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Chapter 0

Motivation

0.1 Curious Problems

Example 0.1.1. Let X, Y be independent continuous random variables taking value in R. Let f,g: R — R
be 2 arbitrary continuous functions, are f(X) and g(Y’) independent?

Yes, but proving this without measure theoretic probability is extremely difficult: one has to use change
of variables to compute the joint density of (f(X),¢(Y)) and show that it factors. The proof is trivial with
measure theory. Follow-up: what if f,g: R — R3? f(X),g(Y) may not have densities.

Example 0.1.2. Let p(x,%) be a bivariate density for (X,Y) € R2. We know that p(z |y) is a density of X
for every y € R. What about the converse? Given a collection of univariate densities {f,(-)}yer, when can
we ”stitch” them together to form a valid joint distribution?

Example 0.1.3. There are various notions of distances between densities For example, the Hellinger
distance between dens1t1es p,q on R is defined as H(p, q fR vplz) —\/q 2 dx; the KL-divergence is
defined as KL(p,q) := [; p(z)log % Ei; dz. Now consider two mixed d1str1but1ons

P N(0,1) w.p.
0 w.p.

= N|—

Q. {N(M, 1) w.p.

Poisson(1) w.p.

= N[

Is there a notion of Hellinger distance between these? What about KL-divergence?
We will see that the answer is yes. The difference between discrete and continuous distributions is
superficial; they are given an unified treatment under the Radon—-Nikodym theorem.

Example 0.1.4. Let X,Y be random variables and let f : R — R be any function. One general formulation
of the data processing inequality says that, for a very wide notions of distances between distributions d(, -),
we have d(X,Y) > d(f(X), f(Y)). We will see that the Lebesgue decomposition theorem offers a relatively
short proof of this fact.

Example 0.1.5. Let P be the uniform distribution on the surface of the 3D unit sphere S? := {x € R? :
| X, = 1}. Let (X1, X2, X3) ~ P be a random vector, does a quantity like E[X;|X5] have meaning?

Let us parametrize (X7, X5, X3) in terms of a random longitude © € [—m, 7] and a random latitude
®e[-3,3]

By symmetry, the distribution of © is uniform on [—m,7]. What is the distribution of ® conditioned on
© =0 say?

Is it also uniform? No, conditioned on ©® = 0, ® is much more likely to be close to 0, near the equator.

Why? Because a “longitudinal slice” is relatively flatter around the equator than the north/south pole.

This remains true if we take the limit and let the width of the slice go to 0.

1
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Figure 1: Borel-Kolmogrov paradox

This example is known as “Borel-Kolmogrov Paradox” and shaped the development of probability the-

ory.

“The concept of a conditional probability with regard to an isolated hypothesis whose prob-
ability equals 0 is ambiguous. For we can obtain a probability distribution for the latitude
on the meridian circle only if we regard this circle as an element of the decomposition of the
entire spherical surface onto meridians circles with the given poles” — A.N. Kolmogorov

The actual conditional distribution of ® given © = 0 (or any other value) has the density
6 2cosg for g€ [~ 1, 7]
— cos or ——, =]
2 272

Example 0.1.6. Let A be a shape drawn on R?. Suppose we stretch X-axis by two-fold: A= {(2z,y) :
(z,y) € A}. How does the area” of A compare to the ”area” of A?

%[Qf

Figure 2: Stretch of a set

It always double! Why? We can approximate A arbitrarily well by smaller and smaller squares.

e l |

N
C o

e

Figure 3: Area of a square doubles if we stretch X-axis by two-fold.

This is the basic intuition of measure theory: approximate complicated objects by simple ones.




Chapter 1

Construction of Measures

1.1 Algebra of Sets

Definition 1.1.1. Let Q be a set and write 2% as the set of all subsets of Q. Let .Z C 2 be a family of
subsets of ). We say that # is a field/algebra if

(a) Q,0 € #.
(b) (Closed under complementation) For any A CQ, A € F < A e Z.
(¢) (Closed under finite union) For any A,B € #, AUB € Z.

If, in addition, Aj, A1, As, -+ € % implies U2, A; € #, (Closed under countable union), then .Z is a
o-field /o-algebra.

Remark 1.1.1. Note that if .% is a field and A,B € #, then AN B = (A°U B°)¢ € % as well. (So
that # is closed under finite intersection). Likewise, if % is a o-field, and A, Ag, As,--- € &, then
N2 A = (U2 AS)C € #. (Closed under countable intersection).

In fact, by the same argument, we may show that if .% is a family of subsets of 2 that satisfies condition
(a) and (b) of Definition 1.1.1 and is closed under intersection (or countable intersection), then Z is a field
(or o-field).

Example 1.1.1. Let Q be any set and .% = 29, then .Z is trivially a o-field.

Example 1.1.2. Let Q = R. For —oo < a < b < oo, we say that (a,b] is a right semi-closed interval. By
convention, we let (a,a] be the empty set and also define (a,00) to be right semi-closed. Let

Fo={U14;, :n €N, Ay, Ay, ..., A, disjoint right semi-closed intervals},

where UY_, A; is the empty set. Then % is a field.
To see this, note that R = (—o0, 00) € % so (a) in Definition 1.1.1 is satisfied.
For (b), let I € .%y have the representation

I=U"(a;,b], —oc0o<a;<b<ooandb; <a;jy1 @€n—1].

Then I¢ = (—o00,a1] U (b1, ag) U+ U (by_1,an] U (b, 0) € F. If I contains (b, c0) for some b € R, then we
may obtain the same conclusion by applying the same argument.

