectors of the autocorrelation matrix of the entire batch of samples.

The iterate for the GHA as given in [13] has the following update for the matrix of eigen-

tth

vectors (i.e., the neural network weight matrix) X when the sample y; arrives at the input

of the neural network:
XD = X0 4 o |yyf XO - XOuy ((x<t>)TytytT xmﬂ : (3.7)

where U : REXE 5 REXK is an operator that sets all the elements below the diagonal to zero
and «y is the step size. For K = 1, and defining ¥; = y;y/, it was shown in [12] that the
term (X)) Ty, yTX® = (XO)TE,X® is the consequence of a power series approximation of
Oja’s rule in lieu of the explicit normalization used in the case of the power method. In the

case of K > 1, U((X(t))TytytTX(t)) = Ll((X(t))TZtX(t)) helps combine Oja’s algorithm with
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the Gram—Schmidt orthogonalization step as follows:

()T
t £\T ) _ x( . t t
x( >u((x<>) Etx()) —x( >u< Do [k X(K)D
()"
=)TEad” )T ) TR
_ XW( ETEa GO TER L )T )
()T ()R () TR |
OB (OB
_ X(t)( 0 ) TE) L () TR )
0 0 (x{0) T3, 0
=[x 2 )TN S ) e
(3.8)
Thus, for any & = 1,..., K, the term involving U(-) in (3.7) includes an implicit normaliza-
tion term (x,(:))TEtx,(f)x,(;) as well an orthogonalization term E’;;i (xét))TEtx,it)x,(f), which—

analogous to the Gram—Schmidt orthogonalization procedure—forces the estimate x,(f) to be

orthogonal to all the estimates xl(f)

,p=1,...,k —1. Another important thing to note about
the GHA algorithm is that, in order to estimate the dominant K eigenvectors, it only requires
the corresponding top K eigenvalues to be distinct (and nonzero). In other words, it does not
require the covariance matrix to be non-singular.

In the deterministic setting, where we have the full-batch instead of new samples every

instance, this iterate changes to

X+ — X0 4 o, [Cx® — X(t)u((xu))TCXu)ﬂ — X 4 a,H(C,XD). (3.9)

Here, we term H : R4 x RIXK 5 RIXK 94(C Xt := (CXt - Xtu((Xt)TCXt» as the
Sanger direction. An iterate similar to (3.9) has been proven to have global convergence in [24]
for some very specific choice of the step sizes that are dependent on the iterate itself. Its
straightforward extension to the distributed case is not possible as that would lead to different
step sizes at different nodes of the network, making it difficult to talk about its convergence
guarantees. Hence, to adapt this iterative method to our distributed setup, we use the typical
combine and update strategy used quite richly in the literature for distributed algorithms such

as [63, 65-67]. The main contributions of such works lie in showing that the resulting distributed

(t)
P

.
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Algorithm 1: Distributed Sanger’s Algorithm (DSA)
Input: Y1, Y5, ... Yy, [wj],a, K
Initialize: Vi, X\* < X : Xinie € RE XTI X =1
1: fort=1,2,... do

2:  Communicate th_l) from each node i to its neighbors
3:  Estimate of eigenvectors at node i: th) < D jeNiuii} wijxgt_l) + a’Hi(XEt_l))
4: end for

Return: th),i =12,....M

algorithms achieve consensus (i.e., all nodes will have the same iterate values eventually) and,
in addition, the consensus value is the same as the centralized solution. The convergence
guarantees for these methods are mainly restricted to convex and strongly convex problems
though. Our distributed version of (3.9) for PCA, which is non-convex, is based on similar
principles of combine and update.

) of the estimate of the eigenvec-

Specifically, the node i at iteration t carries a local copy Xl(-t
tors of the global covariance matrix C. In the combine step, each node i exchanges the iterate
values with its immediate neighbors j € N, where N; denotes the neighborhood of node 4, and
then takes a weighted sum of the iterates received along with its local iterate. Then this sum
is updated independently at all nodes using their respective local information. Since node i in

the network only has access to its local sample covariance C;, the update is in the form of a

local Sanger’s direction given as
#:(C, X\") = X - xPu((x")Tex"). (3.10)

The details of the proposed distributed PCA algorithm, called the Distributed Sanger’s
Algorithm (DSA), are given in Algorithm 1. The weight matrix W = [w;;] in this algorithm is
a doubly stochastic matrix conforming to the network topology [52] in the sense that for i # j,
w;; # 0 when (4,j) € £ and w;; = 0 otherwise. Also, Vi,w;; # 0, i.e., there is a self loop at
each node. Note that connectivity of the network, as discussed in Section 3.2, is a necessary
condition for convergence of DSA. The connectivity assumption, in turn, ensures the Markov
chain underlying the graph G is aperiodic and irreducible, which implies that the second-largest
(in magnitude) eigenvalue of W, 8 = max{|Aa(W)|, |Apr(W)]|}, is strictly less than 1. While
DSA shares algorithmic similarities with first-order distributed optimization methods [63, 68] in
which the combine-and-update strategy is used, our challenge is characterizing its convergence
behavior due to the non-convex and constrained nature of the distributed PCA problem. To
this end, we first provide a general result in Section 3.4.1 where we prove the convergence of a

modified form of GHA. Then we utilize that result, along with some linear algebraic tools and
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additional lemmas provided in the appendices, to characterize the dynamics of the distributed

setup in Section 3.4.2 and prove the convergence of the proposed algorithm.

3.4 Convergence Analysis

The convergence analysis of DSA algorithm is provided in this section. We first provide a general
result where we prove the convergence of a modified form of GHA. Then we utilize that result,
along with some linear algebraic tools and additional lemmas, to characterize the dynamics of

the distributed setup and prove the convergence of the proposed algorithm.

3.4.1 Convergence Analysis of a Modified GHA

Let X = [x(lt) th) X&?} € R¥>*K K < d, be an estimate of the K-dimensional sub-
space spanned by the eigenvectors of the covariance matrix C after ¢ iterations and q;,l =
1,...,d, be the eigenvectors of C with corresponding eigenvalues );. On expanding (3.9) us-
ing (3.8), it is clear that the GHA update equation for estimation of the k*" eigenvector using

a constant step size « is as follows:

k—1
x( ) = xf? +a(Oxf? — ()T exx — 3 () Tex ). (3.12)
p=1

We now slightly modify (4.1) by replacing xét) for p < k by the true eigenvectors q,. We
term the resulting update equation modified GHA and note that this is not an algorithm in
the true sense of the term as it cannot be implemented because of its dependence on the true
eigenvectors q,. The sole purpose of this modified GHA is to help in our ultimate goal of
providing convergence guarantee for the DSA algorithm. The update equation of the modified

GHA for “estimation” of the k' eigenvector of C, k = 1,..., K, has the form

k—1
xgH) = x,(:) + a(ng) - (x,(:))Tng)xg) - qungx,(:)). (3.12)
p=1

Note that similar to the original GHA, this modified GHA assumes that C has K distinct
eigenvalues, i.e., Ay > Ao > ... > Ag > Agy1 > - > Ag > 0. Now, since q;,l = 1,...,d,
are the eigenvectors of a real symmetric matrix, they form a basis for R? and can be used for

. t
expansion of any x,g) as

x,(:) = Z z,(:}qh (3.13)
1=1
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where z,(:; is the coefficient corresponding to the eigenvector q; in the expansion of x,(:). Mul-

tiplying both sides of (3.12) by q/ and using the fact that qf q = 0 for [ # I, we get

k—1
A0 = 2+ a@lcx — af O apal Cx) — (i) TCx2)).
p=1
This gives
z,(f;rl) = ,(:3 (x,(:))TCxl(f)z,(fg, for I=1,...,k—1, (3.14)
and z,(ffl) = z,(:g +a(N — (xzt))TCx,gt))z,ifg, for I=k,...,d. (3.15)

It has been shown in [23] that the update equation given by
XD 50 4o (Cxl — ()T xOx)

for k = 1 converges to +q; at a linear rate for a certain condition on the step size «. Specifically,

it was proven that (thi) —+1 and Zz 2(21 l) < byph, where b; > 0 is some constant and

p1 = (%igf\f)Q < 1. Here, we extend the proof to a general k& and show that the update
equation given in the form of (3.12) for any k = 1,..., K, K < d, converges to the k' dominant

eigenvector.

Theorem 1. Suppose a < m, where )\1 is the largest eigenvalue of C and K is the
number of eigenvectors to be estimated, qi xk # 0, and ||x(0)|| =1 for all k. Then the
modified GHA iterate for X](C) given by (3.12) converges at a linear rate to the eigenvector +q

corresponding to the k' largest eigenvalue i, of the covariance matriz C.

Proof. The convergence of X,(f) to qx requires convergence of the lower-order coefficients z,(:)l, ey 21(3@71
and the higher-order coefficients z,(ctzc 1 z,(ctzl to 0 and convergence of z,(fzc to £1. Now,
k—1 d
t t t t
e = (57 Cxq | = [ - Z)\l L= = M52 = Do M(ED = D Mz’
1=1 I=k+1
d
> = M |—\sz D=1 M)
I=k+1
or, Al — ()% < |Z)\l 2| +| Z N2+ I — ()T ex?). (3.16)
I=k+1

Thus, convergence of the lower-order and the higher-order coefficients to 0 along with con-
vergence of the term |\, — (xg))TCx,(:)\ will also imply the convergence of z x to £1. To
this end, Lemma 3 in the appendix proves linear convergence of the lower-order coefficients
z,(f)l,.. z,i?c , to 0 by showing Z (z,(:;rl)) < a1y*t! for some constants a; > 0,y < 1.

Furthermore, Lemma 4 in the appendix shows that 27: k +1(z,(:l+ ))2 < as p';jl, where a1,as > 0



26

and 7, pr < 1, thereby proving linear convergence of the higher-order coefficients to 0. Finally,
Lemma 5 in the appendix shows that |\ — (x,(f))TCng)\ < tag (6! + max{d’,~4t}), where
ag > 0 and 0,71 < 1. The formal statements and proofs of Lemma 3, Lemma 4 and Lemma 5

are given in subsection 3.5.1.

Thus,
AL = (503)°] < |Zm )’ +1 Z M(z:0)%] + tas(87 + max{s",41})
l=k+1
k—1 d
= SN+ D MDD + tas(d ! + max{d', 1))
=1 l=k+1
k 1
< 202 + Z %) + tas (8" + max{d*,~}})
l:l I=k+1

< A(ay' + azph) + tag (o' + max{§*, 74 }).

Clearly, tlim 1 — (zk k) | = 0. Therefore, Theorem 1 shows that the iterates x,(f) of the
— 00
form (3.12) converge linearly to eigenvectors qi of the covariance matrix C. O

3.4.2 Convergence Analysis of Distributed Sanger’s Algorithm (DSA)

With the analysis of the modified GHA in hand, let us proceed to analyze the proposed DSA
algorithm. The iterate of DSA at node 4 for the dominant K-dimensional eigenspace estimate
(K < d) is given as
X = 3 X e X = Y wX +a(ex? - xPu(x{)Tex!)),
JeN;U{i} JeN;U{i}
(3.17)

where th) = |:Xz('? 52 . th}(} € R¥™X is an estimate of the K-dimensional subspace of

the global covariance matrix C at the i'" node after ¢ iterations, H;(C;, th)) is local Sanger’s

direction, and w;; > 0 is a weight that node 7 assigns to X;t

) based on the connectivity between
nodes i and j as mentioned before. The Sanger’s direction and the update equation for an

estimate of the k' eigenvector is thus given as

k—1

H, (CZ,X(t)) = C;x Etl)f ( (t))TCL Et])c Et})C Z( (t))TCZ ¢ kXEtI)) (318)
p=1

and, ng,jl) = Z wijxg.f,)c + a(Cifoll —(x Et yr'e; X kx Zx i t) yr'e; x(t i)

JEN;U{i}
(3.19)



27

Now, let the average of xﬁc, Xétgc, .. XS\? . after t*" iteration be denoted as xk = M ZZ 1 x

and given by taking average of (3.19) over all the nodesi=1,..., M as

xgﬂ) :5{1(:)4_ Z,H (t)

M M M
— « _ (e o
=%+ 2 Y M)+ 4 ) - 5 D)
i=1 i=1 i=1
0 M
=%+ 37 2 M%) + aby)
i=1
N M k-1
=%+ 47 (0x - ) oxx =30 X)) Cixi)) +ahy?,
i=1 p=1
where h = 4 ZZ 1 (Hi(x; )) - ’Hi(i(t))). We present analysis of the DSA algorithm by

first proving convergence of the average x( ) to a neighborhood of the eigenvector qi of the
global covariance matrix C while using a constant step size. Then with the help of Lemma 8,

(¢ ) at each node from the average X( ) is upper

which proves that the deviation of the iterates X;
bounded, we prove that the iterates at each node also converge to a neighborhood of the true
solution. It is noteworthy that the analysis of DSA does not require additional constraints on
eigenvalues of C;, i.e., similar to GHA, we only require the top K eigenvalues of C to be distinct
and non-zero.

The complete proof of convergence of DSA is done by induction. First, we show the con-
vergence of x( ) to a O(«) neighborhood of q; and then analyze the rest of the eigenvector

estimates xg ,1, k=2,..., K, by assuming that the higher-order estimates have converged.

Case I for Induction — k = 1: The iterate for the dominant eigenvector is

t+1 t t )y (t
x( = DT wd +a(Cxff] - ()T Cix{Dx(Y). (3.20)
JEN;U{i}
Theorem 2. Suppose a < %, where \1 is the largest eigenvalue of C and K is the

number of eigenvectors to be estimated, qf x ;é 0, and ||x(0)|| = 1. Then the DSA iterate for

XE{ given by (3.20) converges at a linear rate to an O(a) neighborhood of the eigenvector +q;

corresponding to the largest eigenvalue A1 of the global covariance matriz C at every node of

the network.
Proof. We know that
I =il < x( = % + %7 = x{[l,  where x} = %q. (3.21)

The term ||x£? — igt) || is a measure of consensus in the network and we prove in Lemma 8 that
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this difference decreases linearly until it reaches a level of O(a). More precisely,

«

)

I = =) < by (8" + (3.22)

where = max{|A2(W)|, |An(W)|}. In particular, it is well known that for a connected graph

B < 1. Now, the average iterate of DSA for the estimate of the dominant eigenvector (k = 1) is

%) = x|V HOx ) () e Vx{TY) +anf Y.
Thus,
s —xi = x|V + S(ox Y - =)o TVRY) - xi 4 abf Y
or, s x| = %1V + FH(Ox T - () Tex V%) —xi +an Y|

—_(t * _(t—1 o _(t—1 _(t—1 _(t—1)_(t—1 * t—1
or, [Ix” —xjl < & + R (Cx TV - &) Tex VR x| +afbi ).

(3.23)

We saw in Section 3.4.1 that an iterate of the form
_(t _(t—1 « _(t—1 _(t—1 _(t—=1)_(t—1
X0 = 500 4 2 (0RO Ds)

converges linearly to x] = =£q; for certain conditions on the step size and the initial point.
Thus,

O J(t-1) (t-1) L+ A2
1% = xil < pul< " = xil + a0V, where gy = A2,
M1
The term hgtil) in the above equation appears due to the distributed nature of the algorithm

and can be bounded separately. Specifically, we prove in Lemma 9, that

(67

||hgt71)|| < 9)\1()1 (Bt—l + m)

Thus,
S * S\— * — a
%07 =i < o= = X+ 9akibi (57 + )
< o1 (a5 = x|+ 9aNb1 B2 + 9 by (

«
1-—

)) +90¢)\1b1(5t71 + 1(—)[6)

t—1

< 4% = x5l + 9ahiby > (0BT BT +
r=0

1 o
1 _plgOt)\lbl(l —6)

Since p1, 8 < 1, we have the following two cases:
Lopi<f = pf~" <1 Then, Y Zo(p 87187 < 35,5 B =16

-1 — — — — — — — —
2. p1 > f. Then Y, —o(p1 1) B 7L = B 4 pu B2+ pl <l el = tp



29

Therefore,

(0)

(L), where ¢; = 9a\1b;.

— x}|| + ext max{pt~t, g1 —|—
{ { b (1

f
%87 — x5 < ot 1%
(3.24)

Consequently, from (3.22) and (3.24), we get

* « — * —
I - xill < b1<ﬁt+m>+p§ux§°>—x1||+c1tmax{p§ 1,

ALK = x| + b + ertmax{p} ",

“ )
>< aﬂ)-

This proves that xg? converges to a neighborhood of x] = q; or x] = —q at a linear rate. [

Case II for Induction — 1 < k < K: For the remainder of the eigenvectors, we proceed
with the proof of convergence by induction. Since we have already proven the base case, we can

assume there exist constants ¢; , > 0 and 6; , < 1 such that
||x(t)( (t)) —aqpa) || < cip(fl, + 1 %5),¥p=1,....k—1, and
2. IxP<3,p=1,....k—1i=1,..M.
Using the inequality in 1) above, we can write xEZ(XEZ)T = qpqp + d)z »P=1...,k—1such

that ||¢ H < ¢ip(0;, + 125). This implies

a M k-1 a M k-1
t t —(t)
12 Xt e = 1237 (avay + 615 Cix”
i=1 p=1 i=1 p=1
a k—1 B M k-1
MZ qpq, Cx,(: +a¢ where 1/,](:/) ZZ (t C)’(,(f)
Thus, we have
M k-1 M k-1 a
(s .
B0 < 23S ISR < 230 S Va0 o)
=1 p=1 i=1 p=1
1 a
< 37 k—1)Me(0" + —— % 2
< M\/§A1( WEG +1 ) VBAL(k — 1)e(0" + 175)7 (3.25)
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where ¢ = max; p{c; ,} and § = max; ,{0; ,} < 1. Consequently,

M k-1
)—(I(:H) — i,(f) %(Cx(t (X(t) TCox (t (t) ZZX (t e X(t))+ah()
i=1 p=1
o M k-1
= x4 M(Cx,(f) - @ETexzl - 33 gl cxl)
i=1 p=1
M k-
a 1 T (1) Cx —(t h(t)
MZ (apay, _Xi,p( ) ) +a
=1 p=1
M k-1
) & (t) (t\NT (t T o () _(t ()
= X +M(ka —(x3,7) Cx I;qupcx —M;;gb C;x;” + ah,
_ a _
= x +M(Cxl(:) (&) o %! qungx N —agpl? + anl!. (3.26)
p=1

We can now proceed with the final theorem that characterizes the convergence behavior of

DSA.

min; w;;

Theorem 3. Suppose a < a1 where )\1 is the largest eigenvalue of C and K is the
number of ezgenvectors to be estimated, qu 7& 0 and ||x(0) | = 1,Vk = 2,...,K. Then the
DSA iterate for x gwen by (3.19) converges at a linear rate to an O(«a) neighborhood of the
eigenvector qi corresponding to the k' largest eigenvalue Ny, of the global covariance matriz C

at each node of the network.
Proof. We know
%) —xill < ) — =) + %) — xgll,  where x} = +qp. (3.27)
Also, from Lemma 8 in the appendix we know that
£ (¢ o
I — =)l < bi(B" + m)~

Now, the average iterate of DSA for estimating the k*" eigenvector is

k—1
_ _(t— o _(t— _ (s
XE:) :cht 1)+ (CX](: 1)7(( (t— 1))TC (t— 1)) (t—1) z :qpql’z)“cx(t 1))+Oéh§€t 1)+Oé’(,bl(€t 1)
p=1

or, 1% —xpll < =Y +

R 7L S (C e R et - aalex ) - xh
p=1

t—1 —(t—1
oV + allpl Y.
We know from the discussion in Section 3.4.1 that for an iterate of the form
)—(g‘/) _ (t-1)

« _(t—1 _(t—1 _(t=1)\=(t—1 1
X, + M(ng ) _ ((xg ))Tng ))Xg ) Z qpq§Cx(t )),
p=1
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there exists a constant p, < 1 such that H)‘(§C —x5| < pk||x(t b —x}|. Thus,
t t—1 t—1 T(t—1
1% =il < ol ™ = xill + ol + ol
Now, the term ||h,(:71) || was bounded in Lemma 9 as

WD) < 3k + 2)Abe (871 + %) (3.28)

Thus, using (3.25) and (3.28), we can write

(67

- * S (t— * — « —rnt—
%0 =il < pull ™ = il + a3k + M08 + 7)) + (VBN (k= Deld ™ + =)
* —1 pt— (0%
< opll& Y = x4 cemaxd B0 e
’ r(t— « _ — (07 _ — [0
< pr (PRI = X+ mas{872, 8%} + a2 ) + aomax{87, 671 + o
1-8 1-p
t—1
Ty * ’ 2 —1\r — g Ck Q
< PR = x4+ e Y mae(8,0) ) max{8,0) ! + = (775)
r=0 k
/ _ * / «
< IR = Xl + et mas{ ()
where ¢, = max{a(3(k + 2)A\1bg), o(v3A1(k — 1)¢)}. Consequently, from (3.27) and Lemma 8
we get
t * (@ ’ _(0 % I o
e =il < 08"+ =) + A% =i + extma{p ™ B0+ 1= (7=5)
- X o
= AR = xil b+ et = max{pl ! BT+ (1 T=p)
This proves that thlz converges to a neighborhood of x} = q;, or X;, = —q, at a linear rate. [

It is noteworthy that if decaying step sizes oy are used such that ay — 0 as ¢ — oo (instead
of constant «), the convergence will be exact but not linear. The rate in that case will be

dominated by the rate of decay of «;.

3.5 Statements and Proofs of Auxiliary Lemmas

3.5.1 Statement and Proof of Supporting Lemma for Modified GHA

In order to prove the convergence of modified GHA, we first need to prove that the iterates

remain bounded for certain condition on the step size. This is done in the following Lemma 1.