For condition (c), it is more convenient prove that %y is closed under intersection instead of union.
Since (a,b] N (z,y] is either empty or the interval (a V x,b A y], it holds that each component of I N (z,y] =
U, (aq, b;] N (x,y] is right semi-closed.
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Note that %, is NOT a o-field. Observe that (0,1) = (0, 3] N (3,
will show that (0,1) ¢ F,. Let I = U, (a;,b;]. If b, > 1, then b,
by, <1, then 3t € (b,,1) such that t € (0,1) but ¢ ¢ I. So I # (0,1).

23U = U2, (0,1~ 4. We

31U
€ Ibutb, ¢ (0,1). SoI#(0,1). If

Definition 1.1.2. Let A C 2% be a family of subsets of . We define the field generated by A as

Fo(A) = ﬂ ZF.

{F field, ACZ}

That is, %#y(A) is the smallest field containing 4. Similarly, we may define a o-field generated by A as

o(A) = ﬂ F.
{F o—field, ACF}

Note that % (&) is nonempty since it contains A. To verify that .%;(A) is a field, observe that Q,0 € % (A)
and that if A,B € %#y(A), then A, B € .Z for all # containing A and thus A° and AU B € % for all %
containing A. Thus, %;(A) is a field. Similar argument shows that o(.A) is a o-field.

Remark 1.1.2. Let A = {all right semi-closed intervals}. Recall from Example 1.1.2 that the finite union
of disjoint right semi-closed intervals .7y = {U_; A; : n € N, A; € A disjoint} is a field.
We claim that

Fo(A) = .

To see this, note that Fy(A) C % since F#y(A) is the smallest field containing A. Now let I € %
be of the form I = U, (a;,b;]. Since (a;,b;] € Fo(A), we have I € Fy(A) since Fy(A) is a field. Thus
Fo € Fo(A).

Now let A = {open intervals}; we have seen that 3“0(.,1) # Z(A). We claim that

o(A) = o(A).

To show o(A) C o(A), we will prove that A C o(A). Indeed, since o(A) is the smallest o-field containing
A and o(A) is a o-field, we have o(A) C o(A). We may apply the same argument for the other direction.
We observe that for —co < a < b < o0, (a,b) = U (a,b— L] € 0(A) and so A C o(A). On the other

n

hand, (a,b] =N, (a,b+ +) € o(A) and so A C ¢(A) and the claim follows as desired.

Example 1.1.3. Let © = R? and let A be defined as in Remark 1.1.2. Let A = Ax Ax...A =
{A; x Ag x--- x Ag : A; € A, Vi € [d]} be the set of hyper-rectangles. We will be interested in the field and
o-field generated by A?. We refer to the latter as the Borel o-field and denote it by Z(R%).

Example 1.1.4. The notion of Borel o-field is more general. Let (X, d) be a metric space, define an open
ball around = € X with radius r > 0 as B(z,r) := {y € X : d(z,y) < r}. Suppose also that X is separable
in that there exists a countable set z1, z2, ..., € X such that for all x € X, inf,,en d(z, z,,) = 0; for instance,
if X = RY, then we can take x1, s, ... to be points with rational coordinates.

Let C = {B(x,r) : © € X,r > 0} be the set of all open balls. Then the o-field generated by C is known
as the Borel o-field (or Borel sets). It holds that %(R?) is the o-field generated by Euclidean balls and thus
rightly named Borel o-field; remark 1.1.2 proves this for d = 1 and similar reasoning applies when d > 1.

More generally, if (X, d) is not necessarily separable, then the Borel o-field is generated by the set of all
open sets, where we say that A C X is open if for all € A, there exists € > 0 such that B(z,e) C A.

Remark 1.1.3. When A is the set of right semi-closed intervals, we showed that {U?_,A; : n € N,{4; €
A} disjoint} is the field generated by A (example 1.1.3, remark 1.1.2). This need not be true when A is a
general set. When A = {right semi-closed intervals}. A satisfies
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(a) 2,0 € A,
(b) A,B € Aimplies ANB € A,
(c) A,B € A implies that 3K € N and disjoint C1,...,Ck € A such that A\ B = UL Cy.

A set that satisfies (a), (b), and (c) is known as a semi-ring. Note that A¢ (see example 1.1.4) is also a
semi-ring. If A is a semi-ring, then {U]" ;A4; : n € N, {A; € A} disjoint} is the field generated by .A.

Definition 1.1.3. Let .%; be a field and let u : %, — [0, 0] be a non-negative set function. We say that u
is a pre-measure if

(a) u(@) =0,

(b) (Finite additivity) For disjoint A, B € %y, u(AU B) = u(A) + u(B),

(¢) (Countable additivity) For any sequence of disjoint sets Ay, Ao, - € Fy, if U A; € Fp, then
p(URAy) = 3272 m(4y).

If 7 is a o-field and p : .F — [0,00] is a set function that satisfies (a), (b) and (c), then p is a measure.
If u(2) < oo, then p is a finite measure.
If 4(Q2) = 1, then p is a probability measure.

Remark 1.1.4. Tt is possible for a set function u : %y — [0,00] to be finitly additive but not countably
additive. Let . %y be defined as in example 1.1.2 (generated by right semi-closed intervals). Define u such
that for A € F,

0 if Ais bounded (sup A —inf A < c0)
p(A) =

oo else.

A simple objects

_—— 3
(e.g. intervals hyper-cubes) notion of volume

Fp field generated by A _ pre-measure

Z is o-field generated by A

(e.g. Borel Sets) outer-measure

measure on o-field of measurable sets.
(e.g. Lebesgue measure,
Lebesgue measurable sets)

Figure 1.1: Road map of constructing measure
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1.2 Extension by Outer Measure

Definition 1.2.1. Let A; C Ay C A5... be an increasing sequence of subsets of . We write A; U2, A;.
Likewise, let A1 D As D As... be a decreasing sequence of subsets of Q. We say A; \, N2, A;. In these
cases, we say that U2, A; and N2, A; are the monotone set limits.

Given a field %y and a pre-measure p : F; — [0, 00|, we want to extend p to the o-field generated by
Fo. First, we will define p on the monotone set limits of ..

Lemma 1.2.1. Let .%( be a field on €2 and let
g:{AQQ:Ai/‘AWhereAl gAgngL

Note that #y C ¢ since we may take A1 = Ay = A3 = .... Let u: %y — [0,00] be a pre-measure. For
A € ¢ such that A = U2, A; where A; C Ay C --- € F, define

p(A) = lim p(Ay). (%)

n— 00
Then, p: ¥ — [0, 00] is well-defined. Moreover, ¥ and pu satisfy the following:
(a) IfGi,Go €9, then Gi1NGy €9, Gy UGy € 9 and

(G UG2) + p(G1 N G2) = w(Gr) + p(G2).

(b) If G1,G2 € ¢4 and G; C Ga, then 1 (G1) < p(Ga).

(¢) G4 C Gy CGs--- €9, then U2 |Gy, € 9 and limy, o0 p(Gp) = p(USZ1G,). (The limit exists since

n=1

w(Gy,) is nondecreasing by (b).)

Proof.

To show that p is well-defined, we need to first show that when a monotone set limit is in %y, our
definition (%) is consistent the original pre-measure.

To see this, note that if A; C Ay C--- € Fyand U2, A,, € Fy as well, then U2 1 A, = A;U(A2NA§)U
(AsNAS)U... and

w(An) = (A1) + p(A2 N A7) + ... p(A NAT )

n

= u(A) + ZM(Ai NA7_).

i=2
Therefore,

lim p(A,) = u(Ar) + ZM(Ai NAS ) = p(UZ A;). (by (c) in definition 1.1.3)

n— oo .
=2

Thus, () is consistent with original u : %y — [0, 00).
Now, suppose G € ¢4 has 2 representations

G = U A = U2, A,

for 2 sequences A; C Ay C -+ € %y and A} C A, C --- € F. We must show that p(U_ A,,) =
p(UnZ1 AL).

To do this, we first claim the following: for any two monotone sequences A; C A C --- € %y and
A} C AL C ... € % that satisfy UX_; A, C U2, Al we claim that limy, o0 pt(An) < limy, o0 u(AL).

no
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To see this, fix any m € N and observe that (A4,, N 4}) C (4,, N A})--- € % is a monotone sequence of
sets and that (A4, NA") A US2 (A NAL) = A, N (U, AL) = Ay, € %y. Therefore, by (¢) in Definition
1.1.3,

n—oo

(U (A, NA") )_ lim p(An NAL) < lim (A7), (1.1)

Since this is true for any m, we have lim,, oo p(A%) > limy, o0 t(Am).

Now, if U2 Al = U_, Ay, then US2 AL CUX_ A, and UX_ A, C US2, Al So by what we just
showed, it must be that lim,,_, o (A7) = limy, 00 (Am) and thus, g : ¥ — [0, 00) is well-defined.

We now prove (a). Let Ay C Ay C --- € %y and A} C A, C --- € %, and denote G; = U2, A4,, and
Gy =US2 Al . Note that

GiNGy = (Upl An) N(UpL AL) = Up (A NAY)
Ga UGy = (Upl An) U(UpZ  AL) = Up (A U A7),

For any n € N, we have pu(A, NA)) + u(A, UAL) = u(A4,) + u(Al) by (b) of Definition 1.1.3. We may then
obtain (a) by taking n — oco.

Property (b) follows from our earlier claim (see 1.1).

Lastly, we prove (c). Let Gy C G2 C --- € ¢ and denote G = U2, G,,; we must show that G € 4. For
any n € N, let Gy, = US_ Ay, for Ay C An2 C..-€%.

A1 CAp C.. A, C... /Gy
A1 CAp C... A, C ... /Gy
G

Define D,,, = A1y, U Aoy U ... A Note that Dy C Dy C - -+ € %o by construction. Observe that, for
any n < m,

Apm €Dy, C Gy (%)
((Anm) <p(Dm) < p1(Gm) (%)
where the last inequality holds by (b) in this lemma. Since (%) is true, ¥Vm > n, we get that, for any n,
Gp=Uy _1Awm =Up_, Aum C U _ Dy, CUX_ 1Dy, CUY_ Gy, =G
Thus, we have that
G, CUy_ 1D, CG. (% * %)

Since (**x) is true for all n, G = U2, G,, CUX_, D,, C G implies US_; D,,, = G. Since D1 C Dy C - -+ € F,
we have G € ¢4. Hence, by (*x),

lim u(G) > lim p(Dy) = u(G).

m—0o0 m—oo

On the other hand, for any m, G, C G and so u(G,,) < u(G) by property (b). It implies

lim u(G) < p(G).

m—roo

Thus, lim,, 00 #(Gr) = p(G) as desired. O
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Definition 1.2.2. Let 1, % be defined in Lemma 1.2.1. Define an outer measure z* : 22 — [0, 00] as VA C €,
w*(A) = inf{u(G) : G € 4, A C G}. Note that the set is nonempty since it contains §2.
Lemma 1.2.2. (a) VA€ ¥, u(A) = p*(A). If p(2) =1, then p* < 1.