Lemma 1. Assume Hx,(CO)H =1, Vk. If the step size is bounded above as a < m where

A1 is the largest eigenvalue of C and K is the number of eigenvectors to be estimated, then

1
v, x| <3 and (X,Q“)Tcx,?ka. (3.29)
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Proof. From (3.12), we know the iterate for k*" eigenvector estimate is

ngﬂ) = xff) +a<Cx,(f) (x (t))TCx xff) ZquTCX(t)>
p=1

= x,(:) +OL(CX§:) (%, (t) Tkax Z)\pqpqu,(:)
— (t) + a(CkX](:) — (x,(: )Tkat)X,(c)),
where Cj, = C — E’;;i )\pqpqg. Notice that C% =C? - E’;;i )\f,qpqg. Hence,
i "I = [+ (G = ()T Ox %) 1P
= [x117 + a?I1Cixg” — () Cxi x| + 20(7) T (Caxi” — (%)) Cx ;)
— =712 + a2 (xTE3x + (I Tex)?x )2 — 2(x)TexP (x() T Ex)
+ QQ((Xg))TckX(t) _ (X(t))TCXg)HX(t)HQ)
=[x )12 + o ((x()T Z Aapal)x” + ()T ox)?x |2 - 2(x”) T Cx x

(x! (t) C Z)‘pqqu) (t))+2a(( (t) C Z)\pqpqp) (t) ~ (x g))TCX](;)HXS)Hz)
p=1 p=1

=[x + o2 ()T C*x” Zv (aZx)2 + ()T Cx)2 (2 - 2)

k-1 k—1
206700 3 Mplapx?)?) + 2a ()T Cx7 (1= 1) = 3 Mlapxi)?).
p=1 p=1

(3.30)
We now split our analysis into three cases based on the range of values of ||x§€t) 2.

Case I: Let ||><,(:)H2 < 1. Then we see from (3.30) that

k—1 k—1
V2 < 140224200 D A) 2001 < 1+’ (A3 4200 ) A + 2a0
p=1 p=1
< 14+ a®N(2K — 1) + 200 V2K — 1 = (1 + a\ V2K — 1)?
1
< 204+ aN02K -1)<2(14+ ———-)<2(1+ =) < 3.
< 2(1+ a”Aq( ))_(+9(2K_1))_(+9)<
Case II: Now suppose 1 < ||x,(:)||2 < 2. Then from (3.30) we have
k—1 k—1
VP < 24?20 F 20 ) 2)) <2+ a?(2A2 420 ) 2))
p=1 p=1
1 . .
< 201+ 2(14 =) <3, using similar steps as Case L.

92K — 1)) 9
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Case III: Finally suppose 2 < Hx,(f)H2 < 3. Then from (3.30) we get

k—1
1 t
V12 < 3+ a? () TCx = 3T A2@l %) + ()T Cx)2(|x 2 - 2)

p=1
k—1
xMTox Z M@l x7)?) + 20((x)TCx (1 — x)12) = D Ml x)?).
p=1

(t+1)||2

To show that ||x;, < 3, we have to show

o2 (T e2x Zv (aZx)2 + ((x) T Cx{)2 (%2 — 2)

— k—1
2<x§:>>TC><§:>ZA (@7x{")?) + 20 ((x)TCxP (1 [x11?) — S Ap(alx())?) <0
p=1 p=1
2(xi ) TCxP (x 12 — 1) + 23571 A (el x()?

& a<
- k— k—1
()T e = opmi a2 + () O (12 - 2) + 2057) O STpm (e )
(3.31)
We now find a lower bound of the right hand side of (3.31). Note that
2(x{")TOxV (=2 — 1) + 2 Z M(alx")? > 2(x")Tox (=2 - 1) (3.32)
k—1
and ( TCQ Z )\2 qp Xk +((x (t))TCX t)) (||x§:)||2 —2)+ 2(X,(ct))TCX§:) Z Ap qugf))
p=1

k—1
< ()T + () Toxi) 2 (1) - 2) + 2 TCx) S A (alx))% (3.33)
p=1

t t
()T )

T is a generalized Rayleigh quotient whose maximum and minimum values

Now,
are the largest and smallest eigenvalues of the generalized eigenvalue problem Cy = ACZy.
Since the eigenvectors of C and C? are the same, the largest and smallest eigenvalues of the

generalized problems are )\ and -, respectively, where A; and A4 are the largest and smallest

eigenvalues of C. Thus, (X'g:))TCQXI(C) < \(x ())TCX(t). Also, since g x ) < ||q||||xk)|| we
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have the right hand side of (3.33)

k—1
M) TCxi? + ()T Cx)2([x 12 - 2) + 27)TCxi? S A Iy |12
p=1

t t t t t t
= (xy)Tex! (A + () Toxy (Ix )12 - 2) + QZA 112

< (=) Cx? O + M lx P 112 - 2) + 22 g [1?)

=M Tex? (1 + [ )11 = 20x P2 + 20k — 1))

= M TCx (%712 = 1)% + 2k — Dx %)

<12
= 05T Cx (%17 = D (1> = 1) + 20k = 1) —gE—)
()12 = 1)
I,

< M) Ox (I )2 = 1)((B - 1) +2(k — 1)2), e ey <
Xk: -

=20 ()T (|12 — 1)(2k — 1) < 20 () TCx (11 — 1) (2K — 1).
Hence, we have that the right hand side of (3.31) exceeds

20 ) Ox (P -y v
2 (x))TCx (x| - )2k — 1) MK —1) 7 3M(EK —1)

Thus, if o S m, then ||X](€t)||2 < 3.
Next,
1
0 < (xTex < A xP)? < 30 < 32K — 1A < - (3.34)
Hence, (x,(f))Tng) <1 O

Using Lemma 1, we can now prove the following Lemma 2.
Lemma 2. Suppose qf x ( ) = ,z,(col)C #0 and (x](f))Tfof) < é, then
xNTex > min{(1 — 3aA)? A, &) TCz\VY, v

Proof. We know 0 < (x,(ct))TCx,(:) < )\1||x,(:)||2 < 3\1 using Lemma 1. Let A, m > K be the



smallest non-zero eigenvalue of C. Now, if A, < (XEJ))TCXg) < 3A1, then

(x }(€t+1) Tox (t+1) Z}\ Zl(ct;rl)

d
_ Z >\l (t+1) Z Al(zls;t?_l))
1=k

d
- Z M1 = a(x)TCx )2 ()% + 3 M1+ aly — (x)TCx))?(24)?
=k
k—1 d
> (1 - alx)TCx)? STNED? + (L alhn — () TCx)? Y M)
=1 =k
k—1 d
> (1 a(xét))TCX]gt))2 Z)\Z(Z;(ﬁ)Q +(1- ( (t) TCX(t) Z (t)
=1 =k
= (1—axTex! ZAI
> (1—3aM)2x)TCx? > (1 - 3aA1)2 A (3.35)
Also, from (4.7), we have X(t) Zl 1 zk lql Zf 11 Z,(:lm + Zz kzk lQl Let Zf 11 Z}??Ql =

X;C(t) and E?_k zkthl = x,(:) Thus, (Xk )Tfof (xk )TCSCI(: + (ch t))TCX;C(t).

Now, if (x;, () )T Cx, () < (x (t))TCX,C < A then

( (t+1))TC (t+1) >( (t+1) TC (t+1) ZA Z](ctzi-l)

:ZAl(l—i-a( — (x")Tex))? ()2

)

d

> (14l — (x)7Cx)? 3 M=)

=k

Combining (3.35) and (3.36), we have

(x2)7 x> min{(1 ~ 3aA1)2A,0. ()7 Cx(")}.

35

> &N Tex,

(3.36)

(3.37)

O

Using the above two lemmas, we now prove the Lemma 3, Lemma 4 and Lemma 5 that is

required to prove Theorem 1.

Lemma 3. Let n = min{(1 — 3aX1)*\, (X (0))TCX(O)} Now, suppose n < (x (f))TCX,(:) <1,

then the following is true for v =1 — an, and some constant a; > 0:

k-1

1
> <any™

=1

(3.38)
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Proof. For Il =1,...,k— 1, we know from (4.10)

z,(:fl) = (1- a(x,(f))Tngf))z,(cfg
or, (zl(:jl))z = (1- a(x,(:))Tng))Q(z,g)Q.
Let min{(1 — 3a)\1)2)\m,( )TCX(O)} =1. Since 0 <7 < (x, () )Tkat) 1 (from (3.34) and

3.37)), we have 0 < 1 — a(x{")TCx{" < 1 — an < 1. Therefore,
v k

k—1 k—1 1
(z,iffl))2 < Zv(z,(:;)z < At Z:(,zl,(col))2 =a;y"™!, where y=(1-—an)?  (3.39)
1=1 1=1
O
Lemma 4. Suppose 20 # 0 and (x(t))TCx(t) < L. Then the following is true for =
: k,k k k a’ g Pk
2
(%) < 1 and some constant ay > 0:
d
ST )2 < anplt (3.40)
I=k+1

Proof. For | = k,...,d we know from (4.11) that z(tH) =1+ alN- (x,(f))Tng)))z,(:g If
(x t))TCx(t , we have 1+ a(\ — (x ,(:))Tkat)) >aN >0Vi=k,...d

Thus, we have for [ = k+1,-
2
( W) - (1 ) (5
- -
e L+af hrex) ) \#%
2 t 2
1 a(Ax = Ai) ﬁ
1+a(A —(x (f))TCx(t)) z,(:L
(t)
< (1 /\k—/\l)> (zkl>2
o 1+a>\k Z(tgg
(t)
1+ a) Zl 1+ adey1\2/ %,
< (SRRt
(1+o¢/\k) ( (t)) _< 14+ adg ) ( (¢

Zkl 2 1+ o412
== = e —— ]..
(<t>)’ PE (1+a)\k)<

)\ 2
Therefore, for [ = k+1,...,d, (z,gt;rl)) < p}tjl(zfo’;) (z,(:;rl))z. Since ||x,(:+1)||2 < 3 and
Zkyk ’

Hx,(CO)H = 1, hence (zﬁj) < 3 and z,(col) < 1. Also, because of the assumption z,(col)ﬁ # 0, let us

assume (z,(c ,)c) > 7). Thus, we can write

d

S < Pt Z 2 = agpl (3.41)

I=k+1 = k+l
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Lemma 5. Suppose (X](:))TCX](;) <L and (x t))TCx(t > min{(1 — 3aA1)* A\, (xk )TC~ 0)}

Then there exists constants 0 < 0,71 < 1,a4 > 0 such that

Ak — (xTNTCxUTY) < tay (651 + max {6, 11}). (3.42)
Proof.
d
()T ex ZAl (1= ()T O + DNl +a( = () Cxi)? (1)
=k
d
= Z AL+ a(h, — () TCxN2 (D2 + 3 M1+ ah, — ()T Cx{P))2(24)?
=k
+2Al x )T Cx)(5)? ZAI (1+ a0 — () Cx)? (1)) +
d
Z A1+ o — )TN = ST M+ e — ()T Cx))?()?
l=k+1 I=k+1
d
=" N1+ alh, — )T ex()2 ()2 + PO
= (1+a(u — () "Cx?)) () e + PO,
where
k—1
PO =3 N1 - ax) Cx! ZA; (1+a(h — (x)TCx())?(24)?
=1
d
+ 3 N+ a - x)Texy) Z A1+ al = (x)TCx))2 (1),
I=k+1 I=k+1
Now,

e o
= Ao — (L+a(h, — (x)Tex))(x)) T Cx) — PO

= Ak — (14 a* (g — (X;(f))TCXg))z +2a(Ag — (X,(Ct))TCx,gt)))(xg))TCx,(f) —p®

= \r — (xfﬁt))Tng) — @2\, — (X’(;))TCXS))Q +2a(\, — (XE:))TCX](;)))(th))TCX’(;) _ p®
— X — (X TexD — (A — xI)TexP) (@2 (A — T exD) + 20) (x)Tex P — pO)

= (A — xMNTexD) (1 = a2 — I TexD) x T exlD - 2a(x)TexP) — PO,

Let us denote V® = | A, — (x{")TCx\"|. Then,

VD < VO - e - () e ) e - 20067)T x| + 1P
< v® max{(1 — a(xg))TCx,(f))Q, az)\k(x,(f))Tng)} + |P(t)|.
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Also from (3.34) and (3.37), 0 < an < Oz(X](:))TCX](;) <1 and ag)\k(x,(:))TCX,(f) < a\i. Denote

§ = max{(1 — an)?,a);}. Since alp < al; < 1, hence 0 < § < 1. Thus,
VD < sv® 4| p@). (3.43)

Next, we bound |P®)| as follows:

k—1
IPOL =13 X0((1 = ax)TCx")? = (1+ a(n — () TCx?)?) (1))
=1

d
+ 37 N+ ah - &E)TCx))? — (1+ alhw — (x)TCx)?) ()2

I1=k+1
k—1
= 13" N(—ad)(@ + ah — 2a(x))TCx ) (24)?
=1

d
+ 37 Nl = M) 2+ ol + M) — 20(x)) T Cx{) (24)?]
l=k+1
k—1
<D Ml(—anR)(2 + adk — 2a(x()TCx) ()]
=1

d
+ D Malu = M)+ alu + M) = 2a(”) T Cx() (2())?|

I=k+1
k—1 d
<N Nak@+an) (N2 Y Nan = )2+ al + M) (=)
=1 I=k+1
k-1 d
<Y a2+ ax) (=2 + Y Mok +a?AP) ()
=1 I=k+1
k—1 d
< ZS)\l(z,(:g)Q + Z 3)\1(21(:3)2, since al; < 1 and \; < \q
=1 7 I=k+1 ’
k—1 d
=3\ ( (z,(fz)z + Z (z,(fg)z) < 3\ (a17" + agpl,) using Lemma 3 and 4
=1 I=k+1

<azyl, where a3 =max{3\a;,3 a2} and ~; = max{y,pr}.

So from (3.43), we have VD < §V®) 4 azyt < 541V O) £ a3 3 (697 1) ™yt Since v1,6 < 1,

we have the following two cases:
L 0<y = 6y " <1 Then, Y0 (67 )9t <31 o7t =111
2. 8> 7. Then 30 (07 ) v =+ 0y - 488 < 88 4 + 6t = tot.
Thus,
VD < YO 4 tas max {6, 4} < tag (01T + max{6t,~1}),

where a4 = max{V©® a3}. O
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3.5.2 Statement and Proof of supporting Lemma for DSA

Lemma 6. Assume ||x£0k) | = 1. If the step size is bounded above as o < W, where A1

is the largest eigenvalue of C and K is the number of eigenvectors to be estimated, then

I < V3 and (x()TCixl” < a, Vk,t. (3.44)
Proof. We have
k—
x5 = 3w+ a(Cax) - ()T Coxx ()~ Z x()7Cix (1)) (3.45)
JEN;U{i} —1

Hence,

IV < Jwaxd) + a(Caxl) — ()T Cix{)xl) H+aZ||x(” Tex N+ fwyx')
JFi

IN

i

= Jwix() + a(Cx!) - x'))TCx!")x") H+aZA1II NP1+ S wiy xS0l

JFi
< Jlwix) + o(Cxll) - ()T Cx x| \+3aA12||x [+ > w4l
J#i
t t t t t
= Juwix{) +a(Cxl’) — (DT CaxIx) |+ 3(k — a)\1||x()||+2ww||x
J#i

Now,
t t t t
lwix() + a(Cx’) — (x{))TCx{))x{D)| 2

= w2 |x) % + a?|Cix!) — (xI)TCxDx{) 2 + 20wa(x) T (Cx) — (xD)TCx{)x())

= w2 [|x{)|? + 20w (x{P) T Cix () (1 — [Ix)12) + a2 (=) TC2x) + a?(x{) T Cax()2(Ix)2 ~

i,k

Case I: Let us assume [x!,||* < 1,Vi. Then, we have

||w”x(t) +a(C; X(t) (x! (t hide} X’Ltlz,‘ Etk)||2 < (w4 an)? < (wii_i_L))Q.

32K — 1
Thus,
1 3(k—1)
t+1 < (1 1 — w.
IE T < w4 5 —p) + 3pr—p - e
_ 1 N k—1 o k —0.67 1
32K —1) 2K -1 - 2(K —0.5)
K —0.67
— 1< :
< 2(K—0.5)+ <15<V3

Case II: Now, suppose 1 < ||} ;||* < 2,Vi. Then, we get

||wnx(t) + a(C; x% (x (t))TCl lt,z Et,)c)H2 < 2w + 20203 < 2(wji; + ).

t t t t t t t t t
lwiix{) + a(Cix{!) — (x{)T Cix E;xi,lnwlen xS+ 3 i x4

2).
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Thus, if we need ||X£t]:r 2 | < /3, the following condition should be met:

x5 < V2wii(1 4 ay) +3(k — el v2 + (1
\/§+ \/iw“-a)\l + 3(/€ — 1)0[)\1\/§ S \/g

- wzz)\/i <3

=

& V2 4 3(k—1)an V2 <V3—V2

& V2aM(Bk—2)<V3-V2e  V2aM(BK -2)<V3-V2
- V3—-v2  V15-1 0225
= anGBK—2) MBKE-2)  MEK-2)

0.225 0.225 (t+1)
BRE-D < NBK-_2) then [|x; ;|| < V3.

Case III: Finally, suppose 2 < ||x7(t,3||2 < 3,Vi. We then have the following: 3, wiz||x | <
D i wij V3 = (1 — wi)V3.

Now, if we desire ||X§f,j1) | < /3, then we need

0.225

if o < sERE

Since

lwix) + a(Coxl’) — ()T Cax x|+ 3(k — Doy [} + 3 wi V3 < V3
J#i
& kuxgl)C + oz(szz(-’t,)C —(x Et,)c)TC X kxz k) | +3(k— )a)\1||x(t) |+ (1 —wy)V3<V3
& Jlwix!) + a(Cox() — xI)TCxOx) | < V3 = 3(k — Dan|x{)|| — (1 — wii)V3
& [lwix + a(Cixl) — ()T Cax)x) 2 < 3w? — 6v3(k — Dwias x| + 90N (k -

)

Therefore, we need

wi x4 20005 (x{ )T Cix) (1 = x?) + a2 (x0T Cx ) + a?(x{) T Cix ()2 (||
< 3w — 6V3(k — Dwiah [x{) | + 90222 (k — 1)% x|

& 3w+ 20w (x{) T Cx() (1 — [x{0)1?) + a?(x “’)ch O+ (=D eI -
< 3w? — 6v3(k — Dwisas x| + 902 X3 (k — 1)%|x) ||

& 20w T (1 - [x0)1?) + 02 (x)TC2x{) + o () TCix) 2 (Ix)1 — 2)
< —6V3(k — Dwiiad x| + 90273 (k — 1)2[x{) |1

& ?(x)TCH) + o (xI)TCxID2(IxI? - 2) — 90223 (k — 1)?||x} 1>

< 20w ()T (Ix)1? — 1)
2’11)”(X£’(]z

<
(x )T CEx!)

—6V3(k — Dwiad x|
)TCx (112 = 1) = 6v/3(k — Duwgid x|

(3.46)
+ (DT 2 — 2) - 923 (k - 1?1

(I 1>

t
1)?]|x) |12

27 —2)

2)
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We now find the lower bound of the right-hand side of (3.46). Note that
(T CEx A+ (T CxP (P —2) = 9030 — 17
2O TCx + ()T - 2) - 933 (k — 1%,
<M (xD)TCx + M DT Cx D IxP (X2 = 2) — 923 (k — D)2 x|
= n(xDTCx (=2 = 1)% = 93 (k — 1)% x|
< (k= DEIDTCx (X = 1) = 9N (k — 1)2[x])*

<E Mk = D~ D (DT 1) Xk~ 1),

t
lx0 12

where (7 is true since (x (t))TC2 52 Al(ngll)TCixgt) and (s is true since H(fi

T > 1. Also,

2w;; (x{\)) T Cox ) (%2 = 1) = 6V/3(k — Lywiih x|
> 2w;i (x\ )T Cax (01 = 1) = 18(k — Dwishr = 2w (x )T Cax{) (%012 = 1) — 9(k — 1)A0).

Thus, we have that the right hand side of (3.46) exceeds

25 (x5 TCox (012 = 1) — 9k — 1)) _fwa o ww
Mk = D2 = D(EDTCxO IR - 1) =9k - 1) =1 3K 1)

This proves if @ < min{ ol i oL 3/\1022;5 1)} then [|x; Hl)” < V3. O

Lemma 7. The norm of Sanger’s direction ’Hl(xft,l) is bounded as

M) 1% < 302,38k — 2)Bk + 1),V = 1,..., K. (3.47)
Proof. We know
k—1
Hix()) = Cox(l) — (x{DTCx(x) = > x (<) TCix{)
p=1
k;7
t t t t t
= (1= Y xOEDNCx]) - )T Cxix(!)
p=1
- &) (T

Thus,

I DIP = 1Cx(7 — ()T Cax

= ()€ TEIx + ()T Cax* (X1 — 2)+

k-1
(O S O

p=1
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Next, notice that |CI|| = [|C; — Y25~ x{) (x())7Cy|. Thus,

k—1

k—1
ICP1 < 1G]+ D =D DN TIICH < Aix + > 3Nin = Aix +3(k — DAia = Aia(3k — 2).

p=1

Therefore, we get

(DTCTEx) < Aman (G (DT Cx ()

i,k , i,

= [(E)DTEP R, < Nia 3k — 2) () TEP R

i,k ) 3

Thus,

1 DI < Nia(3k — 2)(x)TCPx) + ()T Cax!))2 (kI - 2)+

E

<x§-2>Tcz-x§-f,1Z<><§2>Tx£2< Oyrex)

p=1

< Xia 3k —2)(xNTCOx) + (xI)TCx)2 (112 - 2)+

t t t t
xj3)  Cix iian”n 1A

k—1
<A1 3k = 2)(xI)TA =Y % xT)Cx!) + ()T e (=17 - 2)
p=1
k—1
+ DT Cax S 1 211 2 A

=1

=

7

k—1
< Aia (3 — 2) ()T Cix") + N1 (3k = 2) D 122 A+
p=1

k—1
(DT CaD2 (% = 2) + DT Cax S I %2 Ae
p=1
k—1 k—1
< N3k = 2)300 + A1 (3k = 2) > 9N+ 9N + Nia3 > 9\ia
p=1 p=1

=3\ (3k—2)(3k +1).
O

Lemma 8. The deviation of an iterate at a node from the average is bounded from above as

%) — x| < b (Bt + ), Vk=1,..., K, (3.48)

-8
where f3 is the second largest magnitude of the eigenvalues of W given as 8 = max{|Aa(W)|, |[Aar(

1 and by, > 0 is some constant.