(b) VA, B € 2%,

W (AUB) + 5" (AN B) < 1*(A) + *(B).
In particular, if u(Q2) =1,
WA (A) + it (A%) > (@) + (D) = 1.

(c) If AC B €29, then u*(A) < u*(B).

(d) If Ay C Ay--- €29 then lim, o0 p*(Ay) = p* (U, A,,). (Continuous under monotone set limit)
Proof.

(a) Let A € ¢, then p*(A) < p(A) by definition. If p*(A) < u(A), then 3B € ¢ such that u(B) < u(A)
and A C B; contradiction. Let A € 22 and suppose u(2) = 1, then p*(A4) < u(Q) < 1.

b) Let A, B € 2%. Fix e > 0. 3G1,G2 € ¥ such that A C Gy and u(G1) < p*(A) + € and B C G and
I f 5
w(Gz) < p*(B) + 5. Then by Lemma 1.2.1 (b),

€+ p*(A) + p*(B) > u(Gr) + u(Ga) = p(G1 U Ga) + u(G1 N Ga)
> *(AUB) + u*(AN B).

Since ¢ is arbitrary, (b) follows.
(c¢) Claim (c) follows since, if G € ¢ contains B, it also contains A.

(d) Let Ay C Ay C---€2% and let A = U2, Ay, since A, C A, Vn, we have p*(A,) < p*(A), ¥n by (c)
and thus lim,, oo u*(A,) < p*(4). If lim, o p*(A,) = o0, the claim follows trivially. We may thus
assume that lim,, oo #*(A,) < 00. Fix € > 0. There exist, for each n € N, G,, € 4 such that A, C G,
and

w(An) < u(Gyp) < p(An) +e277. (note that u(G,) < oo as well)
Since A = U2 1A, CUX2 G, =G1U(G1UG3)U--- €9 by Lemma 1.2.1 (c), we have
(%) w(A) < u(Ue,Gp) = li_}In w(Up_1Gy). (by Lemma 1.2.1 (c))

On the other hand, we have ;u(G1) < p*(A1)+5. Assume inductive hypothesis, u(Up_Gr) < p*(An)+
ey " 27% Then, since u((Uy_;Gi) N Gpi1) < 0o, we have

R LGR) = (U1 Gh) + 1(Gr) = 1((U—yGi) 1 G (by Lemma 1.2.1 (a))
< M*(An) te Z 2_i + :U’*(AnJrl) + 52—(7;—&-1) - M(Gn n GnJrl)
i=1

(by inductive hypothesis. Note G, N1 Gpy1 C Ay NApy1 C A, and G, NGpy1 €9.)

n+1
S (An) )27+ (Angr) — 1t (An)
=1

n+1
<) e 302
i=1
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Thus, Vn € N, u(Up_,Gy) < p*(A,) +e > i, 27" Therefore, from (),

pr(A) < lim p(Up_, G)

n— oo

< lim ,UJ*(An)—l—EZQ*i
i=1

= lim p*(A,) +e.

n— oo

Since ¢ is arbitrary, p*(A) < lim, 00 #* (A4, ). This proves (d).
O
Remark 1.2.1. An outer measure is usually defined more broadly as any set function A : 2% — [0, 0]
satisfying
(a) A(D) =0,
(b) A C B € 2% implies A(B) > \(A),
(c) A1, Ag, ..., €29 = A(USZ 4,) <307 A(4y).

We see that p* as defined in Lemma 1.2.2 satisfies (a) and (b). Homework 2 shows that it satisfies (c).
Suppose p(€2) = 1, then 1 — p*(H°) is like an “inner measure”. We will show that sets whose “inner”

and outer measure “match”, that is, {H C Q: p*(H) + p*(H¢) = 1}, constitute a o-field.

He G Duler measuT r,'(a)

~C i, ¥
HC < G- ’IM\Q}“. enswe
P
G

-2 s r' ( H“)
Figure 1.2: Outer and inner measures

The following lemma will be useful:

Lemma 1.2.3. (a) Let .# be a field. If .# is closed under monotone set limits, that is, A1 C A; C --- €

F = U A, € Z, then Z is a o-field.

(b) Let .# be a o-field and let pu : .F — [0, 00) be finitely additive (satisfying definition 1.1.3 (b)). If for any
A; C Ay C -+ € Z, we have limy, 00 u(Ayn) = p(U2; A,), then p is countably additive (definition
1.1.3 (b)).

Proof.
We prove claim (a). Let .# be a field and let By, By, -+ € %, then U2 B,, = B; U (B2 UB;) U (B3 U
ByUB)U--- =U02, (Up_, By) € F), since Uy_, By, is increasing.
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Now we prove (b). Let By, Bs,--- € F be disjoint. Define A,, = U}}_, B;. Then

wWUpZy By) = p(UpZAn) = nlggo p(An)

= nl;n;o ; w(By) (by finite additivity)
= u(B).
k=1
O

Theorem 1.2.1. Let %, be a field, let u : F — [0, 00| be a pre-measure and suppose () = 1. Let u* be
defined as lemma 1.2.2. Let 5 = {H C Q: p*(H) + p*(H®) = 1}, then, # is a o-field and p* : 7 — [0, 1]
is a probability measure.