W)} <
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Proof. We stack the iterates x) and H; x) as
i,k i,k

(@ ] t _(t

X' (1)) %,
(®) (t) <)

X Ho(xs ) X,

N b TR B PSRN L )

¢ t (t

v | Hor(x§ ) x|

The next network-wide iterate (as a stacked vector) can then be written as xg) = (W®

I)Xl(ctfl) + a%(ngl)), where ® denotes the Kronecker product. The " iterate can thus be

written as

t—1
xy) = (W Dx) +a) (W o DH(x).
s=0

Since W = [w;;] is a symmetric and doubly stochastic mixing matrix, its largest eigenvalue is 1
corresponding to the eigenvector 1,7, a column vector of all 1’s. It is also the left eigenvector of
W. That is, W1,; = 1;; and 1f/[W = 1%/[. Also, since the squared norm of Sanger’s direction

at every node is bounded, it is easy to see ||7-L(x§:))||2 =3MN(3k — 2)(3k + 1).
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t —(t t
Ix) — =] < < — %

avg k

_H(Wt®I (0)+az Wt 1—s

_H(Wt®1 (0)+az Wt 1-s

=[x
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1
- (i) @ x|

S DU ~ 5 (1]) e D(W! @ xf”

+a§j T e D))

s 1
ODH) - —((1u1%) @ Dx”

M
—aZ () o D)
t—1
= W = 1) & D o S(W = ) © DA )|
s=0

< W = (1 15) @ D+l 3 (W= =

M

e L

< (W' - <

t—1
(11 %) @ D] + az (W= -

t—1
1 s
17 (L1h) @ DA

s=0

AT e DR )]

t—1

= ] + 0 3 5 ) < B'VBM + o BMN 3k —2)(3k +1) Y 51

s=0

s=0

< B3

V3T 4 a/3MMN3(3k — 2)(3k + 1)

1-p

< V3MM /(3K —2)(3k + 1) (8" +

(ﬁt—i-ﬁ),

Lemma 9. Suppose ||x(t)||2 < 3 and ||x(t)

Vk=1,...,K:

@)
Ih || < 3(k + 2)Abp(B + ——).

Proof. We have
Hi(x)) - Hi(x))

= Ci(x() - %) = (DT Cxx) +

)

~ DT - =) — () + 2 e — x

«
7

where b, = \;

(3k — 2)(3k + 1)
O

‘(t | < br(B" + = B) then the following is true

— (3.49)

t _(t)_(t
+ (% ())TC (t) = ](c)

p=1

X)),

p=1

_ngz( (t))TC( (t) - %

k
_Z( (4)7( (t))TCz Etli Etz))( ())TC —(t))

_l(€t))
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t _(t t t t —(t t —(t t _(t t
1#: () = Hax)I < 11Ci — (DT Cax M 1x) — =7+ () + %) TCi(x!) — %) 1%

+Z||x<” i) il = =)

< Ci — T exNT) K" - >|\+||x +xPIClx - =P =)

+Z||x‘” DTCilllx) =%
< )1C; — (D TCxN %), — =1+ I N+ 1= DI Calllx,

+ Z 1) (DT NICs %) — =

<3 x — =)+ VBERVB) xS - =) + Z:» I — x|
=3(k + 2)Au[x\) — %V < 3(k + 2)Aibi (B + m).
Thus,

) < o Zn% (D) = M < B0+ 2Xbe(8' + 725). (3.50)

3.6 Experimental Results

In this section, we provide results that demonstrate the efficacy of the proposed DSA algorithm.
The need for collaboration between the nodes of a network is a vital part of any distributed
algorithm, as already pointed out in Section 3.2. We first verify that necessity along with the
effect of step size on DSA by performing some experiments. In these experiments, the weight
matrix W that conforms to the underlying graph topology is generated using the Metropolis
constant edge-weight approach [69]. The performance of DSA in comparison to some baseline
methods is also evaluated in additional experiments. We provide experimental results for DSA
on synthetic and real data and compare the results with centralized generalized Hebbian al-
gorithm (GHA) [13], centralized orthogonal iteration (OI) [19], distributed projected gradient
descent (DPGD) and sequential distributed power method (SeqDistPM). For both the cen-
tralized methods, all the data is assumed to be at a single location with the difference being
that GHA uses the Hebbian update whereas OI uses the well-known orthogonal iterations to
estimate the top K eigenvectors of the covariance matrix C. DPGD involves two significant

steps per iteration. The first is a distributed gradient descent step at every node ¢ given by

)

_(t
x|
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Figure 3.1: The role of collaboration in the distributed PCA problem and the effect of changing
the step size on the performance of DSA. The distributed setup corresponds to an Erdos—Renyi
graph (p = 0.5) with M = 10 nodes, while the dimension of data is d = 10 and the number of
estimated eigenvectors is K = 3.

> jeniufiy Wi X +aV fi(X;) as in [63] using trace maximization f;(X;) = max Trace(XTC;X;)
as the objective. This is followed by a projection step to ensure the orthogonality constraint
XTX,; =I. The orthogonalization is accomplished using QR decomposition, an approach that
ensures projection onto the Stiefel manifold [70] and whose computational complexity is O(K?d),
at each node in each iteration. In contrast, SeqDistPM involves implementing the distributed
power method [49, 50| K times, estimating one eigenvector at a time and subtracting its impact
on the covariance matrix for the estimation of subsequent eigenvectors. Note that SeqDistPM
requires a finite T, number of consensus iterations per iteration of the power method. Assuming

the cost of communicating one R¥*K

matrix across the network from nodes to their neighbors to
be one unit, the communication cost of SeqDistPM is T./K per iteration of the power method.
The error metric used for comparison and reporting of the results is the average of the angles
between the estimated and true eigenvectors, i.e., if x; 5, is the estimate of the kth eigenvector at

it" node and qy, is the true k** eigenvector then the average error across all nodes is calculated

as follows:

M K 7
E= ﬁ Yy (1 — “kq’“)2>. (3.51)

P i
3.6.1 Synthetic Data

We first show results that emphasize on the need for collaboration among the nodes. To that
end, we generate N = 10,000 independent and identically distributed (i.i.d.) samples drawn
AK+1

from a multivariate Gaussian distribution with an eigengap Ax = o =08 and dimension

d = 10. These samples are distributed equally among the M = 10 nodes of an Erdos—Renyi



47

q

]
j
]
/

100 - <o SeqDistPM 1 T~ -+ SeqDistPM e —— <ee SeqDistPM
NG DSA 5 N DSA -, ~~ DSA
--- DPGD

/
'
S
3
S
S
8
&
/
/

Average Error
/
/
Average Error
Average Error

0 1000 2000 3000 4000 5000 6000 7000 0 1000 2000 3000 4000 5000 6000 7000 0 1000 2000 3000 4000 5000 6000 7000
Total (Outer + Inner) Iterations Total (Outer + Inner) Iterations Total (Outer + Inner) Iterations

(a) Erdos—Renyi network (b) Cyclic network (c) Star network

Figure 3.2: Comparison between the performances of DSA, DPGD and SeqDistPM for K = 1
and Ag = 0.8 in terms of communications efficiency, i.e., decrease in average estimation error
as a function of the number of data units communicated throughout the network.

network (with connectivity probability p = 0.5), implying that each node has 1,000 samples.
The number of eigenvectors estimated is K = 3 and a constant step size of & = 0.1 is used for this
experiment. Figure 3.1(a) shows the effect of using the GHA at a node without collaboration
with other nodes versus DSA, which in simple terms embodies GHA + collaboration in the
network. The blue line indicating GHA in the figure is the result of using all the data in a
centralized manner. It is clear that the lack of any communication between nodes increases the
error in estimation of the eigenvectors by a significant factor. In Figure 3.1(b), we use the same
setup and parameters to show the effect of different step sizes on our proposed DSA algorithm.
It is evident that if the step size is too low, the convergence becomes significantly slow, while if
its high, the final error is larger. Hence, careful choice of the step size is required for DSA, as
characterized by its convergence analysis.

Next, we compare DSA with the distributed methods of DPGD and SeqDistPM to demon-
strate its communication efficiency. For that purpose, we generate synthetic data with different
eigengaps Ax € {0.6,0.8}. We simulate the distributed setup for Erdos-Renyi (p = 0.5), star
and cycle graph topologies with M = 10 nodes. The data is generated so that each node has
1,000 i.i.d samples (IV; = 1000) drawn from a multivariate Gaussian distribution for d = 20, i.e.,
the total samples generated are 10,000. The dimension of the subspace to be estimated is taken
to be K € {1,5}. We use T, = 50 as the number of consensus iterations per power iteration for
SeqDistPM throughout out experiments. The results reported are an average of 10 Monte-Carlo
trials. Figure 3.2 shows the performance of different algorithms for the estimation of the most
dominant eigenvector for different network topologies. It is clear that for K = 1 SeqDistPM
outperforms both DSA and DPGD in terms of communications efficiency because it is basi-
cally distributed power method, which is shown in [49, 50] to have good performance for K = 1.

Even though DSA and DPGD have the same performance in terms of communications cost, it is
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Figure 3.3: Comparison between DSA, DPGD, and SeqDistPM for K = 5 in terms of commu-
nications efficiency.

important to remember that DPGD requires an additional QR normalization step per commu-
nications round. Next, Figure 3.3 shows a comparison between the three algorithms when the
top-5 eigenvectors are estimated i.e., K = 5. It is clear that while estimating higher-order eigen-
vectors, DSA slightly outperforms DPGD without performing explicit QR normalization and
it also has much better communications efficiency than SeqDistPM. The error for SeqDistPM
is significantly high in the beginning because of the sequential estimation, which means that
when the first (higher-order) eigenvector(s) is (are) being estimated, the lower-order estimates
are still at their initial values and hence those contribute significant error even when the first or
higher order terms have low error. After a sufficiently large number of communications rounds,
SeqDistPM eventually does reach a lower final error compared to DSA. But this comes at the
expense of slower convergence as a function of communications costs. It should also be noted
that SeqDistPM lacks a formal convergence analysis and has two time scales that need to be
adjusted as both contribute to the final error. Finally, the benefits of DSA over DPGD are
twofold. First, DSA reaches similar or better error floor without explicit QR normalization,
thus saving O(K?d) computations per iteration; and second, the convergence guarantees for
gradient descent-based algorithms for non-convex problems like the PCA have limitations. The

guarantees usually exist for convergence to a stationary solution with a sub-linear rate.
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Figure 3.5: Comparison between DSA, OI, GHA, and DPGD for CIFAR-10 dataset as a function
of the number of algorithmic iterations.

3.6.2 Real-World Data

Along with the synthetic data experiments, we provide some experiments with real-world
datasets of MNIST [71] and CIFAR-10 [72]. For the distributed setup in this case, we use
an Erdos—Renyi graph with M = 20 nodes and p = 0.5. Both the datasets have 60,000 samples,
thereby making the number of samples per node to be N; = 3000. The data dimension for
MNIST is d = 784 and a constant step size of a = 0.1 was used. The plots in Figure 3.4(a) and
Figure 3.4(b) show the results for K € {10,40} for MNIST. Similar plots are shown for CIFAR-
10 in Figure 3.5(a) and Figure 3.5(b), where the dimension d for CIFAR-10 is 1024, the number

of estimated eigenvectors K € {10,20} and a constant step size of & = 0.7 is used. For these
real-world data sets, we exclude the comparison with SeqDistPM as it is evident this method

requires much higher cost of communications for estimating larger number of eigenvectors.
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3.7 Conclusion

In this chapter , we proposed and analyzed a new distributed Principal Component Analysis
(PCA) algorithm that, as opposed to distributed subspace learning methods, facilitates both
dimensionality reduction and data decorrelation in a distributed setup. Our main contribu-
tion in this regard was a detailed convergence analysis to prove that the proposed distributed
method linearly converges to a neighborhood of the eigenvectors of the global covariance matrix.
We also provided numerical results to demonstrate the communications efficiency and overall

effectiveness of the proposed algorithm.



o1

Chapter 4

FAST-PCA: A Fast and Exact
Algorithm for Distributed PCA

In the previous chapter a distributed algorithm for PCA based on generalized Hebbian algo-
rithm using a combine-and-adapt strategy called distributed Sanger’s algorithm (DSA) [16] was
developed and analyzed. But it only reaches to a neighborhood of the optimal solution for a
fixed step size. The algorithm, however, does converge exactly in the case of decreasing step
sizes but with a slower rate of convergence. To overcome this limitation, this chapter introduces
a new method that uses a gradient-tracking idea to develop a novel algorithm for distributed
PCA called Fast and exAct diSTributed PCA (FAST-PCA). Two variants of the algorithm are

proposed in this chapter that converge linearly and exactly to the optimal solution.

4.1 Introduction

We focus on finding exact solutions for principal component analysis when data samples are
distributed across a network. As evident from our previous solution, a simple combine-and-
adapt strategy using a generalized Hebbian method can only reach a neighborhood of the
true eigenvectors of the covariance matrix. To overcome the limitations of simple gradient
descent-based distributed algorithms, new methods have been proposed recently that deploy a
technique called “gradient-tracking" [65, 73, 74]. In this chapter , we use this gradient-tracking
idea to develop a one-time scale algorithm called Fast and exAct diSTributed PCA (FAST-
PCA) that linearly and exactly converges to the eigenvectors of the covariance matrix, not just

the subspace spanned by them. Although this strategy has mainly been used in distributed
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optimization literature for convex and strongly convex problems, we showed using extensive
analysis that even for the non-convex PCA problem, each node converges linearly and globally,
i.e., starting from any random initial point inspite of being a one time-scale algorithm. We
propose two versions of the FAST-PCA algorithm. One is based on the generalized Hebbian
algorithm and can be viewed as an extension of our DSA algorithm. The other version is based
on Krasulina’s method [21], which is a stochastic approximation method for estimation of the
dominant eigenvector of covariance matrix in streaming data. Along with adapting Krasulina
to the distributed case, we also generalize it for estimation of multiple leading eigenvectors.
Although Hebbian and Krasulina’s method are similar, the question of which (if any) is better

still remains open. This chapter answers this question in the context of distributed PCA.

4.1.1 Owur Contributions

The main contributions of this chapter are 1) two versions of a novel algorithm for distributed
PCA called Fast and exAct diSTributed PCA (FAST-PCA) based on a gradient-tracking tech-
nique, 2) theoretical guarantees that show that the estimates given by our method converge
exactly and globally at a linear rate to the eigenvectors of the global covariance matrix, and 3)
experimental results that further demonstrate the efficiency of our solution for both synthetic
and real-world datasets.

Our primary focus in this chapter is to develop a solution for distributed PCA when the
data samples are scattered across an arbitrarily connected network with no central node. While
PCA is often reduced to dimension reduction, we focus on the dual goal of PCA that requires
dimensionality reduction as well as feature decorrelation. To that end, we propose two versions
algorithm based on a gradient-tracking approach called FAST-PCA. First of an version called
FAST-PCA-O is based on the Hebbian (Oja’s) rule for the estimation of multiple eigenvectors
in a distributed setting. The second version is based on the Krasulina’s method and is called
FAST-PCA-K. Since the original Krasulina’s method only finds the dominant eigenvector, we
also generalize it to the distributed setting for the estimation of top K eigenvectors. Our
proposed FAST-PCA method is an iterative update algorithm and its main attributes are that it
is fast since it lacks any explicit consensus loop and hence reduces the communication overhead,
and it converges exactly to the true eigenvectors of the global covariance matrix at a linear
rate. We provide detailed convergence analysis to support our claims as well as extensive
numerical experiments where we compare our method to centralized orthogonal iteration (OI)
as the centralized baseline, as well as distributed PCA algorithms of sequential distributed

power method (SeqDistPM), DeEPCA and DSA. We provide the results for different network
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topologies as well as eigengaps to further solidify our claims.
To the best of our knowledge, this is a first novel algorithm for distributed PCA which
achieves fast and exact convergence to the true eigenvectors of the global covariance matrix at

every node of an arbitrarily connected network.

4.2 Proposed Algorithm

Iterative methods like power method [19] have proven to be very effective solutions for PCA
because of their effectiveness and ease of implementations. For estimating the top eigenvector
(K = 1) of data covariance matrix in centralized setting for the streaming data case, two
elegant, similar and widely studied algorithms were proposed by Oja [12] and Krasulina [21].
Let y¢,t = 1,2,... be data sample drawn from a zero-mean distribution at time ¢t. Then the

update equations of these two methods in centralized setting go as follows:

Oja: x(*+) = x® 1 0, (Cix® — (x®)TCxx)

(X(t))Tctx(t)

Krasulina: x(+1) =x(® 4 at(ctx(t) O x®)2

XY,

where C; = y;y/ is the sample covariance matrix and «; is the step size at time t. Both
these methods were shown to converge to the dominant eigenvector of ¥ = E {Ct} under the
requirement that ", a? — 0. From an autoencoder training point of view, the simple update
based rules can be very easily implemented in neural networks where the x’s denote the weights
of the network. The resultant “encoding” or representation learned from such network will have
uncorrelated features. Oja’s rule was generalized for the case of multiple eigenvector estimation

(K > 1) by Sanger [13] using the generalized Hebbian rule as follows:

k—1
U DRI ULV O N )
p=1

Krasulina’s method was also extended but only for the estimation of a higher dimensional (K >
1) subspace spanned by the eigenvectors of ¥ [25]. Furthermore, since Matrix Krasulina [25]
only estimates the dominant subspace, Krasulina’s method also needs to be generalized for the
estimation of K > 1 dominant eigenvectors.

In the distributed setup considered in this paper, samples are not streaming but distributed
across a connected network of M nodes, where node i has access to a local covariance matrix C;
such that Zf\il C,; = C, the global covariance matrix. It is noteworthy that E [Ct} =E {CJ =
3’ and this similarity between streaming and distributed setting motivates the extrapolation of

Oja’s and Krasulina’s method for the distributed setting. As mentioned before, the data is fixed
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at each node and the goal is to find the top K eigenvectors of C at each node i.e., have consensus
in the network, and thus naive implementation of generalized Hebbian rule (GHA) or Krasulina’s
method would not accomplish our goal. Instead, we propose a gradient-tracking [73, 74] based
solution called Fast and exAct diSTributed PCA (FAST-PCA) that converges exactly and at a
linear rate to the top K eigenvectors of the global covariance matrix C. We propose two variants
of FAST-PCA based on the Hebbian (Oja’s) and Krasulina’s rule and call them FAST-PCA-O
and FAST-PCA-K, respectively.

Let x% be the estimate of the k', k = 1,..., K, eigenvector at node i after ¢ iterations of
the algorithm. Then we define the pseudo gradient h{ (x 5 ,1) motivated from the Oja’s rule as

follows:

k—1
t t t () (¢ t t) (¢t
h?(x{) = Cix{) — (x{)TCx{Ix{) = > (x{)TCx{)x!")
p=1
Also, for the estimation of the dominant eigenvector at node i after the {th iteration, we define

(t))

a pseudo-gradient hX€ (x;"]) motivated from Krasulina’s rule at node i as follows:

(T (t)
t t (x;1)" Cix; t
b (x{)) = Cix{] - O X (42)
i,1

Additionally, for the estimation of k', k = 2,... K, eigenvector we propose to generalize
Krasulina’s update rule along the lines of the generalized Hebbian algorithm [13] and combine

Krasulina’s method with Gram-Schmidt orthogonalization to define a general pseudo-gradient

i,p

as:
(t\T (t) My (t)
Ko\ _ 1. (Xi,k) Cix; () ( ») Cix; (t)
hi* (x; ) = Cix; j, — T Mg ik Z WX i (4.3)
[sd| =1 =il
(x (t))TC x(t) (t) .
Here, the term WX is analogous to Gram-Schmidt orthogonalization and enforces

the orthogonality of x to xgtg,p =1,...,k—1

Let th) = Xz(‘,?a L 7}(52{ € R¥*K e the estimate of the K eigenvectors of the global co-
variance matrix C after ¢ iterations. Along with Xz(«t)7 FAST-PCA also updates a second variable
in every iteration that essentially tracks the average of the pseudo-gradients at the nodes. Let us
define a pseudo-gradient tracker matrix SZ(- ) — [ 5?7 . ,sgt}(} € R4*K that tracks the average of
the pseudo-gradients at each node. These Si are updated along with the eigenvector estimates
XZ(-t) in each iteration of FAST-PCA. The entities h{ (X(t)) and hiK(XEt)) in the algorithm are
the matrices of the psuedo-gradients, i.e. ho/K (X(t)) {hio/K(ngf), . hiO/K(x;t;()} € RixK,
Both versions of the algorithm, namely FAST-PCA-O and FAST-PCA-K, involve same steps

except the difference in the pseudo-gradients as explained earlier and are formally described
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Algorithm 2: Fast and exAct diSTributed PCA (FAST-PCA)
Input: Y1,Yo,... Yy, W, o, K
Initialize: Vi, X\* « Xinie : Xinge € R XL X = T; S« h?/%(x(7)
1: fort=0,1,... do

(

2 i
3:  Subspace estimate at node i: XEtH) — %th) + D en; %X;t) + Ole(-t)
4:  Psuedo-gradient estimate at node i:
S 2800 130y S 4 B/ () - RO/ (0
5: end for
Return: XEHI),i =1,2,....M

Communicate X\ from each node i to its neighbors

in Algorithm 2. The weight matrix W = {w”} is a doubly stochastic matrix that conforms
to the underlying graph topology [69], i.e., w;; # 0 if (i,j) € £ or i = j and 0 otherwise. A
necessary assumption for convergence of the algorithm here is the graph connectivity, which
ensures that the magnitude of the second largest eigenvalue of W is strictly less than 1. The
gradient-tracking based solutions are recently being very popular in distributed optimization
literature because of their fast and exact convergence guarantees. Our main challenge here was
providing theoretical convergence guarantees inspite of the non-convex nature of the problem.
In the next section, we provide convergence results of both versions of the proposed algorithm

FAST-PCA.

4.3 Convergence Analysis of Auxiliary Results

This section entails detailed analysis for some auxiliary results that aid the proof of convergence
of both versions of our proposed FAST-PCA algorithm. In the first subsection, we restate the
auxiliary result from previous chapter which gives the proof of convergence of a modified GHA
(Subsection 3.4.1). This auxiliary result will be a key component in proving the convergence of
FAST-PCA-O. The second subsection provides detailed analysis of another auxiliary result for a
modified version of modified Krasulina that will aid the proof of convergence of FAST-PCA-K.

4.3.1 Convergence Analysis of a Modified GHA

Let C € R%*? be a covariance matrix whose eigenvectors are q;,1 = 1,. .., d, with corresponding
eigenvalues \;. We define a general update rule for the “estimation” of k" eigenvector, termed

as modified GHA as the following:

k—1
1
X =k a(Oxg) - TOL - Y apaf Ox). (@)
p=1
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where « is a constant step size. We saw in Subsection 3.4.1, the update equation (4.4) converges
to the eigenvector +qy, of C corresponding to the k‘" largest eigenvalue.

Note that this modified GHA not an algorithm in the true sense of the term as it cannot
be implemented because of its dependence on the true eigenvectors q,. The sole purpose of

this update equation is to help in our ultimate goal of providing convergence guarantee for the

FAST-PCA-O algorithm.

4.3.2 Convergence Analysis of a Modified Krasulina

Let C € R%*? be a covariance matrix whose eigenvectors are q;,1 = 1,. .., d, with corresponding
eigenvalues \;. With an aim to estimate the first K eigenvectors of C, we define a general update

rule, called modified Krasulina, of the following form:

41 t t , , t
s = x4+ a(Ox(), - 25— S " a,q; Cx[)) (4.5)
HXg,k:H p=1
Mt \T (t) k—1
0 0 (Xgr) Cxyy ()
B Oz(CXg’k N gHX(t) ”29 gk — Z )\pqpqp XgJC)’ (4.6)
9.k p=1

where « is a constant step size. Again, note that this modified Krasulina is not an algorithm in
the true sense of the term as it cannot be implemented because of its dependence on the true
eigenvectors q,. The sole purpose of this update equation is to help in our ultimate goal of
providing convergence guarantee for the FAST-PCA-K algorithm.

Since q;,l = 1,...,d, are the eigenvectors of a real symmetric matrix, they form a basis for

d-dimensional space and can be used for expansion of any vector x € R?. Let
(t) d

0 _ Xok N0
Xgk = (f) 2,1l (4.7)
S =
where zl(ﬂg is the coeflicient corresponding to the eigenvector q; in the expansion of x X . The

update equation (3.12) can be re-written as:

t+1) t t t t t k— t
Xy <><§,L 4 a(C ;i <”>T0x“ x“ S x“ )> ]
1 1
P [ESA 02 = = || A A (s )
(4.8)
t)\T (t) k—1
Z(t+1 (t _(t (x k) Cxy . t) (t
Xgk ): < ) —l—Oz(C ((])L _ Y39 @ 29 ( Z)\pqpqp ((])le) ak)7 (49)
Bl =
where a,(:) = ‘H)((fﬁl)ll‘ Multiplying both sides of (4.9) by qf and using the fact that qf q; = 0

for I £ 1', we get

! ~ ~
Zl(:lJr b= al(ct) (21(:; +a(q/ C t —q/ ( Z)\pqpqp gk (XéthCXg(]t)kzl(ctg))
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This gives
z,(ct;rl) = a,(c)(z,(fg a(igzﬁ)TCig’Lz,:g), for 1=1,...k—1, (4.10)
and zl(i;rl) =al' )(z,(fg +a(\ - (~;t)k)TC§(ét36)zl(f3), for 1=k, ...d (4.11)

In the following theorem, we show that x(tac converges to a multiple of the true eigenvector qy

by proving convergence of the coefficients z,g g fori=1,...,d.

Theorem 4. Suppose C has K distinct eigenvalues, i.e., \y > Ay > -++ > Ag > Ag1 >

> A > 0and a< )\i, qfx(ol)C #0, and ||x§0,)€|| =1forallk=1,...,K. Then the update

(®)

equation forx given by (3.12) converges at a linear rate to a multiple of the eigenvector +qy

corresponding to the k' largest eigenvalue A\, of the covariance matriz C for k=1,..., K.
Proof. We prove the linear convergence of X to a multiple of q; by proving that x( 36 converges

to qr at a linear rate. The convergence of 5c( L to qx requires convergence of the lower-order

coeflicients z,it)l, .. z,(fi , and the higher-order coefficients z,(:i e z,(fz to 0 and convergence

of zk to £1. To this end, Lemma 10 in the appendix proves linear convergence of the lower-

order coefficients z,(C )1, . z](:;c 1 to 0 by showing Zl 1 (z,(ctg) < a1y} for some constants a; >

2
0,7 = (ﬁ) < 1. Furthermore, Lemma 11 in the appendix shows that Zfzkﬂ(z,(:?) <

1+a)\k+1
1+aig

2
a6}, where as > 0 and 8y, = ( ) < 1, thereby proving linear convergence of the higher-
order coefficients to 0. The formal statements and proofs of Lemma 10 and Lemma 11 are given

in the next subsection. Finally, since ||x ||2 =1, we have

< a1y + a2d)

< azdy, where az=max{a;,az} and 0 = max{y,d}.

This shows (z,(f;c)Q converges to 1 and (zl(tlz)Q, | # k, converges to 0 at a linear rate of O(4}) where

5 t
5, = <1Tf2f\:1) . Thus, igtgg — +qi at a linear rate of (#f;‘i:l) and (x, “ )TCx(tgC — Mg

We also know from (3.12) that

( (t) )Tcx(t)

(t+1) _ _(®) (t) %)
Xok = XgpT oz(CXg,k - ||X(t) 2 Z /\pqpqp 0. k
g,k
k— t)
(0) . © (< k)TCXEI ko)

=Xgrt Oz((C o Z )‘pqpqp )Xg kT |7|x(t) 12 ’ xg;k>
g,k
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Thus,
k—1 ) \T (t)
1 (%41 CX
g I = Il + (€ = D7 Apapay )xyy, — —2 25 ) |2
1 %, ||
k—1 ( )TCX
k
_ 2a(x§t3€)T((C — Z )\pqpq]f)x;t}C — 7;"53@)
p=1 ||Xg k”
k—1 ( (t) )Tcx(t)
k
= lxgil® +@2l((C = D Aapay )xg) — 25 —25x ()|
=1 l[%g %
k—1 (X(t) )Tcx(t)
k
= 20((x, )T Cx) = D (e Ny gk — 2 () X
= ESA
S 9 ((t))TC ook <) 0
t , t t t
||x \|2+o¢2|| C - Z)\pqpqp) - 2q ||2+20z2)\ x ) apa, x Xy
p=1 [ESA
®) — @ 10 X ox) " Cxy) 20 1
= %y lI> + ?[I(C - Z)\pqpqp) X, el MH*W ARl
p=1

t t t
+2a||x;’|\2ZA %) Taqpapx(), (4.12)

( (t) ) (t)

W — )\k, we have

As i;ti — +qx and

k—1
t
(€= > Napal )X Ix 1 = £Car|x\ 1 = £aearlx ).
p=1
and,
k—1
Z)\p( (t)) qpqg (t) — 0.
p=1

Thus from (4.12), we get
t+1 t
T2 — (1% 12 = o,

which implies ||x;t)k || converges to some constant ¢ > 0 which further implies xg;C — +epqr. O

4.4 Main Results

In this section, we provide a detailed analysis proving that both versions of the FAST-PCA
algorithm converge at a linear rate to the true eigenvectors qi,k = 1,..., K, of the global
covariance matrix C. Specifically, if th) = [XE? o 7)(9(} € R4K ig the estimate of the K
eigenvectors at node i derived from Algorithm 2, then we show that square of the sine of the
angle between fo,l,Vz’ =1,...,M, and q for k =1,..., K converges to 0 at the rate of O(p")
for some p € (0,1).
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If W = [w;;] is the weight matrix underlying the graph representing the network, then the

iterates of FAST-PCA-O/K for the estimation of the k*" eigenvector are given as follows:

1 i
Et,jl) 3% ,1 + Z v jx% + as( ) (4.13)
JjEN;
1 1 w; o K 1 O/K
sin = gsi T Y s M) = nd R (), (4.14)
JEN;

where X(tli is the estimate of the k' eigenvector, E ,1 is the estimate of the average pseudo-

gradients h O/ K(x gt; 1)) given as :

FAST-PCA-O : h?(x{) = Cix{!) — (x{)TCx)x{!) - Z ) Cax i)

(O\T ¢ 5 (1) k=1 () (T
K MONSS (t) (Xvk) Cix; ) _ Xip (x 7p) Ci
”Xz',k” p=1 |x i,p”
Let us define the following stacked versions of the quantities XE ,1, S, ;> and h; i(x t,Z) for ¢ =
1,..., M as
t [ o/, 1)y ] O
x| by (x}'}) 1
() O/K () (t)
X hy '™ (x57) S
I R T D B DR
t O/K , (¢ t
_Xg\/l),k_ _hM/ (x SW)k) | S,k |
. Using these definitions (4.13) and (4.14) can be re-written as
1
x{THD) = 5 (s + W) @ Lo)x; M 1 asth, (4.15)
1
S = S (M + W) @ T)s(?) + b0/ X () — hO/ K (1), (4.16)

Combining (4.15) and (4.16),

1
x " = (I + W) @ To)x ™ = 2 (T + W) @ 1)*x) + ah® X (") — ah®/ " (1),

(4.17)

(t) M

Next, let x](f) and s,(:) denote the average of {x M. and {s iz, respectively. Taking the

average of (4.13) and (4.14) over all nodes i = 1,..., M, we get

—Z (Hl = tﬂ) —x()—i-as(t) (4.18)
1 M

t+1 —(t+1 —(t t+1 t t+1
a7 s =5 = 4 —gx) = gx ), (4.19)

i=1
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where

o) E M h@(x!"), for FAST-PCA-O
X =

LM nE(x!Y), for FAST-PCA-K.

Additionally, we also define the following stacked versions (denoted by subscript ‘s’) such that

all these are in RMd.

! s s
(1) (0 0
x s g(x; ")
=0 sh= | s =T
x| B 5(x)|
Thus,
U =5+ (xY) — g () = g () (4.20)
chzl) = ngl + aé(*) (:L + ags(xé)) (4.21)
ﬁ((&;j) = Texg - M 12 HETCx)  for FAST-PCA-O
g(igt;c) = _ - 0}

t (x(t)) Cx(t) t ke 1 xlp( (t))T Li "

(4.22)

Now, we first show that convergence of XE? at a linear rate and then proceed with the proof for
k=2,..., K through induction.
Case I for Induction — k = 1: The iterates of FAST-PCA for estimation of the dominant

eigenvector are

w;

(t+1 - (t)+ Z Wij Eti (4.23)
JEN;

t+1 1 ¢ Wij (¢ O/K , (i+1 O/K, (t

i Z LS S o) o)
JEN;

where

nf(x) = Cx{") — (x{)TCx{x!"]
(1) TC X(t)
and B (1)) = Caxll) Wxgq

We first prove the Lipschitz continuity of both these pseudo-gradients. Lemma 12 shows
h (x Ef) is Lipschitz continuous if ||X7 1H is bounded Vt. While Lemma 13 shows h/ (xf?)
is also Lipschitz continuous. The proofs of these lemmas are given in Subsection 4.5.2. The

Lipschitz continuity of g can be proved by simple extension as shown in Lemma 14 We now
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present our first main theorem for FAST-PCA-O that proves the convergence of the iterate XE?

at node i to xj = +qi, where ¢; is a constant.

Theorem 5. Suppose the estimate x from FAST-PCA-O remains bounded i.e., ||x H2 < pu,
a < ZA?&%(%) where )\17)\2 are the largest and second largest eigenvalues of C and
B = max{|\2(W)], \)\M( N} afx ;é 0, and the graph underlying the network is connected.
Then the estimate x from FAST-PCA-O converges to the eigenvector £qy corresponding to

the largest eigem/alue A of C at each node i =1,..., M at a linear rate.

Proof. For proving the convergence of xgt{ to x] = £qu1, Ve = 1,..., M, we prove that the

distance of average )’cgt) from xj, the consensus error as well as the distance of SE? from the

average pseudo-gradient g( ) =37 ZM hQ(x (t)) decay to zero at a linear rate. From (4.16),
we have
g () = (M4 W)@ Ta)s ™ g (™) ) el ™) (g, (1) g, ()

From the definitions of Egt), g(xgt 2 ) and gs(x§t71)), it is obvious that (77117 ® Id)sgtfl) =

150D = 57 = g, (x0). Thus,

t t
Ist” 0l

*gS(Xl
—||f<<1M+W>®Id> Y g () () — h(xTY) — (go(x?) — go (x|

1 _
— 117 @ I)s! T + g (xi ) — g (x{T )+

-1
= (T + Wy @ Lsf ™ — (-

h(xi”) — h(x{™") - (g.(x{") - g.(x{""))|
= G+ W) 9 1) — 2117 o L) — g (V) +
h(x{”) — h(x{™") - (g.(x{") - g.(xi""))|
(G M+ W)~ 117 @ L)L — g () |+
Ih(x{”) — h(x{Y) = (g.(x") — ga(x). (4.25)
Next, we simplify the second term of the above inequality (4.25) as follows:
(") — (=) = (g.(x!") — g.(x{""))1?

= h(x{") = B2 + [lgs (i) — go ()2 = 2h(x ) — n(x{TY), g (x) - g (x{TM))
= Ih(x{?) = )2+ s (x7) — go ()12 — 22 (x) — hi(x{T V), g(x") — g(x"))

= |hx{") —nx{))12 + Mgx") - g - 2M(g(x{") - gxiY), g(x{") — g(x{))
= |h(x{") — nx{))2 - Mgx") - g2

< |hx{") — {2
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Thus,
(i) = B ™) — (gu(x)) — g (I < [Ih(x(?) — b)) < Luflxg? - x{(226)
From (4.25) and (4.26), we have the following

1 1 —1 —1 -1
Isi” — gl < (G Tar + W) = 7117 @ L)t — g ™))+ Ll =<7

1+8 @1 -1 -1
S & - AC TR SUES R Sl (4.27)

where [ is absolute value of the second largest eigenvalue of the weight matrix W ie., f =

max{|A2(W)|, Ay (W)|}. As pointed out before, network connectivity ensures that § < 1.

Next, from (4.15) and (4.21), we have

)% = (@ W) o T = ol Y gl ()
= (G W) - ) ST =) talsl Y - g ().
Thus,
I — =) < —F ”ﬁ — Y ==Y+ allsi Y - g Y))- (4.28)

Next, we bound chgt) —x7||. We know from (4.18)

th) _ th 1)+a,(t 1 _ gt 1)+ag( (t— 1))
t—1 _(t—1 t—1 t—1
= x4 agxTY) + agxY) —gxT)

= =7 s - @) ox?x) +alet ) s ).

We know from Theorem 1 in the previous chapter that any general iterate of the form

<0 — (t 1)+a(Cxt 1) ~(x E])il—l))TCXgl—l)x(t—l)) (4.29)

9,1 9,1

converges at a linear rate to the eigenvector +q; corresponding to the largest eigenvalue \; of

C if the top two eigenvalues of C are distinct, i.e., Ay > Ao. Mathematically,

1 A
||x;t) —x7l <51||X(t 1)fxTH for 0< 01 = 113)\2 <1l and xj=q; or —gqj. (4.30)
Thus,
—_(t * —_(t—1 t—1 _(t—1
1% - x5 < afx{TY = xi) +allgx ) - g &)
_ L _
< &y xtY Y - =Y 4.31
< Al Tl I (431)

Now, we will bound ||x§t) - x§t71)|\. We know from (4.22)

_ 1 - ()2
g(x\}) = 17(0x” — (&) ox"x)").

)
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T
Thus g(xZ ;) = 4 (Cx} — (x})TCx}x}) = 0, where X5 = [(XT)T, e (XT)T} . Hence,

lgs ST = VMg ) = VM |gx{TY) - g(xt )| < LivVM Y — x5,

Using the above inequality and Lemma 14, we get

Is8 2 = st — o () + g (xTY) — g (xUTY) + g (=T
- -1
< s — g (x| 4 g (xFTY) — g &xT )+ llgs (=T

< |Isf7Y = g (x| + Ly < = 2TV anxf*” —-xill, (4.32)
where Ly = A (1 + 3u). Thus

I = = (T + W) @ T =i s
= G (T + W) © 1)~ Tar) (< = x7Y) 4 sl )
<2 ==+ alls )
< aflsi ™ =g T+ 2+ aly) XY = =TV el VMR - x),
(4.33)

where the second last inequality is because ||3((Ins+W)®14) —Inzall < |13 Xnr+ W)+ | Tasall =

2 and last inequality is using (??). Using the above inequality in (4.27), we get

1+5

Isi” — gl < (=

+aLy)|si Y —g(x{T) |+ Li@ + aLy)x{TY - =Y

+al2VM IR —x3). (4.34)

Writing a system of equations from (4.28), (4.31) and (4.34), we have the following:

st — g (x{)]| (%2 aL) Li2+aLi) aLi| [[Isi7 —gx™)|
7 == | <] e SR B s S E
VM| - x| 0 al, o | | VMY x|

where < implies element-wise inequalities. Here L1 = A\ (1 + 3u) and x] = £q;. Let us define

(22 +aLy) Li(2+aLi) al?
P=| o E

0 aly 01

Since P () has non-negative entries and P?(«) has all positive entries, each entry of P*(a) will
be O(p(P(a))?), where p(P(«)) is the spectral radius of P(«a). If we choose o such that p(P(a))
is < 1, then that implies ||s§t) - gs(xgt))H, ||xgt) (t) 11l and ||x(t n_ x3|| converge at a linear

rate. To find the required condition on «, we show in Lemma 15 that if o < >‘1472>‘2(19;f)2,
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the spectral radius of P(«) is strictly less than 1. This implies that if o < 21— /\Q(g Aﬁ )2, then

H)’cg — x5, ||xz 1— x1 || and ||s g(x1 )|| converge at a linear rate to 0. In other words, xi’%

converges linearly to xj = +q. O

Theorem 6. Suppose a < ’\1/\)‘2( 5_46)2, where A1, Ao are the largest and second-largest eigen-
1

values of C, B = max{|Aa(W)|, |Aar(W)|} is the second largest absolute eigenvalue of W,
qf Xz 1 # 0, and the graph underlying the network is connected. Then the estimate x from
FAST-PCA-K converges to the eigenvector +c1qy for some constant ¢y corresponding to the

largest eigenvalue A\ of C at each node i =1,..., M at a linear rate.

Proof. For proving the convergence of XE? to x7 = *c1q1, Vi = 1,..., M, we follow the same

process as Theorem 5. We prove that the distance of average )‘cgt) from x7, the consensus error

(t)
2,1

)

as well as the distance of s;] from the average pseudo-gradient g(x (t)) = & Zf\il hX& (xz(?)
decay to zero at a linear rate.