Note in particular that %, C . by lemma 1.2.2 (a). Therefore, 5 contains o(.%y), the o-field generated
by yo.

Proof.
We first show that 7 is a field. Note that p*(Q) =1 and p*(0) = 0 by lemma 1.2.2. Let A € 2, then
A€ € A by definition. Let A, B € 5. Observer that by lemma 1.2.2 (b),

p(A) + p*(B) (*)

W (AUB) + p* (AN B) < it
W (AC) i (BY)

<
w (AU B°) + p*(A°N B <

we obtain
1 (AU B) + (AU B)®) + u* (AN B) + p* (AN B)?) < 2.

By lemma 1.2.2 (b), it must be that p*(AU B) + p*((AU B)¢) = 1, which implies AU B € J#. Hence,
is a field. We note that also (x) must hold with equality.

Now, let A1 C Ay C --- € . Fix ¢ > 0. By lemma 1.2.2 (d), we have pu*(US2,A4,,) = lim,, o u*(A,)
and hence dng € N such that

P (UpZiAn) < ¥ (An,) + &
By lemma 1.2.2 (c), p*((UpZyAn)¢) < p* (A, ). Hence
P (Una An) + 47 (U1 An)) < " (Ang) + 07 (A7) +e < 1+e

Since € > 0 is chosen arbitrarily, we have US2 ; A,, € . Thus, by lemma 1.2.3 , JZ is a o-field.
Now we show that p* is finitely additive on S#. Let A, B € S be disjoint. Since () holds with equality,
w* is finitely additive. By lemma 1.2.2(d), p* is continuous under monotone set limit, and by lemma 1.2.3 ,

it is thus a probability measure.
O

Remark 1.2.2. We have o(Fy) C 42, the reverse is generally not true. Note that 5 is defined with respect
to a pre-measure y while o(.%p) is not. We can say more about the relationship between o(.%y) and 2.

Definition 1.2.3. We say that (£, %, u) is a measure space if # is a o-field on Q and p: F — [0,00) is a
measure.

We say that (Q,.7, ) is complete if VN € 2%, if 34 € .# such that A D N and u(A) = 0, then N € F
(and p(N) = 0 necessarily.)
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Theorem 1.2.2. Let (Q,.%, 1) be a measure space, not necessarily complete. Define
FW .={AUN:Ae.Z,3Be.Z st. NC B and u(B) =0}.

Then .Z ) is a o-field. Define pu : F" — [0,00] with (AU N) = u(A) with AUN € FW: then p is
well-defined and the space (Q,.7 ) ) is complete.
We call (Q,.Z) 1) the completion of (€,.%, ).

Proof.
We first prove that .Z ") is a o-field. It is clear that §,Q € Z" . Let AUN € . and B € .# such
that N C B and u(B) = 0. Then,

(AUN)® = A° N (B°U (B\N)) = (4° N B°) U (A° N (B\N)).

Since A°N B¢ € .Z and that (A° N (B\N)) C B, we have that (AU N)¢ e F®),
Now let {4, U N,} be a countable collection of elements in Z W and suppose N,, C B, € .Z and

w(By) = 0. Then,
Us? (A, UN,) = (Uzo_lAn> U (U,olo_an>,

and U2, N,, C U2 B, € Z. Since u(US,B,,) < >0 u(B,,) = 0, we have that U2 (A4, UN,,) € FW
Hence, .Z W is a o-field.

Now we verify that the extension of p to .Z) is well-defined. First suppose that for A € .# and
N € 2% where N C B € CF and u(B) = 0, we have AUN € .Z. In this case, u(AU N) > p(A) and
HWAUN) < u(AUB) < u(A) + p(B) < p(A) which means that (AU N) = p(A) and hence, the extension
of p is consistent with its original domain.

Now suppose AUN € .Z (") has an alternative representation as AUN; we want to show that u(A) = w(A).
For R € 2%, define the outer measure p*(R) := inf{u(S) : S € #, R C S}. Note that u*(B) = u(B) for all
B €.Z and pu*(N) = pu*(N) = 0. Since

(A) = p*(A) < p (AUN) < p*(A) + p*(N) = p*(A),

we have by symmetry that p(A) = u(A).
It is straightforward to verify that p is countably additive on .#®) and so p : .F® — [0,00] is valid
measure. Finally, it is straightforward to verify that the space (Q,.% ) 1) is complete. O

Theorem 1.2.3. Let % be a field and let u : %y — [0,00] be a pre-measure satisfying p(Q2) = 1. Let 527
and p* be defined as in lemma 1.2.2. Then (2, .57, u*) is the completion of (2, o(.%y), u*).

Proof.

Write .Z (#") as the completion of (Q, 0(.%), u*). We first show that ¢ € .Z*®"),

Let A € 52, then by definition of p*(A) and of p*(A°), there exist G1,Ga, - € ¢ and Gl, Gy, €Y
such that G, € A C G,,, Vn € N and p*(G,,) — p *(A) and p (CN}’ ) = p*(A). Write G := U2, G,, and write
A=GU(A\G). Note that G€ % C . and A\ G C (N2°,G,) \ G € 0(F). Thus,

1 (N2,Gn \ G) < p* (G \ Gyp) for any m € N
N(G )*U*(ém)

since p* is a measure on #. Taking m — co shows that LHS = 0, which implies .2 C .##"),

Now we show (€, .5, u*) is complete. Let B € 4 such that pu*(B) = 0, then, for any N C B,
w(N) < p*(B) = 0 and p*(N°) < 1, which implies p*(N) + p*(N€) = 1 by definition 1.2.2 (b). Thus
N € A and (Q, 5, p*) is complete.