Now, We know from (4.18)
Xg): g D1 —(t D _ g )+ag( (t— 1))

Y agxU ) +algx ) —gxY)

(t=D\T o (t—1)
(t-1) | @ @1 (X )TCx] <=1 (t—1) _(t—1)
1 +M(CX1 Hx(t 1)H2 X; ) +a(g(x; )_g(xs,l ))-

I
wi

I
wi

We know from Theorem 4 in the Subsection 4.3.2 that any general iterate of the form

1 t—1
(1))TC (o

(Xg

(t—l))

(t)l = x(t Dy a(Cx(t b X1
||2 g7

||Xg71
converges at a linear rate to a multiple of the eigenvector i.e., £c1q; corresponding to the largest

eigenvalue A\; of C if the top two eigenvalues of C are distinct, i.e., Ay > Ay. Thus,

_(t * —(t—1 t—1 _(t—1
1% — x5 < afx{TY —xi) +algx{TY) —gxTY))
< 5%y Lnye=n x 4.35
>~ 1” 1 \/M” 1 || ( )
where x} = +c1q1, 61 = }igif and L = 6)\;. Proceeding exactly as in Theorem 5, we get
Ist” — g (x{")] (M2 1 aLy) Li2+aLy) aL?| [[Isi) — g (x|
_(t t—1 —_(t—1
I — x4 | < a s 0 i = <UL | (4:36)
VM%) - x5 0 aL o | | VMY —X’{II

where < implies element-wise inequalities, L; = 6A; and x7 = +c1q1. Let us define
(22 +aLy) Li(2+ali) al?
_ 1+

0 aly 01
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Since P(a) has non-negative entries and P?(«) has all positive entries, each entry of P*(a) will

be O(p(P(a))?), where p(P(«)) is the spectral radius of P(«). If we choose « such that p(P(«))

(®)

is < 1, then that implies ||s; gg(x(lt))H, ngt) ’(t) 1l and ||x(t) x7|| converge at a linear

A1—Ag (1—
()

rate. To find the required condition on «, we show in Lemma 15 that if a <

the spectral radius of P(«) is strictly less than 1. This implies that if o < 2122 (152 o 5)2 then

Hx(t) (7? (t) (t)

x5, Ix; 1 — x1 || and |[s; | g(xgt))H converge at a linear rate to 0. In other words, x; j

converges linearly to xj = fc1q1, where ¢; is some constant. O

Case II for Induction — 2 <k < K:
We proceed with the proof of convergence for rest of the eigenvectors through induction. In case
I, we proved the convergence of X for both FAST-PCA-O and FAST-PCA-K. By induction,

we assume xg?) converges for p=1,...,(k — 1) at a linear rate,

Theorem 7. Suppose the estimate XEZ from FAST-PCA-O remains bounded forp =1,...,k

i.e., ||x52H2 <p,a< min’;;%’('i;gﬁ’:_kkl;‘ﬁl) (ﬂ)2 where )\k, )\k;+1 are the k" and (k+1)*" largest

eigenvalues of C and B = max{|A2(W)|, |/\M( )W} afx 75 0, and the graph underlying the
network is connected. Then the estimate x from FAST-PCA-O converges to the eigenvector

+qg corresponding to the largest eigenvalue A\, of C at each node i =1,..., M at a linear rate.

®

| < p and X p

Proof. Assume that ngtg converges to £q, for p = 1,...,k — 1 linearly, i.e.,

there exist constants b; > 0 and v; < 1 such that

[ Z (x5O —apaf )| < bt (4.37)

Using the definitions of xk , sgf), 85 )7 h(x (t)) and same algebraic manipulations as in Theorem 6,

we get

¢ t 145
Isi” — go (x| < =22

-1 -1 -1
o llsi ™ = G T+ Ll —xi ) (4.38)

— 8s

and,

_ 1+ 8 -1)  _(t—1 1 1
I = =0 < == ™ ==V allsy T — ()L (4.39)
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Now, we bound H)‘cg) —x}||. We know from (4.22)

g(igt}c) = ﬁ(Ci,(f) (x Tkat) Z ZX (t) }((3))

i=1 p=1
M k-1 1 Mok
= (Cx - (x Ef))TCi;(f)’_‘g) _ Z Z qpqgci)_(](;)) -+ Z (X52<X£2)T B qqu> CZX,(C)
i=1 p=1 i=1p=1
1 | Mokt
_(t t) (t ), (t t
= - (ox - %) exlx quqgcx )Y () - ayal o)
p=1 i=1 p=1
=g (x{}) — £(x})
where,
k—1
r, 1 _ B
g (x(t,)) — *(ng) ( t))TCX,(:)Xg) ququX;(f))
p=1
and
I o ) (T T (t)
_(t
£(x)) = i SN LT - apa) )Cix;,
i=1 p=1
From (4.18), we have
i;ﬂt) _ i}(ctfl) i as,(ffl) _ i}(ﬂtq) + ag(X,(f*l))

)

_(t— « _(t— _(t—
=Y Y - ) Tes s -3 o) -l
p=1

+a(gxy V) —gx ).

We know from Theorem 1 in the previous chapter that any general iterate of the form
1 -1 1 1 1 1
étgv _ X_E;tk )-i-a(CXéfk ) ( (t ))TCX(t ) (t )Zq qTCx (t— )

converges linearly as

t t—1
1%, = xgll < dellx Y — x|

% _ 1tadgqn
where X, = :l:qk and 5k = Txar Thus,

(t=1)

1% — xill < oullx ™ — xpll + allgxy V) — g& )+ allf =)

< Gl — Xt + a2t — x5+t &) (4.40)

|
AT
Now, we will bound ||x(t) x,(: 1)H Since g (% (t)) (ng) (x ,(f))TCXS))’(g)—Z]; iqpqp CX](C)),

we have g (X:k) = M(qu —qf Cqrqr — Zp:l q,9, I'Cqy) = 0. Hence,

le. & ) = VMg &I = VMg &) — g (x5l < eV MY - X
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Using the above inequality and Lemma 14, we get

st = lst ™ — g (e ) o) — (=) + g (R
= st — g )+ gaxTY) — g (x0T + gl (&) — fxU))
< sy — gl T+ llga(x ) — e (& 1))||+Hgs( GO+ &
< sy — el Ll == ”||+L VMg~ ”ka||+f MEE))-

(4.41)
Thus,

t—1 t—1
I =) = (W o Dx ™ —x{Y +ast Y|
t—1 _(t—1 t—1
=|(WeI-T)x " -z ") +asi V|
t—1 _(t—1 t—1
<2x -z + o ||2 il
(t—1) (t—1) (t=1) 7(t 1) VMIIRED _
<alsi™ — g () + (2 + aLy)|Ix! |+ aLV/ M|z — i |+
VM) using (4.41)
(4.42)

Using the above inequality in (4.45), we get

1+ _ _
Isi” — s < (F5 =+ aLw)lisg ™ = gs (™) + L@ + i) g~ ==Y |+

al2VM||x{ ™) — xgl| + aL VM £ ). (4.43)

Writing a system of equations from (4.43), (4.46) and (4.47), we have the following:

It — g (x| [(2 +aLy) Ly(2+aLy) oL} ||s“*> gs<x§: D)) aLiV/M
1

I - =) | < o 1t 0 D =D EE ] o

VM5 - x| 0 oLy o | | VM ||x“ x| /M

Let us denote
(# + OéLk) Lk(Q -+ aLk) aLi
_ 14
0 aly Pk
Since P () has non-negative entries and P7(«) has all positive entries, each entry of Pt («)
will be O(p(Pr())?), where p(Px(c)) is the spectral radius of Py(a). From Lemma 15 we
know if we choose a < %(1&\1 )2, then p(Pr(a)) < 1. Also, we know f(f(gti) =

M Zz 1 Z ( (t)( (t)) qpq,,)C X Thus,

M k-1

_ 1 1 1 _(t—1
I = 57 2o D, el )T = apa) OV

=1 p=1
1 k—1

t—1 t—1 t—1)
< 37 2 I — )Gl

i=1 p=1
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From (4.37), we know || Z (t 1)(X£p )) —qpq))|| < b} Let b= (max; b ))\1||x(t 2 | >0

and v = max; v; < 1. Thus the system of equations becomes

0 0
Isy” — g (x| Ist” — go (x| aLgV/M
H (t) 7(75) ” < p(Pk(Oz))t ” 0) —(0) ” 4 bt 0

VMR - x| VM| — x| av/M

This implies that if @ < get55test (557 then %7 —xql, [x(f) - %7 and [} — g(x,”)]|
(®)

converge at a linear rate to 0. In other words, X, converges linearly to x;, = £q; under the

assumption that ||xi7pH remains bounded for p =1,... k. O

mine=1,. 1 (e —Aet1) (ﬂ)2 where \j, >\k+1 are the k' and (k + 1)t

Theorem 8. Suppose a < I (K+5)2

largest eigenvalues of C, 8 = max{|A2(W)|, | \ss(W)|} and qu 7é 0 and the graph underlying
the network is connected, then the estimate xgtll from FAST-PCA-K converges to the eigenvector

+qyi corresponding to the largest eigenvalue A\, of C at each nodei =1,..., M at a linear rate.

Proof. Assume that X( ) » converges to £¢,q, forp=1,...,k—1linearly, i.e., there exist constants

b; > 0 and v; < 1 such that

(t))
,P T < b t
||Z( I“ £ qpqp)HinVZ. (4.44)

p=1

Using the definitions of x,(f , sg), g,(f), h(xg)) and same algebraic manipulations as in Theorem 6,

we get
1+58, -1 -1 -1
s = ga(ei Il < 5= llsi ™ = gao ™) Ll — x| (4.45)
and,
_ 1+5 1 _(t—1 1 1
e — =) < 2 Y == allst Y - g (4.46)

Now, we bound H)’(ff’) —x;||. We know

SNT (1) M k-1 (t) (t)
_(t) _i( L0 (%) Cx ) ‘_m)
o) = 37 (O5 ~ Zamp %~ L T O
M k-1 M k-1 () (T
1( o ®)Texl %0 T 1 x; (%)
- Lo S aates) - LT R
M %2 == Mo k)
<ONT (t) k—1 M k=1 _ () (T
_ 1 —(t) (X ) CX = T (t) 1 sz(xi,p) T
_M(ka RO quq CXs ) P> ( @12 ‘qpqp>
1%, i1t o Xl
=g (x{}) —f(x})
where,
NT () k—1
’_(t 1 _(t (X ) Cx _(t t
g(xgi)zﬁ( l(c)_ kll_(t)”2 X,(C)—quq;CX,(c))
k p=1



69

and
k—1 (t)( (t))

M
St 1 »\Xi, Lt
f(xi 2(:) M Z ( I;((t) - qpq;tq;) Cixl(c g

=x{"" +agx V) +alex!) —gx)

_(t=1)\T ~=(t—1)

_(t— (- X Cx (-

R e - SIS s ) - )
Xy

p=1

+a(gx ") —g& ).

We know from Theorem 4 in the Subsection 4.3.2 that any general iterate of the form

NONENUE) -y (g TOxY ol e )
t t— t— t T~ (t—
Xk =Xk +a(Cx ko D 2g quq Cx
%45 "l
converges linearly as
t t—1 *
g = xill < dllx( " — x|

* _ I4adgg
where x; = *crqi and §p, = Tran Thus,

t t—1 t—1 t—1 t—1
%17 = xill < el =Y — xgll + allgGy V) — &)+ allf &)

t—1 t—1 _(t—1 t—1
< SlIRE = x|+ o D - 20 + allf &) (4.47)

%
AT
, LT og®
Now, we will bound ||x§:)—x§:71)|\. Since g ()‘(gti) = i(Ci(t)—%X? Zp 1 9p9p ngf )

cra} Cepaqp

’
1
we have g (x} ;) = 77 (ckCax — I

qk — Zp 1 qquCcqu) = 0. Hence,

lg. & ) = VMg &I = VMg %) — g (x5l < LMY - xg.

Proceeding exactly as Theorem 7, we get

st — g, (x| (22 paLy) Ly2+aly) alZ| [lIsf) g x| aLyy/M
_ _ 1

Ix? - =G | < a L2 0 || Ik == | IEEEED o

VM%) = x| 0 aLy ok ] | VMRV - x| aVM

Let us denote
(B2 +aLy) Li(2+aly) oL}

_ 1+8
Pk(O{) = (% 5 0
0 aLy, Pk
Since Py () has non-negative entries and P?(«) has all positive entries, each entry of P! ()

will be O(p(Pr())?), where p(Pg(c)) is the spectral radius of Py (a). From Lemma 15 we
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know if we choose a < %(1 )2, then p(Pr(a)) < 1. Also, we know f(iiti) =

()(x )T ()
MZl 12 (W_qpqp)cixk . Thus,

@ 1 oL iy ey ) (t-1)
P =l oS (e L g oY)
i=1 p=1 HX |
M k=1 (t=1) (t—=1\T
1 X N ( N2 ) (t— 1
< MZH (W aa)1Cil1%E )|
i=1 p=1
k—1 X,Etfl)(xgtil))T T t (t—1)
From (4.44), we know || szl(w —qpd, )|| < biv;. Let b= (max; b;) A1, || >0
and v = max; v; < 1. Thus the system of equations becomes
s — g (x)] ||s‘°> - gs<x,i°)>|| aLV/M
I =00 | = p®a(e)” | =0 |+ 0

VM”XI@ = x|l VM”XI@ _XZH avM

This implies that if @ < g5yt (5507 then 1% —xill, x5 — .7 and 5% — ()]
(®)

converge at a linear rate to 0. In other words, X; |, converges linearly to xj = £ciqr, where ¢,

is some constant. O

mink()\kf)\k_;_l) ( 1—ﬁ

From Theorem 6 and Theorem 8, we can see that if a < K5 (K+6) (on

)2, where A\
is the largest eigenvalue of C, K is the number of eigenvectors to be estimated and f is the
absolute value of second largest eigenvalue of the weight matrix W, then the estimates x% of
the k" eigenvector for k = 1,..., K at i'" node, i = 1,..., M converge at a linear rate to a
multiple of the eigenvector qi of C i.e., £cxqg. A one step normalization of eah of the estimates
at the end gives the set of orthonormal eigenvectors of C.

In summary, both variants of FAST-PCA converge exactly to the true eigenvectors whilst
completely doing away with the need of explicit consensus loop thereby making our solutions

faster. Table 4.1 provides a comparison of the communication and iteration complexities of

various distributed PCA (principal component analysis) and PSA (principal subspace analysis)

algorithms in terms of error e and eigengap gap. Here gap, = ’\;‘;1 for PSA and gap, =

maxg=1,. K )‘i‘k“ for PCA algorithms. Also, gap = A\ — A1 for PSA algorithms and gap =
ming—1, g Ak — Ap4+1 for PCA algorithms. Since we reduce the dependence of total iteration
complexity on gap, our solutions are significantly faster than other algorithms as also shown

through numerical experiments in the Section 4.6
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Table 4.1: Comparison of Communication and Iteration Cost

’ | Comm./Iteration | No. of Iterations | Total Comm. | PCA/PSA |
: I I I I 21 71
DistSeqPM O(Kloglgap?l loglg) (9(Klog1gap;1 loglg) O(K Tou® gap=T log” ) PCA
S-DOT O(Wlog z) O(Wlog ;) O(Wlog ) PSA
DeEPCA O(log m) O(gnp log 1) O(gap log 1 795 log 1) PSA
Olarigeyy 102 1)
DSA 1 up tole = O(a)1 Oz 108 1) PCA

4.5 Statements and Proofs of Supporting Lemmas

4.5.1 Statement and Proof of Supporting Lemma for Modified Kra-

sulina

The proof of Theorem 4 mainly stands on two lemmas, Lemma 10 and Lemma 11 which are

given below.

2
Lemma 10. Suppose Z,(CO,)C #0 and a < /\1—1 Then the following is true for v = (ﬁ) <1

and some constant a; > 0:
k—1

Z(z,gfl))Q <ayitt. (4.48)
=1
Proof. Forl=1,...,k—1 we know from (4.11) that z(tﬂ) (t) (1- a( t )TCfcétL)z,(f% Since

()"(ét)k)TCiétL <A1 <1, wehave 1+ a() - (%, (t) )TCx(t) ) > ap > 0.
Thus, we have for [ =1,---k — 1,

1 - - 2
(A0 - [ oslred V(D
z,(ﬂ; ) 1+ ol — (chfgc)TCi;f)k) z,(fL
2/ (1)
_ 1— O(Ak Zk,l
1+a(h — &9)TCx!) 20
()
1+ alg ](ct
(o) i)
= t
1+Oé)\k ](6736
NOR
k.l 1 )2
= = _— 1
(<t>)’ Tk (1+a)\;€ <

L0\ 2
Therefore, for [ = 1,...,k — 1, (zl(ffl)) < fyZH( f(,;) (zl(f;rl))g. Since ||x t+1)\|2 = 1 and
Zk,k

Ix (O)||2 = 1, hence (z,t:rkl) <1 and ZI(€01) < 1. Also, because of the assumption z 7é 0, let us
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assume (2120123)2 > 7). Thus, we can write

N

-1

(ziﬁl H'l Z =a 'y,iH. (4.49)
1

~

O

2
Lemma 11. Suppose z,(go,)C #0anda < % Then the following is true for pr, = (#_ﬁ;‘;:ﬁ <1

and some constant agy > 0:

> T2 <anpf (4.50)

Proof. For | = k,...,d we know from (4.11) that z(t—H) = a,(:)(l +alN — ( ’ k)TC ®) %)) ,(Cg
Since (%})7Cx", <A1 < L, we have 1+ a(\ — (x})TCx)) > a\ > 0¥ =k, ..., d.

Thus, we have for [ =k +1,-
< (t+1)> (
E,l _ .,
t+1 -
Zl(c,k )
t 2
. a(Ax — ) Zz(qg
1+ o — &)Tes)) ) 2
t
1 Ak—Az)) (223)2
14+ al, Z(tgc
L < (e (G
1+ alg ) ) =\ 1+a) Z}(:L
B Zlcl I+ adg1)?
= o <t>) o= T+ ahe ) <1

()
Therefore, for | = k+ 1,...,d, (z,(ct?_l)) < pffl( ;“Oi) (z,(cle))? Since ||x t+1)||2 = 1 and

Hf{,(CO)HQ = 1, hence (zﬁj) <1 and 2(0) < 1. Also, since z,(co,l # 0, let us assume (z,(C ,1) > 1.

(
(

Thus, we can write

d d

1
DTG < AT Y = et (451)
I=k+1 l=k+1

O

4.5.2 Statement and Proof of Supporting Lemma for FAST-PCA
First two lemmas prove the Lipschitz continuity of the pseudo-gradients hio and h¥

Lemma 12. The function hgt :RY — RY with hgt(v) =Civ—(v)TCyvv— Zp 1% p( (t))TC v
is Lipschitz continuouswith Lipschitz constant L, = M\ (1 + (k + 2)u) when ||v]|?> < p and
Ixipll> <p forp=1,....k—1.
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Proof. For v € R? such that ||v||? < u, the function h¥ (v) is defined as
h¢(v) = Civ — (v)TCyvv — Zx TCV
Thus,

k—1
h?(vl) — hZO(VQ) = Ci(vl — V2) — (vl)TCivlvl + (VQ)TCiVQVQ — ZXZ(?)(XE?))TCZ(Vl - V2)
p=1

C Zx(t) (t) TC (Vl — V2) — (Vl)TCiVl (Vl — VQ) — ((vl)TCivl — (VQ)TC»L‘VQ)VQ
k—1

= (Ci — (v)TCviT = > x)(x{)TCi)(vi — va) — (v1 + v2)T Ci(v1 = v2))va

p=1

I (vi) — b (vo)|| < [|Ci — (v1)" Cival — ZX X NTCill[vi — v + [[(vi + v2) T Ci(vi — va)|[[ve]

p=1
<|IC; — (vi)TCiviI - ZX TC [lvi — vl
+ lve + 2l Cillllve = val[[vall
<|Ci = (vi)TCivaI - ZX DTCillllve = va|
+ [vall (vl + V2 DI Cil[lva = vl
< (ICi]| + [(v1)"Cs V1|+Z||X x()TCil) 1 = v ||
p=1

+ Ivall (Ivall + [v2IDIICil[vs = val
< MVl + = DM ve = vall + Mva(VE+ Vi) [vi = va|
< (A1 A+ (b= D) llve = val| + 2 pflve — v2|

< (M + B+ 22 p)|[[ve = va|

<A+ (E+2)p)llllve = va|

O

(f) (X(t))
ux“) B

Lemma 13. The function hf, : RY — R? with hf,(v) = Cyv — (V)T%vvfzz;} C,v

v
is Lipschitz continuous with Lipschitz constant Ly, = A (k + 5).

Proof. For a continuous function f : R? — R? we know [|f(z) — f(»)| < [IVf(@)|[lz — vl

Thus, the Lipschitz constant can be given by the upper bound of ||V f(x)||. Applying derivative
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on both sides to the function

T NOYHON:
hfﬁ(v) — CZ'V o (V) CZVV . Z zp( zp) CZ'V

2
Il el SRS
we get
N OPON
0 9 ((v)TCiv V) TCyv X (x;0) T
9 LK =C¢—f<7l> r_ V) “iVy ( ZipPin) @
v PialY) v\ e /Y [[v]2 p; Hx(-t)||2
<« (x(®)
_c— 2||v|2C;v — 24(V)Tcivv T (V)TciivI B Z x; o (x;0)7 c‘)T
vl vl = xD)
_c 2C;vv’ n 2(v)TCivvv?  (v)TCyv B kz_:l XE?,(XE?,)T
IR [[v[* [v]? e P OIC
(t) (0N
0 2C,;vvT 2(v)TCvvvT = (X )
l5cha (V) < Gl + | [+ I+ || 1C:—" I
av ! [vi[? [vI* || H2 Z Ol
(t) (t)
i1llvll IvI* , [(v)"Civ] (X o)
< rua + 22 gyl L (0 §jn|m !
< X1 +2X1 + 2N+ X+ Ak —1)
=(k+5)Ai1
Thus,
i (vi) = i (va) | < Aia(k +5)[[vi = val| < Ai(k + 5)[[vi — V2], (4.52)
where the last inequality uses the fact that C, < C, hence ;1 < Aq. O

Lemma 14. The following inequalities hold true:
1 i t 1

L g — gl < L — xVl
2. lgt) — g®Z Wl < L fxt? — =)o,

where L = A (14 (k + 2)p) when g(x,(f)) =L Zf\il h?(ng,i) and Ly = A1 (k + 5) when when
g(x)) = 4 T b (Y -
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Finally, the following lemma gives the condition of step size required for linear convergence

of FAST-PCA.
Lemma 15. For a matriz Py (a) such that

(22 4 aly) L2+ alLy) aL?
P@=| N

0 aLy Ok

where L = (k+ 5)\1 and 0 = 1+a>"“:1 , the spectral radius p(Py(a)) is strictly less than 1 if

1+a
A1—=A2 (1-82
a < A (5R0)°

Proof. Since Py () is a non-negative matrix, by Perron-Frobenius theorem it’s characteristic

1+adlgi1
1+alg

polynomial has a simple positive real root r such that p(Pg(«)) = r. We know, ), = <

M

i=1

MZnhO/K x{%) = b E ()12, using the fact ||Zazu2<MZ||az||2

=1

1 O/K O/K /- .
< WMZnh/ (i) =B )P, using the fact | Y ayll” < MY fal
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1, Ly, = (k + 5)A1. Now, the characteristic polynomial p(vy) of P(«) is given as

p(v) = hI-P(a)
v— (2 +aLy) —Li(aly+2) —al}
= -« v - # 0
0 —aLy v=01
= (P any - T2 0 - 00+ a(-LulaLi + 2)( - 8) — a?L))
= ((v— # —aly)(y— #) —aLi(aLy +2))(y —6) — o®Lj
= po(N(y =) —’L}
where,
po(y) = (v— # —aLy)(y - #) — aLy(aLy +2)
= Y —(1+B+aLly)y+ #(# +alLy) — aLy(aLy +2)
= (v=7)(v—72),
where 71,72 are the roots of pg(7), given as
i = 1+p8+al, £ \2/5042Lz + 8aLk. (4.53)

Ifo<a< L%y al, < 1 and it implies onL% < ali < v/alLg. Thus,

1+ B+ aLy £+/502Li + 8aLy,

2
1+ B8+ aLy, + /5a2L3 + 8aLy
2

1+ﬁ+\/aLk+\/5aLk—|—8aLk

Y72 =

2
1+ 8+ vaLly ++16aLly
2
14 ﬁ + 5v OéLk N
— =
For v > 70, po(7) > (y=70)2 Now, let v* = max{1-} Q=20 BBy 5./aT,, /Graluley >
~Yo. Then
1Ta(Ag — Aes1) (1 + X)Ly 373
> o ————2 (4.5« 7—25\/ L) —o’Ly,
p(’y ) - 2 14+ alg Ak — Akt1 @ k @
1 Oz(/\k — >‘k+1 1 + Ol/\k Lk 1 + CM)\k Lk 3,3
> - T (4.5« 7—25\/ — )" —a’L
T2 1+ ad ( Ak = Akt1 Ak — Akt ) b
> 1 Oé()\k — >\k+1 (2\/7 ]. + a)\k)Lk) a?’L%

5 14+ a)g
= 2a°L; —a’L} > 0.