Now let AUN € .Z") with A € 0(%) and B € (%) such that N C B, u*(B) = 0. Since A, B € A
and (Q, 2, p*) is complete, N € 5 as well. So AUN € J7. O
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Remark 1.2.3. Although Theorem 1.2.3 assumes that p(Q) = 1, it may be used to show that the same
conclusion when a pre-measure u satisfies: 3 disjoint K1, Ko, -+ - € % such that U3, K, = Q and pu(K,) <
o0, Vn € N. Such a pre-measure is called o-finite.

Note that if .y = {US2, A4, : {4, } disjoint right semi-closed intervals} and if p is defined as the sum of
the length of the intervals, then p is o-finite. Let us call p the Lebesgue pre-measure.

Corollary 1.2.1. Let %, be a field and u : %y — [0,00] be a o-finite pre-measure. Then, there exists an
extension measure p* : o(Fy) — [0, o0].

Proof.

Let K1, Ky,--- € %, be such that u(K,) < oo. Define u(™ : #; — [0,00] by, for any A € Z,
™ (A) := u(ANK,). Then, (™ is a finite pre-measure and we may apply Theorem 1.2.3 on p(™ /(™) ()
to obtain extensions y*(™ : 0(Fy) — [0,00). Define u* : 0(F) — [0,00] by p* = > 00 w*™. If A € F,
pr(A) =300 uM(A) =32 W(ANK,) = u(A). If Ay, Ay, -+ € 0(Fp) are disjoint, then

I
NE
NE
tﬁ\
=
N

n=1m=1
- Z Zlﬁ(n) (Am) = Z 1 (Am). (since u*(”) (An) > 0)
m=1n=1 m=1

O

1.3 Uniqueness of the Extension

The key ingredient is the monotone class theorem.

Definition 1.3.1. We say that € C 2% is a monotone class if for any sequence A; C Ay C --- € €, we have
that US2, A, € € and for any sequence A; D Ay O --- € €, we have that N7, A4, € €.
Let A C 22 and define

m(A) := m €

% monotone
ACE

as the monotone class generated by A. Note that the intersection of any number of monotone classes is still
a monotone class.

Theorem 1.3.1 (Monotone Class Theorem). Let %, C 2 be a field and let ¥ C 2% be a monotone class.
If <7§ZO g Cg, then 0'(90) g €.

Proof.
Let .4 be the monotone class generated by .%y. We claim that .# is a field and thus a o-field by lemma
1.23. Fix Ae # and My :={Be#:ANB,ANB A°NBe #}. 1If Bl C By C--- € M4, then

AN(UX,B)=U%, (BynA) el
——
increasing & in 4

and A°N (U, B,) € .# by same logic. Also,

AN(U2,B,) = AN(N2,BS) =N, (BSNA) el

n=1

——
decreasing & in #
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Thus, US2 B, € #4. By same reasoning, if By O By 2 -+ € Ma, N3 B, € A4 implies A4 is a
monotone class. Note that .#4 C .# by definition.

Fix another Ae 350, then ?0 C .z since 3{0 is a field and since M = m(F), we have that 4 ; = . .
This implies AN A, AN A, A°NA € . #. So A€ #,. Since A was an arbitrary element of %, we have
that %y C A4 and Ma = A .

Since A was an arbitrary element of .#, for all A € .#, for all Be CM, ANB, ANB, ANB® e . #
and hence, ./ is a field (and o-field by Lemma 1.2.3).

Since o (%) is also a monotone class, o(Fy) 2 A4 . Since A is a o-field, o(Fy) C M. So o(Fy) = M C
€. O

Now, we put everything together.

Theorem 1.3.2 (Caratheodory Extension Theorem). Let % C 29 be a field and let p : # — [0,00] be a
o-finite pre-measure. Then p has a unique extension to o (%) — [0, o0].

Proof.
Corollary 1.2.1 has already shown existence of an extension. Let A : 0(%y) — [0, 00] be a measure and
suppose A(A) = u(A), VA € %.
Write € := {A € o(%) : AM(A) = u(A)}. Note that € is a monotone class and that %, C €, so by
theorem 1.3.1, € = o(%).
O

Remark 1.3.1. Monotone class theorem (Theorem 1.3.1) is equivalent to the so called Dynkin’s © — A
theorem.

We say that IT C 2% is a 7-system if A, B € [l = AN B € II. We say that A C 2 is a A-system if (a)
0, Qe A if (b)) Ac A= A€ A, and if (¢) A1 C Ay... € A= UP,A; € A. Dynkin’s theorem states that if
IT C A, then o(IT) € A. This follows from Theorem 1.3.1 since A is a monotone class and contains the field
generated by II.

1.4 Lebesgue-Stieljes Measure

Definition 1.4.1. We say that a measure pu : B(R) — [0,00] is a Lebesgue-Stieljes measure if for any
bounded intervals I C R, pu(I) < 0.

We say that F' : R — R is a distribution function if F' is non-decreasing and right-continuous. We write
F(00) :=limg o F(x) and F(—o00) = lim, o F(x).

Theorem 1.4.1. Let F' be a distribution function. There exists a unique Lebesgue-Stieljes measure pu :
AB(R) — [0, 00] such that V — 0o < a < b < 00, p((a,b]) = F(b) — F(a) and V — 0o < b < 00, p((b,0)) =
F(o0) — F(a).

Proof.
Let A := {right semi-closed intervals} and %, := {Ul_4; : A1, As,..., A, € A disjoint} be the field
generated by A. Define p: A — [0, o0] as follows:

(1) If 3 — 00 < a < b < oo such that A = (a,b], define u(A) := F(b) — F(a) (note that if @ > —oo, then
ul(a,b)) < o), and

(2) If A= (a,00), pu(A) = F(o0) — F(a).

We define extension p : Fo — [0,00] as, for any A;, Ao, ..., A, € A disjoint, p(Ur_,A4;) == Y i u(A;).
This is well-defined since if Ufy:lAn = U%ZIA;W € % for some N, M € N, where A1, As,..., Ay € A are
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disjoint and A}, A5, ..., A, € A are disjoint, then

N M
= Z Z w(A, N AL (by (%) and the fact that A4, N A/ € A)

M
= uUY(A,NAL))  (by (+) and the fact that A, N A/, € A)

It is also clear that if By, By € %, are disjoint, then u(By U B2) = u(B1) + u(B2). Now we show p is
countably additive on .%; and thus a pre-measure. Assume first that p(Q) < oco.

We first show that if By 2 By... € Fy such that B, \, 0, then lim, ., u(B,) = 0. To see this, first
note that for any r.s.c. interval (a, b] and for any sequence of real numbers ay, \, a such that a; < b, we have
that

Jim p((ag, b)) = lim F(b) — F(ay) = F(b) - F(a) = p((a, b))

by the right-continuity of F. Hence, for every B,,, we may find C,, € .%, such that C,, C B,, and
#(Bn) < p(Cr) €27

Smce ﬂ°° 1C,, = 0 and C,, is compact, by Cantor’s Intersection Theorem, there exists n, € N such that
Cpn=0.
Therefore, Ny, Cp, = 0 and we have, for all n > n,,

w(Brn) = u(B n\(mk 1Ck))
< pu(Up—1 (Be\Cr))
Szn:e k<e
k=1

Since € is arbitrary, lim,,_, . u(B,) = 0.
Now still assume that () < co and let By, Bs,... € %y be disjoint and write B := U2 B,,. Then,

1(B) = 1(B\(Ug=1Br)) + n(Uy=1 B)

Since B\(U}_,Bx) \ 0 as n — oo, we may take the limit on both sides and obtain countable additivity.
Now suppose F'(00) — F(—00) = co. Then define, for n € N,

F(z) if|z|<n
F.(x)=< F(-n) ifz<-n
F(n) ife>n

We then observe that F, is also non-decreasing and right-continuous. Let (™) be the corresponding finite
pre-measure on .%y. We note that (™ <y and that for all B € %, u™(B) / u(B).
Now let By, Ba,... € % be disjoint and write B = U2 B,,.
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We observe that

— ; (n) —
= lim @"(By) =) u(Br).
k=1 k=1

where the third equality follows from the monotone convergence theorem for infinite series (generalized later
in the class).
Since o(%#y) = #(R), see Remark 1.1.2, the theorem follows from Caratheodory extension theorem. [

Theorem 1.4.2. Let p : #(R) — [0,00] be a Lebesgue-Stieljes measure. Define F' : R — R such that
F(0) = 0 (or any other fixed value) and for a € (—o00,0), F(a) = F(0) — p((a,0]) and for a € [0,0),
F(a) = u((0,a]) + F(0). Then F is a distribution function.

Proof.
F' is well-defined since p is Lebesgue-Stieljes. It is non-decreasing since p is a measure. Let a; > ag >
.-+ € R such that a,, \, a, then, if a > 0,

lim F(a,) = lim u((0,a,])

n—roo n—oo

= p1(N5Z1(0, an]) = p((0,a]) = F(a).
If a < 0, then dng € N such that a,, <0, Vn > ng. We assume ng = 1 WLOG. Then

lim F(a,)=— lim wu((an,0])

n—oo n— oo

= —(UpZi(an, 0]) = —p((a, 0]) = F(a).
O

Remark 1.4.1. When, for —c0 < a < b < oo, F(b) — F(a) = b — a, the resulting measure X is the
Lebesgue measure. Let (R,.# ™) )) be the completion of (R, Z(R),\), then .F™) is called Lebesgue mea-
surable sets.

Some interesting mathematical facts:
e BR)C FWN C 2%

e For any z € R, A({z}) = lim; o0 A((z — 2,2]) = 0. If A C 2% is countable, A(A) = 0 by countable
additivity. In particular, A(rationals) = 0 and A(irrationals) = 1.

e All open sets and closed sets are in (R) and hence, for any A C 2%, the closure A and interior int(A)
are in ZA(R).

e JA C 2 such that interior(closure(A)) = () and A(A) > 0. (Fat Cantor set).

e Let u be a o-finite measure on B(R). Let B € #(R) such that u(B) < oco. Fixe > 0, AN, M € N and
Ay, Ag, ..., Ax € A disjoint and A}, AL, ..., A}, € A disjoint such that UM_, A/ C B CUN_, A, and
(U An \Upl_1 A7) <ee.

m=1



Chapter 2

Lebesgue Integration

2.1 Measurable Functions

Definition 2.1.1. Let (£2,.%) be a measurable space (.F C 29 is a o-field). We say that f : Q@ — R is a
Borel-measurable function if for any B € #(R), f~1(B) € Z.
Define R := R U {—00,00} and define the extended Borel o-field

BR) := {B,BU{—oc}, BU{oo}, BU{—00,00} : B€ AB(R)}.