Ak — Akt1
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Evidently, p(v) is a strictly increasing function on [max{dx,~o}, +o0) and since this interval
includes v*, p(y) has no real roots on (y*,+00). Thus, the real root of the characteristic
polynomial is < v*. Hence p(Py(a)) < ~*. If we choose « such that v* < 1, then p(Pj(a)) < 1

and the convergence would be linear. For v* < 1, we need

2 Ak — Akt1
(1+a>\k)Lk 1—ﬁ
v oL
ik Ak — Akt1 < 9
(14 aXg)Ly 1-5,
L
(L) Ak — Akl <( 9 )
a1+ ang) < =Mt 1=
2 9

Since Li > Mg, for a < L%“ alp < 1. Thus, 1 +aX, < 2. If a < %(%)2 < L%c’ then
k

all+ad;) <2a < %(%)2 Thus, for the following condition on step size «
k

Ak — A1 1-8,
FAST-PCA-O : <
STPCA-O: o< o s 29 )

1—F5s
- - N <
PAST-PCAK o < o5 2 (=5 0)°,

Ak — Akt

both versions of FAST-PCA converge at a linear rate. O

4.6 Experimental Results

In this section, we demonstrate the efficacy of our proposed algorithm FAST-PCA through
experiments on synthetic as well as real-world data. We compare the performance of our algo-
rithm with existing algorithms of (centralized) orthogonal iteration (OI), (centralized) sequen-
tial power method (SeqPM), distributed sequential power method (SeqDistPM), distributed
orthogonal iteration algorithms (S-DOT, SA-DOT) [47], a orthogonal iteration+gradient track-
ing based method DeEPCA [53] and our previously proposed distributed Sanger’s algorithm
(DSA) [16]. In the case of OI and SeqPM, we assume that all the samples are available at a
single location and, for the estimation of K dominant eigenvectors of C, SeqPM performs power
method K times sequentially starting from the most dominant eigenvector. SeqDistPM is the
distributed version of SeqPM, which uses an explicit consensus loop with a fixed number T, of
consensus iterations per iteration of the power iteration [49, 50|, whereas S-DOT and SA-DOT
are distributed versions of OI using fixed and increasing number of consensus iterations per
orthogonal iteration. The DSA is a distributed generalized Hebbian algorithm that converges

linearly to a neighborhood of the true eigenvectors of the global covariance matrix. Assuming
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that the cost of communicating R4*¥

matrices across the network in one (outer loop) iteration
is one unit, the x-axis of all the plots indicate the total communication cost, i.e., total inner
and outer loop communications. In the algorithms with one time scale, this is the same as
the number of total outer loop iterations (since inner iterations = 0). The y-axis of the plots
denotes the average angle between the estimated eigenvectors thlz and the true eigenvectors

+qj across all the M nodes in the network given by

M K T 2
1 X Ak
E=— 1-— 2 . 4.54
WK 2 < <xi,k) ) (4.54)

4.6.1 Synthetic Data

We study the effect of factors like eigengap and distinct /repeated eigenvalues on the performance
of our algorithm in comparison to various other existing PCA and distributed PCA algorithms.
To that end, we generate Erdos-Renyi graphs (p = 0.5) to simulate the distributed setup
with M = 20 nodes. We also generate synthetic data with different eigengaps of Ag = ’\f—; €
{0.8,0.97}. The data is generated such that each node has 5000 i.i.d samples, i.e. N; = 5000 with
d = 20 drawn from a multivariate Gaussian distribution with zero mean and fixed covariance
matrix 3. The number of eigenvectors to be estimated is set to K = 5. For SeqPM, SeqDistPM
and S-DOT, the number of consensus iterations per outer loop iteration is T, = 50 and the
number of maximum consensus iterations in case of SA-DOT is set to 50 as well. For the Erdos-
Renyi topology, we use a step size of & = 0.7 for our algorithm and for cyclic graph, we use a =
0.1. The results reported are an average of 10 Monte-Carlo simulations. Figure 4.1 compares the
performance of our proposed algorithm FAST-PCA with centralized OI, SeqPM, SeqDistPM,
S-DOT, SA-DOT, DeEPCA and DSA when the subspace eigenvalues A1, ..., Ax are distinct,
ie. A1 > Ay > ...,> Ag. It is clear that our algorithm significantly outperforms SeqPM and
SeqDistPM since estimating one eigenvector at a time slows down the convergence of these
methods. Also, the requirement of an explicit consensus loop implies the communication cost of
these methods is high as indicated by the plots. Even though S-DOT and SA-DOT estimate the
whole subspace (but not necessarily the eigenvectors) simultaneously, explicit consensus loop
makes those relatively slow as well. As expected, since DSA converges only to a neighborhood of
the true solutions, our new proposed algorithm outperforms it. The performance of FAST-PCA
is similar to DeEPCA in this case, although DeEPCA requires explicit QR normalization after
every iteration whereas FAST-PCA requires no explicit normalization. This normalization step
in DeEPCA requires an additional O(K?2d) computations per iterations. It is desired from any

distributed algorithm to perform similar to their centralized counterparts and it is clear from
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Figure 4.1: Performance comparison of FAST-PCA with various algorithms for two different
eigengaps.

the figures that our algorithm FAST-PCA performs very similar to centralized OLI.

Figure 4.2 shows a similar performance comparison for K = 3 when the subspace eigenvalues
are very close to each other, i.e. Ay ® Ay = ... =~ Ag. The Gaussian distribution generated in
this case has covariance matrix 3 with equal subspace eigenvalues but due to the finite number
of samples, the eigenvalues of C are not exactly equal albeit almost equal. It is evident that the
performance of every algorithm significantly deprecates in this scenario. Nonetheless, in this
case FAST-PCA outperforms all other algorithms including DeEPCA, while still being close to

centralized OI in terms of performance.

4.6.2 Real-World Data

We also provide some results for the real-world datasets of MNIST [71] and CIFARI0 [72].
In the first subsection, we assume that data is randomly but equally (in terms of number of
samples) among the nodes. In the next subsection, we show the effect of data being distributed

by category on the performance of the algorithms.
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Figure 4.2: Performance comparison of FAST-PCA with various algorithms for two different
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Figure 4.3: Performance comparison of FAST-PCA with various algorithms for MNIST and
CIFARI10

Even Distribution of Data

We simulate the distributed setup with an Erdos-Renyi graph with p = 0.5 and M = 20
nodes. Both these datasets have N = 60,000 samples distributed equally among the nodes,
making N; = 3000. The data dimensions are d = 784 for MNIST and d = 1024 for CIFAR10.
Figure 4.3(a) shows the comparison of the various PCA algorithms for MNIST dataset when
K = 10 dominant eigenvectors are estimated. The step-size used for FAST-PCA and DSA in
this case is @ = 0.1. Similar results for CIFAR10 are shown in figure 4.3(b) when K = 5 and

o = 0.8 is used.

Uneven Distribution of Data

Next, we investigate the case when data is not distributed randomly among the nodes. Specif-

ically, we look into the case when data samples corresponding to only one class are available at
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Figure 4.4: Performance comparison of FAST-PCA-O/K for even and uneven distribution of
MNIST data

a node. MNIST is a dataset of hand written digits from 0-9. We simulate a network of M = 10

nodes such that the i** node has only data samples corresponding to label (i — 1).

4.6.3 Autoencoder Implementation

A single layer autoencoder that has linear activation units when trained using Oja’s rule is
known to learn dimension reduced and uncorrelated representations. Our proposed algorithm
FAST-PCA is a feedforward neural network-based one time-scale method for representation
learning in distributed networks. To that end, we implemented FAST-PCA-O (Oja’s version)
in Tensorflow v2 [75, 76] to learn representations for Fashion-MNIST [77] dataset and use those
representations for classification.

Fashion-MNIST [77] is a dataset of 28 x 28 gray-scales images, with each image being
associated with one of the 10 labels. There are 60,000 training images and 10,000 testing
images. We used tensorflow models to build a classifier that has an input layer (specified later
for each experiment) followed by a dense layer with certain units with a ReLU activation function
and an output layer of 10 units. First, we train the classifier in the centralized setting i.e., when
the entire data (60,000 samples) is available at a single location, using the entire (raw) feature
vectors of the samples i.e., when the input layer is of size 784. Tensorflow, by default, does a
mini-batch training of the classifier. Using an ‘Adam’ optimizer and ‘Sparse Categorical Cross
entropy’ loss function, the average test accuracy that we get for 20 trials is 88.25%. This would
be our baseline. Next, we use generalized Hebbian rule in the centralized setting to learn feature
vectors of different dimensions i.e., we train autoencoders with different number of hidden units
and use these learned feature vectors in the classifiers. Now, in the distributed batch setting that
we are considering in this chapter, let us assume that the data is distributed between M = 10

nodes i.e., each node has only 6000 samples. Training autoencoders at each node whose weights
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Table 4.2: Comparison of Classification accuracy

Features used Raw GHA FAST-PCA
i/p dim. (hidden layer) | 784 (256) | 256 (128) | 256 (128)
accuracy 88.25 88.8 88.8

are updated using our FAST-PCA algorithm, we learn feature respresentations of length 256.
Table 4.2 shows the comparison of classification accuracy when using the raw data vs the
learned representation. Evidently, learning the feature vector using FAST-PCA gives the same
classification accuracy as in the centralized case. Further, not only is the classification accuracy
is slightly better when uncorrelated features are learned, the classifier network required is also
smaller implying lesser trainable parameters are required. If one classifier is trained per node
using the smaller batch of samples available at the node, then definitely classification accuracy
drops. In that case, average accuracy using the raw data batch of 6000 samples is 83.82% and

using the learned features is 84.62%.

4.7 Conclusion

In this chapter , we proposed and analyzed two versions of a novel algorithm for distributed
Principal Component Analysis (PCA) that truly serves the complete purpose of dimension
reduction and uncorrelated feature learning in the scenario where data samples are distributed
across a network. We provided detailed theoretical analysis to prove that our proposed algorithm
converges linearly, exactly and globally, i.e., starting from any random unit vectors, to the
eigenvectors of the global covariance matrix. We also provided experimental results that further
validate our claims and demonstrate the communication efficiency and overall effectiveness of

our solution.
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Chapter 5

DIEGO: Distributed PCA in

Streaming Data Settings

The focus so far in this thesis has been on distributed PCA when data is fixed at every node
of the network. This chapter considers a more real-world setting: the case of streaming data.
Distributed PCA in the streaming setting is a relatively under-studied problem. A distributed
algorithm based on the generalized Hebbian algorithm is proposed in this chapter that converges

to the eigenvectors of the population covariance matrix in the streaming data case.

5.1 Introduction

One of the defining traits of modern world information is the “velocity” at which data is being
generated. A recent study showed that about 2.5 quintillion bytes of new data is created
everyday. Thus, to truly encapsulate all aspects of this modern data the continuous streaming
nature of data has to be taken into account, along with high dimension and large volume.
Machine learning algorithms are typically bulit on the concept of continous learning from the
streaming data to perpetually improve their generalization (to unseen data) power. Making this
data usable for machine learning based applications require representation learning solutions
that continuously adapt based on new data. Examples of applications where one can find
such streaming data are financial trading, video surveillance, autonomous vehicles etc. At the
same time, the inherent distribution of data across geographical locations demand the study
of distributed solutions even in streaming settings. In the light of such scenarios, we study

distributed PCA solutions in streaming settings in this chapter .
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Several stochastic methods exist in literature that were specifcally developed for PCA in
streaming settings like Oja’s rule [12], Sanger’s method [13]|, Krasulina [21], Warmuth [78].
Oja’s rule and its generalization, Sanger’s method, are in particular popular for estimation of
eigenvectors of population covariance matrix due to their ease and stability of implementation
as well as convergence guarantees. Recently, Oja’s method [31] have also been studied and
analyzed for finite sample complexities of these algorithms. In particular, it was shown that
Oja’s method has a optimal rate of O(1/t) for centralized PCA in streaming data case for the
estimation of top eigenvector. This was generalized for the case of subspace estimation in [35]
which also proved an optimal rate O(1/t). In this chapter we propose a distributed version
of Oja’s algorithm for the estimation of multiple eigenvectors, not only subspace, in streaming

data case.

5.1.1 Owur Contributions

The main contributions of this chapter are 1) an algorithm called DIstributEd Generalized Oja’s
Method (DIEGO) for distributed PCA in the streaming data case, 2) theoretical analysis that
proves convergence for the estimation of the dominant eigenvector (K = 1) 3) experimental
results that demonstrate the efficiency of our solution.

Our primary focus in this chapter is to develop a solution for distributed PCA when the
data is streaming at the nodes. The goal remains in line with the previous chapters; we aim
for dimension reduction and feature decorrelation at the same time. That is, we aim to find
the eigenvectors of the population covariance matrix that can result in a representation of data
which retains maximum information while having uncorrelated features (in expectation). To
that end, we propose a distributed algorithm that is based on the generalization of Oja’s rule
for multiple eigenvector estimation. The algorithm is a one-time scale combine-and-update
approach. We provide detailed analysis for the estimation of top eigenvector from independent
and identical (i.i.d) samples in the distributed case. Specifically, we show that for the case of
K =1, the algorithm converges asymptoticallt as ¢ — co. We also proivde extensive numerical
experiments to show the effect of different parameters like eigengap, graph connectivity etc. on

the performance of the algorithm.

5.2 Problem Description

The goal of this chapter is to develop an algorithm for finding the leading eigenvectors (principal

components) of the population covariance matrix when data samples are streaming in real time.
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In a centralized case, when all the independent and identically distributed (i.i.d) data points
y € R? from a zero-mean distribution with covariance matrix 3 arrive at a single location, PCA
can be mathematically formulated as

X = arg min E [”y — XXTyHg} such that Vil # q, (]E [XTnyX} ) =0.
XERIXK XTX=I lq

(5.1)

The constraint (E [XTnyX} )lq = 0,VIl # q, ensures that X decorrelates the features of y.
It is evident that E [XTyy™X| = X"E [yy| X will be a diagonal matrix if and only if X
contains the eigenvectors of E [ny] =3.

In a distributed setup, data is available at geographically scattered locations. Let us consider
an undirected and connected network of M nodes described by a graph G = {V,£}, where
V ={1,..., M} is the set of nodes and £ is the set of edges between the nodes. For each node i,
the set of its directly connected neighbors is given by A;. The inflow of data streams can be one
of the two ways i) nodes receive parts of a data sample for e.g., in sensor networks or, ii) nodes
receive full data samples. In this chapter, we assume the setting consistent with the rest of the
thesis; data being distributed by samples. If we assume one sample arrives per time instant
at one node, then at each time instant M samples will be arriving in total in the network.
Assuming that there is no time lag between arrival of samples and the processing times, we ask
a question: Can collaboration help the nodes reach the eigenvectors at a faster rate? In other
words, is it possible to utlilize the information of M samples at every time instant at every node
even though a node gets direct access to only one sample. In this chapter we try to answer
this question. We propose an distributed algorithm based on a generalization of Oja’s rule for

estimating the eigenvectors of 3 in the streaming settings.

5.3 Proposed Algorithm

One of the classical methods for solving the PCA problem in streaming data settings is the
Oja’s algorithm. It is an iterative algorithm for the estimation of dominant eigenvector of %

and is given as

T
Xy = X1+ Y1y Xe—1

Xt
Xt =11
[l

where «; is the step size at time t, y; is the sample at time ¢ and ¥ = [yt}’ﬂ' It has been

shown in literature [31] that Oja’s algorithm converges as O(1/t) when step size decreasing as
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ay = ¢ is used. In the distributed setup, each node i receives a sample y; ; at time instant ¢ such
that [Yi,tyiTJ = X and in order to learn the dominant eigenvector of the population covariance

matrix ¥, each node can simply run Oja’s algorithm as:

Xit =X;t—1+ Oétyz',tyiT,tXi,t—1
_ Xt
%617

Xt

But in order to utilize the information of the other samples that have arrived at the same
time instant in the network, we propose to harness the soft power of collaboration. To that
end, we propose to apply a combine-and-adapt approach to Oja’s rule for dominant eigenvector
estimation at each node. This distributed Oja’s algorithm essentially combines the eigenvector
estimates from all the neighboring nodes and updates the combined estimate based on local
data. Algorithm 3 describes the method in detail. The weight matrix W = [wi j] is a doubly
stochastic matrix that conforms to the underlying graph topology [69], i.e., w;; # 0 if (i,j) € €
or i = j and 0 otherwise. A necessary assumption for convergence of the algorithm here is the
graph connectivity, which ensures that the magnitude of the second largest eigenvalue of W

is strictly less than 1. Algorithm 3 only estimates the dominant eigenvector of the population

Algorithm 3: Distributed Oja’s Algorithm (K = 1)

Input‘: Yi1,Yi 2,5 [wlj]a (6%
Initialize: V’L.,Xi,o < Xinit - ||Xinit||2 =1
1: fort=1,2,... do

2: Qp = %
_ T
3 X =Xi-1t oy Zj WYty X t—1
4 Xy = ot
: Bt Tx ]l
5: end for

Return: x;4,7=1,2,...,M

covariance matrix 3. Oja’s rule was generalized for the estimation of a K-dimensional subspace

and it was also shown in [35] that the algorithm

X =X¢1+ OéthY;rXt—l (5.2)

Xy = QR(Xy), (5.3)

converges O(1/t) to the dominant K dimensional subspace. For the estimation of top K eigen-
vectors, and not just subspace, in the streaming and distributed setting, we propose a different
generalizarion of the Oja’s rule called DIstributEd Generalized Oja’s Method (DIEGO). The
idea behind the approach is to subtract the effect of the more dominant eigenvectors while

estimating the less dominant ones. Instead of a sequential approach where one eigenvector is
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fully estimated and then its effect is subtracted, we estimate all the eigenvectors simultaneously.

The detailed approach is given in Algorithm 4.

Algorithm 4: Distributed Generalized Oja’s Algorithm (DIEGO)

Input: yi1,yiz2,. .., [wij], o
Initialize: Vi, X; 0 < Xinit © |[|Xinit||? = 1
1: fort=1,2,... do
(o7

2: ap = T
k—1 T T
3 Xkt = Xike—1+ Wi (L= 370 ) Xjp 01X, 1 1)V 56Y Xk t—1
4: X — Xikit
: Bkt T el
5: end for
Return: x;;:,i=1,2,... M,k=1,..., K

In the next section, we provide detailed analysis of our proposed algorithm DIEGO for the

estimation of dominant eigenvector i.e., K =1 (essentially for Algorithm 3). We show that the

estimates xi% at each node ¢ converge for any random unit-norm initialization and a certain

condition on step size, to the eigenvectors £q; of the covariance matrix 3.

5.4 Convergence Analysis

This section describes the convergence analysis of the Distributed Oja’s Algorithm for the
estimation of the dominant eigenvector of the population covariance matrix X in a distributed

setting. Let us the sample covariance matrices A, ; = yi’tygt have the following properties:
LAl <r
2 B -2, -2 <

Lemma 16. The following are true:
o l4+z<e® forallx

o 1l4+z> ele—2?) forallz >0

8] =

1 o] 1
° 7 <2t @+i)z =

e (A, B) < (A,C) for PSD matrices A,B,C with B < C

Tr(ATB) < 1 TH{ATA + BTB) for all matrices A,B € R™*"
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Let x; € RM? be defined as

X1,t

Xot
Xt =

_XM’t_
Since we are looking at convergence in terms of angle between estimated and true eigenvector,
we can push the normalization to the end. In other words, we can analyze the following update
equation:
Xit = Xit—1 + Z WigY iy} X1, (5.4)
JeN;U{i}
where x; ; is the estimate of the eigenvector at node 7 after ¢ iterations and o is the decreasing

step-size. Writing (5.4) using the definition of x;, we get
Xy = X¢—1 + OAtWAtXt_l, (55)

where A, € RMdxMd g 5 block diagonal matrices with A= ymy}?t on its diagonal such that
E [At] —I®Y=%and W= [wi;] T =W ®I. We can view our algorithm as applying the

matrix
B =I+aWA)I+a WA, 1)...(I+ a1 WA)) (5.6)

on xg and giving an output as

- BtXO
Bexoll =

Xy (5.7)

where the scaling of v M is to match the fact that unit norm x;.’s from the original algorithm
are concatenated in x;. Thus, (5.6) and (5.7) can be viewed as one step power method for B;.
Further, let’s assume that all nodes are initialized with the same unit vector i.e., X190 = X209 =

... =xXp0 = X. Thus, xg =1 ® x. Further let’s assume

Lemma 17. Let B € RM&XMd gnd D = B(1®1), let v € RM? be a vector such that v =1Qv
where v € R? is a unit vector. Let V| be the matriz whose columns form the space orthogonal
tov. If x =1 ®x € RM? such that x € R is chosen uniformly at random from the surface of

the unit sphere, then with probability at least 1 — 0

2
. Bx vIBx Clog(1/8) Tr(VIDDTV )
sin? (v, —-VM) =1- < L
S (V’ IBX| ) <||\7||B5<|> 52 LyTDDTY
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Proof. We know x =1 ®x = (1 ® I)x. As x is uniformly distributed over the unit sphere, we

can say x = & where g ~ N(0,I).

gll
2
vIBx (vIB(1 ® I)x)? (vTDx)?
1 — | == =]1—--—— =] - —— h D=B(1®I RMdxd
<||‘7||||Bf<|> M|B(1®I)x|? M[Dx|p e (1®I)e
_,_ ("Dx)>  Mx"D"Dx - x"D"vv"Dx
- M|Dx|]? MxTDTDx
_ x"™DT(MI-3v")Dx  g"D"(I- 5vv")Dg
B MxTDTDx - ¢TDTDg
¢ TDT(1T - LvyvTD
< %g 1(~T MVTV~ )Dg
g 4 vIDDTv

<<2 Clog(1/6) Tr(DT(I - £vvT)D)
- LyTDDTV

where C is an absolute constant. (; follows from the fact that MgTDTDg > (vTDg)? >

62

COTDDTV, where the first inequality is Cauchy Schwarz and the second inequality follows

from the fact that vIDg is a Gaussian random variable with variance |[DTv||? and Pr(|g| <
§) < C§ for a normal random variable g ~ N(0,1). Similarly, (5 follows from the fact that
g"™DT(I-LvvT)Dgis a x? random variable with Tr(DT (I— 7;vvT)D) degrees of freedom. [

Let q1,...,qq denote the eigenvectors of 3 and Ay > Ay > ... > A\g be the corresponding
eigenvalues. Let q1 = 1 ® q1. Now, #Ml is the dominant unit norm eigenvector of W with
corresponding eigenvalue of 1, which implies that ﬁql = ﬁl@ql is the dominant eigenvector
of W ® . FEvidently, if Q, is the matrix of orthogonal columns that span the subspace
orthogonal to ﬁdl, then Q1 Q}: =1I- ﬁql di. Lemma 17 shows that to prove the convergence
of distributed Oja’s algorithm, we need two important pieces. First, we need to show that
with constant probability ;] D¢D{q; is relatively large and second, Tr(D{ Q. QTD,) =
Tr(QTD;DIQ,) is relatively small.

Lemma 18. For allt > 0 and oy > 0, we have

IE [DtDﬂ | < Mexp( Z 20\ + a2,0),

me(t]

where v = v + A2,
Proof. Let n; = ||E {DtDﬂ I, i.e., E [DtDtT} =< nI. Now,

D, =B,(1®1) = I+ aWA)B,_1(191) = (I+a;WA,)D,_,
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For all t > 0,

E[D,Df| =E [T+ a,WA)D;_iD (I +a,WA,)"]
< maE (L4 0, WA I+ 0 WA)T]
=n1E [I + AW + o, WA, + afWAfVV}
=11 {1 + XW + o, WX + o2E [wAgva (5.8)
Since HIE {(Ai’t —)(A; — E)T} H < v, we have E [(Ai’t — ) (A — E)T} =< vl. This implies
E (WA, - WE)(WA, - WE)T| <ol
Thus,
E|[WAIW| = WE2W + E [(WA, - WE)(WA, - WE)T| < 2 4T
Using the above inequality in (5.8), we get
E[D.DF] = m1 [T+ 0 BW + WS + a2(S2 + o)
We know, [W?|| = [W] =1, |Z| = A\ and [|%2?|| = A}. Therefore,
Nt < i1 (L4204 M1 + @ (A +v)) = me—1(1 + 20401 + D)
Using the fact that Bo =1, i.e., ng = M and 1 + 2 < exp(x), the result follows. O

Using Lemma 18 we next bound E Tr(QJT_DtDtTQL)] This will help us in bounding

Tr(QTD,DT Q) using Markov’s inequality.
Lemma 19. For allt > 0 and oy <

1
A1’

E {TT(QEDtD?QL)} < Mea:p( Z 20 N\a + oz,znﬁ) (d + Z aivewp( Z 200 (A1 — 5\2)))

melt] pelt] me|p]

Proof. Let n; = E [Tr(Q}“_DtDtTQL)} = <IE {DtDtT} 7QJ_QI>~ Now,

E[m(Q!D,DFQL)| = E[1(QT (1 + a;WA)D, iDL, (I + 0 WA,) Q)]

E <Dt_1DtT_1, I+ WA)Q. QT I+ atVVAt)T>

E|DiDf, | E |1+ WA)QLQT (I +aWA)T|)  (5.9)
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Now,

E[(1+0WA)QLQT(I+ 0, WA)T|

~E[(Q.QT + 0/ WA,Q.QT)(I + 0, A W)

~E|Q.Q" + 2/QLQTAW + 0, WA,Q. QT +a?WA,Q.QTAW]|

= Q.QT + Q. QTEW + 0 WEQ. QT + oE [WA,Q.QTAW)|

=Q.Q] +W2Q,Q] + ¢Q.QIEW + i} WEQ.QIEW + ofE [W(A, - £)Q.QT (A, - £)W|
< Q.01 + @ WEQ. Q! + 1Q.QIEW + ! WEQ. QISW + ofE (WA, - WE)(WA, - WE)T]
<Q.QT +W=Q, QT + Q. QTEW + of WEQ, QT =W + afvl (5.10)

Now, WX = W = W ® 3. Since ﬁl ® q1 is the dominant eigenvector of W ® 3 corre-

sponding to the eigenvalue \; and Q is the matrix of eigenvectors orthogonal to ﬁl ®qz.
Now the second largest eigenvalue of W®X is Ay = max{Az, 0\ }, where o is the second largest

eigenvalue of W and ¢ < 1. Thus from (5.10), we get
E|I+aWA)TQ.QT(I+ atVNVAt)} < (142000 + a7 A3)QLQT + afol
< (14 2000 + 02+ a20)QuQT + v il
Plugging the above in (5.9), we get
m < (14 200k + 02X + a0) (E[D,_,DF, |, Q. QT ) +afv <E [D._.DF, | AZQ1Q1T>
<(1+ 20\ + af@)nt_l + afv HIE {thlDth] H

< exp(20Ag + a20) 1 + vMaZexp( Z 20, A1 + 2,0, (5.11)
meft—1]

where last inequality follows from 1 + = < exp(z) and Lemma 18. Recuring (5.11), we get

t
e < exp( Z 20 \a + o o) +vM Z af,exp( Z 20, M1 + a2, 0)exp( Z 20 \a + o2 v)

me(t] pE(t] me|[p] m=p+1
= exp( Z 20 A\a + o 2.0) (770 +ovM Z « exp Z 206, A1 + a v)exp(— Z 20\ — v))
melt] peE(t] me|[p] me|p]

= exp( Z 2am5\2 =+ O‘Enz_)) (770 +oM Z af,exp( Z 2a7n()‘1 - 5\2))) .

mel(t] pE(t] mel[p]

Since Dg=1® 1, ny = M(d—1) < Md. Thus,

e < Mexp( Z 20mAa + A2, v) (d+v Za exp( Z 20, (A — )\2)))

me|t] pE(t] mé€|p]
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Next, we lower bound M qai DtD qd:. In Lemma 20 we lower bound E [Mql D,D;] ql} and
in Lemma 21 we upper bound Var [%Q?DtD?q]]

Lemma 20. For allt >0 and oy > 0, we have

E [Al/[q;thD;fq]} > e:vp( Z 200, A1 — 40@)@)

me(t]
Proof. Let n, = B [ 1§D, DT ;| = E [Tr(&&TD,DF )| Since Dy = (I+a;WA)D, 1,
we have
n=E [TT(%&hT(I +WA,)D,_ DI (I+ atWAt)qu)}

E {thlDtTfl} B [(I + WA, Laiat (T+ O‘tVVAt)T} >

1
Chch + Oéth

E|D,_ Mq1q1 + oy

1 s . .
170 W + ofE {WAtﬁq]qlTAtW] >

v

- 1 | _ros
Mq1q1T + athlqlTEW>

E

{

(o] 5

<E D.DE ] adl +aWs)
< D, ] — 1] + 200h — q1q1>

= (14 20\ )< {thlDtTfl} A140[1611T>(1+2at/\1)77t_1 (5.12)

Since Dy = 1®1, 79 = M. Proceeding recursively and using the fact that 1+ x > exp(z — 2?)

for all x > 0, we get

E ﬁq?DtDtToh] > Mexp( 3 2amAs —4a3,LA§). (5.13)
me|t]
O
Lemma 21. Fort >0 and oy < ﬁ,Vt,

E [(Mql D;D; ql)ﬂ < MQe:vp( Z 4o A1+ 10a$nz7>
melt]

Proof. Let Hy s = (I4+ a;WAy)...(T+ a;—s: 1WA, ;1) and 7, = E [(Ai(:l H, HtT,sq1)2]
Note that n, = E {(ﬁﬁrfﬂt,ththl) } Now,

~ ~\2
=1 (]E [(%qlTHmHtT,t‘ll) ] ) - Tr<E [Mql H,  Hy 741 He tcﬂ} )
E[H], L H HY, Sl Hy, ) )

(I+OZ1WA1) Htt 1Mq1q1 Htt 1(I+OZ1WA1)(I+CY1WA1) )
xHY, a1 He 1 (I+ ayWA,)

I
2
&=

I+ ATW)G 1 (I + et WA (I + a1 A1 W) Gy 1(1+a1wA1)}) (5.14)
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where G;_1 = H;F’tflﬁq]q}“Ht,t,l € RMdxMd T4 hound 714, we first bound the above expres-
sion (5.14) for an arbitrary G;—1 = G. We take expectation over only A; and then finally take

an expectation over G;_1. Let 1 ® I = C (for ease of notation), then for a fixed arbitrary G,
we have
Tr (E [(1+ 01 Ay W)G (I + 0y WAL (I + a1 Ay W)G(L+ 0, WAy )
=Te(E[(G + AT WG) I+ ;WAL (G + 1 AT WG) (I + a;WA,)] )
~Tr(E[(G+ A WG + 01 GWA, +af A, WGWA, 2] )
= Tr(G? + aiE |GA, WG| + 01 |[G2WA, | + of [GA,WGWA, | +
G2| + ot [A,WGA, WG| + o} [A,WG2WA, | + af [A, WGA, WGWA, |

AW
o GVVAlG} +of {GWA%WG} +of [GWAlc;WAl] +of [GWA%VVGWAJ

o |
|

o? {A WGWAlc;} +af {AIWGWAWVG] +of [AlvVGWAlGWAJ +
i

o} [A\ WGWATWGWA, | ) (5.15)
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We simplify and bound the terms (5.15) as follows.

1 order: Tr(E |GA,WG| +E |G*WA,| +E [A,WG2| +E[GWA,G]| )
- 2Tr(E {VVA1G2} +E [Alwgz] ) = 9Ty (W2G2 + 2WG2)
< 2(|WE|Tr(G?) + |EW| Tr(G?)) = 4\ Tr(G?)
2" order: Tr(E [GAWGWA, | +E[A,WGA, WG] +E [A,WG*WA, | +
E|GWAIWG| +E|[GWA,GWA,| +E [A,WGWA, G| )
—2Tr(E |GWAIWG| ) +2Tr(E [GWA,GA, W] ) + T (E [GWA,GWA, | )
+Te(E [WGA,WGA, | )
<2Tr(GWE [A2| WG) +E[1r(GWAIWG)| + E | Tr(WA,G2A, W) | +
0.5 {Tr(GVNVA%WGﬂ +05E {ﬁ(A1WG2WA1)} +05E [ﬂ (WGA%GVV)}
+05E | Tr(A,GW2GA, )|
= 05E [Tr(ATWG?W) | + E [1r(A3GW?G) | + E [1r(W?A,GA, )|
+3.5Tr(GWE [A2| WG)
< 05Tr(E [a3] WG W) + Tr(E[a3] 6W2G) +E [1r(A,G2A,)]
+3.5Tr(GWE [A2| WG)
<602 + U)Tr(vWG?) <602 + v)Tr(GQ)
3" order: Tr(lE {AlvVGAlWGWAJ +E {GWA%WGWAJ +E {A1WGWA§WG} +
E {ANVGWAlc;WAl] )
= 2Tr (E {AIVVGWA%VVG] +E {WAIGVVAWVG} )
< 2HA1W||Tr(GWE [Aﬂ WbG) + 2||VVA1HTr<GWIE {Ag] WbG)
< 2/|Ay (A2 + v)Tr (W?c;?) 2 AL (A2 + v)Tr(W2G2)
< 4r()2 + U)Tr(G2> since  [[Agll <7
4™ order: TY(IE {AlvVGWA%WGWAJ ) = Tr(E {AfWGWA%WGVV} )
<E||A}|T(WGWAIWGW ) |

< 2Ty (VVGVV]E {Aﬂ VVGVV) <202+ v)Tr(G2)
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Thus,

TI‘(]E {(I + 061A1W)G(I + 041V~VA1)(I + (JélAlW)G(I + 051V~VA1)} )
< (14 dar Ay + 60202 +v) + 4a3r(\2 +v) + adr2 (A2 + u))Tr(G2)
< (14 4a1 ) +10039)Tr(G?) < exp(4ai Ay + 10a20)Tr(G?),
where in the last line we used that a; < ﬁ and 1+ z < exp(xz). Now plugging the above
in (5.14) and using G = G;_; = Hgt_lﬁq]éhTHt,t_l, we have
me=Te(E (14 0 A W)Gro L+ 0n WAL+ a1 Ay W)G oy (L o WA ) (5:16)

< exp(4ai A + 10030)Tr(G2_,) = exp(dai A + 10039) 1,1 (5.17)
Since 79 = 1, we have

E [(ﬁqlTHt,tHthl)Q} < exp( 3 dam + 10a3n@) (5.18)

me|t]

Note that D, = H; (1 ® I). Thus

E [(ﬁq?DtDtT(il)Q] = Tr(]E [(1%51 H; (11" @ I)H] f(h) } )
= Tr(]E {Moh H,, (11" @ H},q1 474 H: (117 © I)HtT,tOIJ )
= Tr(]E {( 1" @ DHY, ya1af He (117 @ DHY, 7d167 H, t} )
<E [||11T ® I||Tr(HtTt L @dTH,, (117 @ I)H’gtﬁqquﬂm)]
< ME {Tr(( 11T g I)HtTtMqlqlTHt,tHEtﬁq}(hTHt,t)}
< M’E {Tr (Ht raparal Hey HY, aiaf Hy t)}

= M?%*np, < M2€Xp( Z dag, A + 100(3”17)

me|t]

Theorem 9. For any fized § > 0 and oy = forn > 0.5 and

___n
(A1=A2)(B+t)

1 (v+A)n?
(A1 = X2)" (A1 — A2)2log(1 + 135)

Then the (concatenated) output of the algorithm x; converges to Q1 = 1 ® q1 as follows:

C"log(1/0) (| B sy v(B+1)%)°
T (d(t) * t82(2n — 1)(\ — A2) )

8= 20max(

sin® (Q1,x¢) <

with probability at least 1 — §, where C' is an absolute constant.
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Proof. As discussed earlier, to prove convergence of the distributed Oja’s method described in

Algorithm 3, we bound the terms ﬁ(ﬂ“DtD?q] and Tr(QTD,Df Q) that help bound the

1 1
> \/g\/Var {M‘ﬂDtD’thlH < 4.

So, with probability at least 1 — ¢, the following holds:

error. First, using Chebyshev’s inequality, we get

1. i
a; DD q1 — E[MqlthDthl]

dlE

1 _ - 1 _ ~ 1 1 _ -
‘Mq?DtD?ql ~E [Mq?DtDthl} < \/# Var [Mq?DtD;f ql}
ie, ~-gI'DDIG —E Var | —§TD,DT§
<Coy M 1 t¢e Y1 M 1 t Ul
. 1 N
Le., MqufD ;Fq >E [ rer D; Ch] \f\/ Q1D D} (h]
1 1 ?
Le, -4 q;D;D/q; > E [ 4, DD, Oh] 7 (h DDl a) ] -E {thTDtD;FOIl}
> MeXP<2>\1 Z Oy — 4>‘% Z afn)f
me|t] me(t]
exp(4)\1 Z o, + 100 Z aﬁn) — exp? (2)\1 Z Q, — 403 Z a?n)
\[ melt] melt] melt] melt]
= Mexp<2)\1 Z QU — 43 Z af”)_
me|t] me(t]
\[ exp(4)\1 Z o, + 100 Z ) fexp(4/\1 Z Qp — 83 Z a2)
melt] melt] melt]
= Mexp<2)\1 Z U — 43 Z o, (1 - — eXp 101} +8A2) Z am) — 1)
me(t] me(t] melt]

> Mexp(2)\1 Z U — 42 Z a?n) (1 7 exp(1817 Z oz?ﬂ) - 1)

melt] melt] melt]

Also, using Markov’s inequality, we have

P {Tr(QIDtD?QL) > 1g [Tr(QIDtD?QL)]} <4

1)

Thus, with probability at least 1 — §, we have
1

Tr(QID:D; Q1) < <E[Tr(QIDD; Q)]

%exp( Z 20 \a + ainﬁ) (d+ Z af,vexp( Z 200, (A — 5\2)>>

mel(t] pE|t] me|[p]

IA
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Using Lemma 17, we have
Clog(l/&) €Xp (25\2 Zme[t] QA + 0 Zme[t] arzn) (d tv Zme[t] CVznexp (2(>‘1 - 5‘2) Zpé[m] O[:,;))

sin®(q, %) < 03
exp (2)\1 2mel) Wm 4N2 2 mel] Oézn) (1 - % eXP(l&j 2melt 0‘3”) - 1)
Clog(1/6) P (2@2 = AM) X e @m + (T 4N X,y afn) <d + ety D <2(A1 Bt ap))
(1 = 5P (187 Cnerg o) - 1)
Clog(1/6) &P (51‘; 2 omelt] Oé%n>exp(2(5\2 = AM) 2 e am) (d + Y Smely Om P (20\1 .= e ap>)
< 53
<1 = Jayfe (180 S ey o) - 1)
< Clog(1/5) exp (517 Zme[t] agn) (dexp (2(5\2 - A1) Zme[t] 0‘7n> +v Zme[t] ozfnexp (2(5‘2 - A1) E;:erl ap))
< 53
(1 = J5y/ e (187 ey o) - 1)
, we have

1 — n
Since o = (AM1=X2)(B+1)
_ 18un? 1 1 1 18un?
180 aZ, = L + .+ < -
Z ()\1 - >\2)2 <(ﬂ =+ 1)2 (B =+ 2)2 (B + t)Q) B()\l - )\2)2

me|[t]

Also, from our assumption
5 20(v+ A})n?
T (A — A2)2log(1 + 135)

18n2%v

2012 S
(/\1 — 5\2)2 log(l + %)

(A1 — A2)2log(1 + 125)

A1 — Ag)? 1 1801> 5
ie., Bl - 22) > 5T = v <log(l+ —)
18un log(1 + 155) B(A1 — A2)? 100
Thus,
180 ) af, <log(l + i)
m — 100
me(t]
ie., exp(l&) Z afn) _1+m
me|t]
ie e:>(p(181722042>71<i
’ m ~ 100
me|t]
Vo
Tl 2 —l < —
ie., \/exp(l&; Z am) 1< 1
me|t]
ie L exp<181720z2)—1<01
) 6 m ~
me|t]
1 _
e, 1—— exp(18v oﬂm>71209
0 me|t]
1
<1.11
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Similarly,
1)
v < — <
exp(5vz ) 1—|—100_101
me|[t]
Thus,
"log(1/8 i
sin2(q1,xt) < Co(sg3(/)<dexp( )\2 — A1) Z am) +v Z « exp( )\2 — A1) Z a,,))
me|t] melt] p=m+1

(5.19)

Now, since Zme[t] Q,, is partial harmonic series, we have

j)

ie., exp(2(i\2 - Y am) < (B (5.20)

Also,

Thus,

t 2
~ n 1 B+m+1
) O‘fneXp@(AQ Ry ap) : (A1 — Ag)? n;d (5+m)2( B+t+1 )

melt] p=m+1

_ n? 1 2
(= A)2(B 1) m%:] (g+m)2(5+m+1) "

)2(8 +m +1)212

_ 1 !
B ()\1—;\2)2(ﬁ+t+1)27] Z (1+6+m

me|t]
n? 12 2n—2
< ()\1—5\2)2(ﬁ+t+1)2’7 n;[t] <1+ ﬂ) (5+m+1)
(B+1)%*? 2n—2
- 1)<
= 52()\1 . )\2)2(@+t+ 1)277 n;[t](ﬂ+m+ )
¢ (B+ 1) B+t 1=
T B2(A = X)2(BHt+1)2m 2n—1
(8+1)%n?

= , (5.21)
B2(2n —1)(\ — A)2(B+1t+1)
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where (; is by bounding the sum using the corresponding integral. Plugging (5.20) and (5.21)
in (5.19), we get

SiIl2 (Q1 ) Xt) S

C’'log(1/5) o B 2 4 v(B+1)%n?
43 B+t B2(2n —1)(M — A)2(B+t+1)

C'log(1/8) B2y v(B+1)*n
< &”(d(t) =+ t,@z(Qﬁ— 1)()\1 _:\2)2>

Thus the error decreases at each node of the network as ¢ — co. This analysis proves convergence
of the proposed algorithm for the case of K = 1. Although the speed up in the convergence due
to collaboration in the network does not show up in the result, there is indeed an improvement
in the convergence rate which we will demonstrate through experiments in the Section 5.6. In
the next section, we provide the convergence analysis of our proposed algorithm for a special
case, when exact averaging is possible at the nodes. This setting typically arises in a federated

learning setup. O

5.5 Distributed PCA in a Federated Learning Setup

5.5.1 Problem Setup

This section describes the convergence analysis of the Distributed Oja’s Algorithm for the
estimation of the dominant eigenvector of the population covariance matrix 3 in a federated
learning setting. This setting assumes a master-slave kind of architecture, where nodes send
their local estimates to a central master node which then takes the average of those local
estimates and sends it back to all the nodes. The update equation at every node in this setting

is:

M
1
Xt = X¢—1 + i ; Yi,tyztxt—l (5.22)
Xt
x = (5.23)
([l

Note that this is significantly different from DIEGO in one major aspect. The estimate at each

node x; will be same after each iteration due to exact averaging.

5.5.2 Convergence Analysis

The convergence analysis for the algorithm (5.22) and (5.23) is similar to the proof of DIEGO

given in Section 5.4. Since we are looking at convergence in terms of angle between estimated
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and true eigenvector, we can push the normalization to the end. In other words, we can analyze
the following update equation:

M

1
Xt = X¢—1 + i Z Y¢,ty;'1:txt—1 (5.24)
i=1
M
=X¢—1+ i ; Ajixiq (5.25)

where A;; = yi;y}, and o is the decreasing step-size. Here, let A; = Zf\il A, ;. Under

our assumptions
Lo JJA <7
2 |2 e - i -m| <v

we have E [At} =X and HIE {(At — ) (A; — 2)T] H < 47+ Re-writing (5.24), we have
X = Xy_1 + ap Ayxy_q, (5.26)
We can view our algorithm as applying the matrix
B: =T+ AT+ ai1Ai—1) ... T+ a1Aq) (5.27)

on x( and giving an output as

BtXO
Xp = ——. 5.28
"= Bl (5.28)

Thus, (5.27) and (5.28) can be viewed as one step power method for B;.
Lemma 22. Let B € R4 gnd let v € R?® be a unit vector. Let V| be the matriz whose

columns form the space orthogonal to v. If x € R? is chosen uniformly at random from the

surface of the unit sphere, then with probability at least 1 — §

2
Bx vIBx Clog(1/8) Tr(VIBB'V))
.2 1 _ < 1
- (V’ HBXH) <||Bx|> =T vIBBTv

Proof. As x is uniformly distributed over the unit sphere, we can say x = Hg—” where g ~ N (0,1).

2
1 (vTBx> xTBTBx — xTBTvvTBx

|IBx]| xTBTBx
_x"BT(I-vwwh)Bx g'BT(I-vv')Bg
N xTBTBx B gTBTBg
2 ggTBT(I —vvl)Bg
e vIBBTy
¢ C'log(1/6) Tr(BT(I — vvT)B)

02 vIDDTv ’
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where C is an absolute constant. (; follows from the fact that gTBTBg > (vIBg)? >

%VTBBTV, where the first inequality is Cauchy Schwarz and the second inequality follows

from the fact that vI'Bg is a Gaussian random variable with variance |[B*v||? and Pr(|g| <
§) < C6 for a normal random variable g ~ AN(0,1). Similarly, ¢> follows from the fact that
g'BT(I - vvT)Bg is a x? random variable with Tr(BT(I — vv1)B) degrees of freedom. [

Let q1,...,qq denote the eigenvectors of 3 and Ay > Ay > ... > A\; be the corresponding
eigenvalues. Evidently, if Q) is the matrix of orthogonal columns that span the subspace
orthogonal to qi, then QLQ}: = I - qiqf. Lemma 22 shows that to prove the conver-
gence of distributed Oja’s algorithm, we need two important pieces. First, we need to show
that with constant probability qf B;Bfq; is relatively large and second, Tr(BfQ,QTB;) =
Tr(QTB;Bf Q) is relatively small.

Lemma 23. For allt > 0 and oy > 0, we have

IE [BtBﬂ < exp( Y 2amA + a2,0),

me(t]

) 2
where v = 17 + A{.

Proof. Let n; = ||E [BtBﬂ I, i.e., E {BtBﬂ =< ;1. Now, for all ¢ > 0,

E {BtB;P} =B [(I +aAy)B1BE (T4 o‘tAt)T]
< E [(L+ 0 A L+ AT
= m-1E [14 20,A; + a?A?]

=Nt-1 [I +20¢ X 4+ ofE [AfH (5.29)

Since HE [(At - ) (A, - E)T} H < 17 We have

E[Aﬂ :EQ+E|:(At_E)(At—E)T:| 522+%I

Using the above inequality in (5.29), we get
E [BtBtT} = -1 [I 20,3 + a2(2? + %1)}

We know || Z|| = A\; and || X?| = A?. Therefore,

v

M)) =n—1(1 4+ 20401 + af@)

ne < mp—1(1 4 20 + a?()‘% +

Using the fact that By =1, i.e., 9 = 1 and 1 + = < exp(z), the result follows. O
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Using Lemma 23 we next bound E Tr(QJT_BtBtTQL)]- This will help us in bounding
Tr(QTB;Bf Q. ) using Markov’s inequality.

Lemma 24. For allt > 0 and o < )\%,

E [TT(QIBtB;FQL)} < exp( Z 206m Ao + afni) (d + Z aive:z:p( Z 200, (M1 — /\2))).

melt] pE(t] me p]

Proof. Let e = E [Tr(QTB,BYQu)| = (E [B,BI].Q.QT). Now,

E[1r(QTBBIQu)| = E | Tv(QT (I + 0/ A)B, 1 BY | (I + 0, A) Q)]
=E(Bi1Bl I+ 0A)QL QT T+ A,)T)

—(E[BiBE, | B |1+ 0A)QLQT I+ aA)T])  (5:30)

Now,

E[(1+a:A)QLQT(I+aiA)T]

=K [(QJ.Q]F_ + A QI Q)T+ OétAt)]

~E[Q.Q7 + mQ.QTA, + 0A,Q.QT +0?A,QQTA,]

- Q.Q7 +2Q.QTS + 2Q. QT +o’E[A,Q, QT A]

~Q.Q! +=Q.QT + ©Q.QTT + afTQ.QTT + ofE (A, - £)Q. QT (A - %)

=Q.Q7 +2Q.Qf + 2Q.QI% +af3Q. QTS + ofE (A, - Z)(A, - 3)]

< Q.QT +22Q.QT +0Q.QIT +afTQLQIE + o} LI (5.31)
Now, since Q is the matrix of eigenvectors orthogonal to q; and second largest eigenvalue of
3 is Ag, from (5.10), we get

E[(1+aA)QuQE I+ aiA)T] = (1+2a0k +a2A)QLQT +af -1

v v
< (14200 + A + a7 -)Q1QT +af—aqiq;y
M M
Plugging the above in (5.30), we get

v (%
m < (14200 + A +af ) (B [B,, BT, |,Q.QT) +af - (E[B,_,BL, | il )

v
< (L4 204X + o)1 + Oéfﬂ HE {Btle;Ffl} H

< exp(2auXe + afv) -1 + ioz%exp( Z 20, A1 + a2,0), (5.32)

M
me[t—1]
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where last inequality follows from 1 + 2 < exp(z) and Lemma 23. Recuring (5.32), we get

t
v
e < exp( Z 20, A2 + 2,0)00 + W Z aiexp( Z 20, A1 + a2, 0)exp( Z 20, A2 + a2,7)

me(t] pE(t] me|p] m=p+1
= exp Z 20 Ao + U)(Uo + — Z agexp( Z 20, A1 + a2, 0)exp(— Z 20 Ao — @ v))
melt] pE[t] me|p] me|p]
v
=exp( Y 20mAs +al,0) (770 + 47 > agexp( Y 2am (M — )\2)))-
me|t] pE(t] me|p]

Since Bg =1, g = (d — 1) < d. Thus,

e < exp( Z 200, Ao + afnz’)) (d + % Z af,exp( Z 20, (A1 — )\2)))

me|t] pE(t] me|p]

O

Next, we lower bound qj TB, B qi:. In Lemma 25 we lower bound E [q}“BtBthl] and in
Lemma 26 we upper bound Var {q?BtBthl}.

Lemma 25. For allt > 0 and oy > 0, we have

E [(hTBtBtToh} 2 6’93]7( Z 200\ — 4043,)&)

me|t]

Proof. Let iy = E [qlTBtBthl} =K [Tr(qlTBtBthl)] Since B; = (I+ a1 A¢)B;_1, we have

=E [Tr(qir(I + OétAt)Bt_lBtT_l(I + OétAt)qu):|

E _Bt—lBtT_l_ ,E |:(I + OztAt)qlq’lr (I + OltAt)T} >

E [Bt_lBtT_J 191 + 4 2qi1q] + qiq] T + ofE {AtqquAt} >

v

<E B,BT |, q1q] + Zqiq] + atqlqlT2>
[ T | T T
E Btlet—l »d197 + 2()ét)\1q1q1

— (14 20 )\1) <]E {BHB?,J ,q1q1T> — (14 20\ )n (5.33)
Since By = I, 79 = 1. Proceeding recursively and using the fact that 1 + 2 > exp(z — z?) for
all x > 0, we get

E{ TB,B] ql] > Mexp( 3 20 - 4%A2) (5.34)

me(t]

Lemma 26. Fort > 0 and ay < =, Vt,

4r>

E {(qlTBtBthl)g} < exp( Z 4o + 10afnf))

me(t]
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Proof. Let Hy s = (I+a:Ay) ... (T+ar—gp1A¢sy1) and s =E [(q?Ht7sH?Sq1)2}. Note that
H,;,=B;andn, =E [(Qth,tHEtQ1)2}' Now,

I
=

(B | (aT B, HF,a1)?] ) = T (B [oF By BT quaTH HE i | )

Tr (E _HtT,tqquHt,tHthlqurHtvt} )

t

T(E[ (1+0:A)THF, aiqTHy e (T+aiA) (I +a1A)THY, qiqTHy, 1 (I+a1Ay)| )

= Tr(E [T+ 01A)G 1T+ a1 AT+ a1A)Ge 1 (T+a1A1)] ) (5.35)

where G;_1 = HEt71q1qr1THt,t71 € RMdxMd Ty hound 7¢, we first bound the above expres-

sion (5.35) for an arbitrary G;—1 = G. We take expectation over only A; and then finally take

an expectation over G;_,. For a fixed arbitrary G, we have

Tr(E [(1 Y A)GI+ i A)I+ a1 A)G( + alAl)} )

= T(E (G + a1 A1 G) I+ a1A1)(G + a1 A, G) (I + arAy) )

=Tr(E[(G + 141G + 01GA; +0?A,GA, 2] )

=Tr(G? + mE[GALG| + a1 [G2A,] + 0% [GALGAL| + 1 [A,G2] +0f [A,GA 6] +
[AleAl} +of [A1GA1GA1} + o [GAlG} + o3 {GA%G} + o} [GAlGAl] + of [GA%GAJ
{A GA,G ] +ad [A GA2G} +ad [A GA;GA } +af [A GA2GA ] ) (5.36)

1 1 1A 1 1A 1 1 1|A1 1 1

Proceeding similarly as Lemma 21 with E {Aﬂ = 47 and [|A¢|| <7, we get

Tr(E [(1+ 01 A1) G+ a1 A1) (T + a1 A1) G+ a1Ay)| )
< (14 darh; + 6a2(A2 + %) +4a3r(\2 + %) +atr?(A2 4 %))Tr(cﬁ)
< (14 4ai ) +10039)Tr(G?) < exp(4ai Ay + 10030)Tr(G?),

where in the last line we used that oy < ﬁ and 1 4+ z < exp(z). Now plugging the above

in (5.35) and using G = G;_1 = HtT,t_lqlq}‘Hm_l, we have

m = Tr (E {(I +01A1)G_1(IT+ a1 A) T+ oA =)G (T + alAl)} ) (5.37)
< exp(4ai Ay + 10039)Tr(G?_,) = exp(dai A + 10a39)n; 1 (5.38)

Since 19 = 1, we have

I {(q?Ht,tHEtQI)ﬂ < eXp( > dam + 10a$n77) (5.39)

me([t]
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Theorem 10. For any fized § > 0 and oy = forn > 0.5 and

(>\1*5\ ) (B+t)

) (v+ )0
(M = A2)” (A1 — A)2log(1 + 125)

8= 20max<

Then the output of the algorithm at every node x; converges to qu as follows:

2 gy < Clog(1/0) (B WA+ D
sin”(qq,x;) < 53 (d(t) +t52(2n—1)(/\1—5\2) )7

with probability at least 1 — &, where C' is an absolute constant.

Proof. As discussed earlier, to prove the convergence we bound the terms qf B;BYq; and

Tr(QTB;Bf Q) that help bound the error. First, using Chebyshev’s inequality, we get

1
p {|q?BtBth1 —E[q/ BBl q]| > %\/Var [qlTBtBthl]] <4

So proceesing exactly as in Theorem 9, with probability at least 1 — 4, the following holds:

qi BB q; > eXp(Q)\l > am—4x > o, (1 - \/eXp 1811 a2 ) - 1)
] melt]

me|t] melt

Also, using Markov’s inequality, we have
1
P [Tr(QIBtBtTQL) > <E [Tr(QIBtB?Qu]] <6
Thus, with probability at least 1 — d, we have

T(QIB,BIQ.) < ;B [TH(QTB,BIQ.)]

lexp( Z 20 \a + o v) <d+f z o exp( Z 20, (A — /\2)))

melt] pelt] me|p]

(9]

Using Lemma 22, we have
C'log(1/4) P (2)\2 Domely) Om + 0D e @ ) (d + 37 ome & exp( (M = 22) X ey ap)>
53
exp (2/\1 D mely) Xm — 472 > melt] a?n) (1 f exp(lSv Xmelt] Oz?n) — 1)

- Clog(1/5) &P (517 Zme[t] « ) (dexp( (A2 — A1) Zme[t] ozm> + Zme[t] afnexp( (A2 — A1) Zp il oz,,))

sin?(qu, x¢) <

< 53
(1 - \/exp 18U2me[ 1 O ) - 1)

Since ay = using the same bounds as in Theorem 9, we get Thus,

[/ N
(A1=X2)(B+1)’

sin2(q1,xt) < w <dexp(2(/\2 - A1) Z am> + % Z oz,znexp(Z()\g — A1) i a,,))

me(t] me(t] p=m+1



106

Now, since 3, <y m is partial harmonic series, we have

exp(?()\g )Y am) < (B (5.41)

melt] B+t
Also,
t
B+m+1,
exp(2(A2 — A1) Z o) < (E——2)%
( paml ) B+t+1
Thus,
t
o exp(2(X\2 — A1) a, ) < = (B+ 2 n , (5.42)
mze%t] ( p;mH p) B2 — 1A — A)P(B+t+1)

where (; is by bounding the sum using the corresponding integral. Plugging (5.41) and (5.42)
n (5.40), we get

s 2
sin”(a, X;) < ——3 MB2(2n — 1)(M — X)2(B+t+1)

C'log(1/6) o v(B+1)%n?
S (d( R V7 e e W)

C'og(1/6) <d( By (B +1)%n? )

This shows that in a federated learning setup, when exact averaging is possible (as compared
to inexact averaging in DIEGO) there is an increase in rate as O(1/M¢). Also, a notable result
here is that this improvement in rate is possible as long as M = O(t?7~1). In the next section,

we present extensive numerical results that further support the claims. O

5.6 Numerical Results

In this section, we demonstrate the efficiency of the proposed solution through extensive exper-
iments on synthetic as well as real world data. The whole idea of colloboration in the network
is motivated from the fact since a total of M samples will be processed in a network of M nodes
(assuming one sample is processed at each node per time instant t), the exchange of information
between the connected nodes should in turn be equivalent to processing more than one sample
at each node per time instant. Since the convergence rate of distributed PCA depends on the
number of samples processed, this distributed learning would improve the rate of convergence.
We compare our results for centralized PCA solution for eigenvector estimation, generalized
Hebbian estimation (GHA), our proposed algorithm (DIEGO) that does inexact averaging and
the exact averaging case of federated learning. The step size used for all experiments is ay = ¢.

The y-axis of all the plots denote the average angle between the estimated eigenvectors x; i ¢
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Figure 5.1: Effect of different parameters on the performance of DIEGO for K =1

and the true eigenvectors £q; of the population covariance matrix 3 across all the M nodes in

the network and is given by
M K T 2
1 X,k t Ak
E=—— 1—(—— . 5.43
5.6.1 Synthetic Data

There are certain parameters like eigengap, graph connectivity, number of samples etc. that
decide the performance of our proposed algorithm for distributed PCA in streaming setting.
We first study the effect of these parameters on the performance of our algorithm. In the
following experiments we generate samples from multivariate Gaussian distribution and for

each experiment we perform 50 Monte-Carlo trials.

Effect of Graph Connectivity

We simulate an Erdos-Renyi graph of M = 20 nodes with different connectivity factor p €
{0.1,0.3,0.6,0.8,1}. We generate synthetic data samples of dimension d = 20 from a multivari-
ate Gaussian distribution with zero mean and fixed covariance matrix X such that A\ — Xy = 0.2.
Figure 5.1(a) shows that stronger the connectivity of the graph, faster is the convergence. Also,
the case of p =1 is when the graph is strongly connected. In such a case, there will be an exact
averaging at every node in every iteration. Therefore, the performance when p = 1 is same as

the performance for the case of federated learning.



108

10° —— Centralized Oja 10° —— Centralized Oja
DIEGO DIEGO
—-— Exact-DOja —-— Exact-DOja
5 10 5 107
= =
i i
() o
o o
e O 102
g $
<< <<
) 1073
1073 W
l'] 10600 20600 30600 40600 50600 ('] 10600 20[300 30600 40600 50(’)00
Total Iterations Total Iterations
(a) gap =10.2 (b) gap =0.4

Figure 5.2: Performance comparison of DIEGO with centralized Oja and the Distributed Oja
in federated learning setting in a network of M = 20 nodes.

Effect of Eigengap

We simulate an Erdos-Renyi graph of M = 20 nodes with a fixed connectivity factor p and
different eigengaps Ay — A2 = {0.1,0.2,0.4,0.6}. Figure 5.1(b) shows that as eigengap increases,

so does the convergence which is in line with the performance of PCA algorithms.

Comparison with other methods

Next, we show the performance comparison of our proposed method DIEGO with centralized
solution as well as generalized distributed Oja in the federated learning setup (exact averaging
case). We simulate an Erdos-Renyi graph of M € {20,100} nodes with a fixed connectivity
factor p and different two eigengaps in each case. First, we show the performance comparison
when estimating only the dominant eigenvector. Figure 5.2 shows the comparison for the case
of M = 20 nodes. Figure 5.3 shows similar comparison for M = 100 nodes. The gap between
the performance of centralized Oja and distributed methods increase with the increase in the
number of nodes, since effectively more samples are processed per node in a larger network.
Next, we show the performance comparison when multiple top eigenvectors are being es-
timated. As Figure 5.4 clearly shows that even for estimation of multiple eigenvectors, the

algorithms show similar performance.

5.6.2 Real World Data

We also provide some results for the real-world dataset of MNIST [71] and Higgs [79]. For
MNIST dataset, we simulate the distributed setup with an Erdos-Renyi graph with p = 0.5 and
M = 10 nodes. MNIST dataset has N = 60,000 samples with each sample having a dimension
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Figure 5.3: Performance comparison of DIEGO with centralized Oja and the Distributed Oja
in federated learning setting in a network of M = 100 nodes.
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Figure 5.4: Performance comparison of DIEGO with centralized Oja and the Distributed Oja
in federated learning setting while estimating K = 5 eigenvectors.
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Figure 5.5: Performance comparison of DIEGO with centralized Oja and the Distributed Oja
in federated learning setting while estimating K = 5 eigenvectors for MNIST dataset.
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Figure 5.6: Performance comparison of DIEGO with centralized Oja and the Distributed Oja
in federated learning setting while estimating K = 5 eigenvectors for Higgs dataset.

of d = 784. Figure 5.5 shows the comparison of the centralized and distributed PCA algorithms
for MNIST dataset when K € {1,5} dominant eigenvectors are estimated. The results shown
are averaged over 50 trials for different random initializations and randon data shuffling. The
initial step size « used for the two cases were a = 0.5 and a = 10 respectively. For Higgs dataset,
we simulate the distributed setup with an Erdos-Renyi graph with p = 0.5 and M = 100 nodes.
Higgs dataset has N = 1.1 x 107 samples with each sample having a dimension of d = 28.
Figure 5.6 shows the comparison of the centralized and distributed PCA algorithms for MNIST
dataset when K € {1,5} dominant eigenvectors are estimated. The results shown are averaged
over 50 trials for different random initializations and randon data shuffling. The initial step size

« used for the two cases is o = 2.
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