Again, we say that f: Q j@ is a Borel-measurable function if for any B € ZR), f[1(B) € £.

More generally, if (€2,.%) is a measurable space, we say f : 2 — ) is measurable if VB € %, f~}(B) € &

and we write f is .# /. #-measurable.

Lemma 2.1.1. Let f:Q — Q and let A C 22 he a collection of subsets that generates 7, ie., o(A)=%.
If, for all S € A, f71(S) € Z, then fis ﬁ/;ﬁimeasurable.

In particular, for given a real-valued function f :  — R and supposing Vc € R, f~!((—o0,¢]) = {w € Q :
f(w) < c} € Z, then f is Borel-measurable.

Proof.
Define C := {B € .Z : f~1(B) € .Z}. We claim that C is a o-field. To see this, note that

1) f710) =0, F7HQ) = Q.
(2) VB € 2%, f~1(B°) = f~1(B)° and thus, if f~}(B) € .Z, then f~(B°) € .F as well;

(3) Y{B;}icz, [T (UiczB;i) = Uierf~Y(B;) and f~Y(NiezBi) = Niezf 1 (B;), where Z is an arbitrary
index set.

Thus, if A C C, then F = o(A) C C and f is . /.Z —measurable.
For the second claim, we observe that intervals of the form (—oo, ¢] generates Z(R). O

Corollary 2.1.1. Let f,g: Q — R be Borel-measurable. Then, fV g := max(f,g) and f A g := min(f, g)

are Borel-measurable functions. In particular, f* := f v 0 and f~ := (—f) V 0 are Borel-measurable.
Proof.

Since, forc e R, {w € Q: (fVg)lw) >c} ={weQ: f(w) >cU{w e N:gw) > c} € .F, the result
follows from Lemma 2.1.1. Same reasoning for f A g. O

Theorem 2.1.1. Let  and © be metric spaces (with metrics d and d respectively) and let .#, 7 be Borel
o-fields. If f: Q — Q is continuous, then f is measurable.
Recall continuous functions have 2 equivalent definitions:

16
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D VYw € Q and all € > 0, 35 > 0 such that Yw’' € Q, d(w',w) < & implies d(f(w'), f(w)) < €;
@ V open set B C Q, f~1(B) is open in Q.
Proof. s ~
Define C := {B € .% : f~}(B) € .#}. Since f is continuous, f~!(B) € 2 is an open set when B C 24 is

an open ball. Thus, we have that C' contains all open balls. Since C is a o-field and since .% is the o-field
generated by open balls, C = % is desired. O

Lemma 2.1.2. Let h, : @ — R be Borel measurable for n € N. Let b : Q — R be a function such that
Yw € Q, limsup,,_, ., hn(w) = h(w), then h is also Borel-measurable. (Same with liminf). In particular, if
Jh : Q — R such that Vw € €, lim,,_, hy,(w) = h(w), then h is Borel-measurable.

Proof.
Let h := limsup h,, and let ¢ € R. Note that for any w € €,

h(w) > ¢ < limsup h,(w) > ¢ <= inf sup hy(w) > ¢
n—00 neENg>n

<~ Vn e N Ik >ns.t. hg(w) > c

Therefore, {w : h(w) > ¢} = Niz, U {w: hg(w) > ¢} € F. Applying the same argument to —h,, proves
the same result for lim inf. The lemma thus follows. O

Definition 2.1.2. We say that f : Q — R is simple function if In € N, Ay, As, ..., A, € F disjoint and
c1,C2,...,¢n € Rsuch that f ="  ¢;14,. That is,

0 else.

¢ ifze A, forien]
-
Simple functions are Borel measurable.

The following approximation theorem is fundamental:

Theorem 2.1.2. A function f : Q — [0,00) is Borel-measurable if and only if 3 simple functions 0 < s; <
s < 83+-+ < f such that for any w € Q, lim,, o $p(w) = f(w) (Pointwise convergence).

A function f : Q@ — R is Borel-measurable if and only if 3 simple functions s, $2,... such that |s]
|se| < ...|f| and Yw € Q, lim,, 00 Sn(w) = f(w).

IN

Proof.
Since simple functions are Borel-measurable, limit of s,, is Borel-measurable by lemma 2.1.2. Now suppose
f > 0 is Borel-measurable. For n € N, define

Sn(w) = {gnl if f(w>

S
n if f(w)>n

[552, &) for some k € [n2"]

" e
Note that s, = Y ;- %

which implies s,, is simple.

Lpospizs k) + 0l (n,00))- Since f is Borel-measurable, f~1([£-2, £)) € 7,
For any w € Q and n € N, if f(w) > n, then s,(w) < sp41(w). Now suppose there exists k € [n2"] such

that f(w) € [, £). Then, we have that f(w) € [2252, ;25 ) where 2k € [(n + 1)2"*!] and hence,

2k -2 2k —1

either s,11(w) = il or spi1(w) = ST

In either cases, we have s,,41(w) > sp(w). Thus, s, < s,4+1. Now fix w € Q. For any n > f(w),

0< f() ~ 50() < 5.
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which implies lim,, o $p(w) = f(w).

For the second claim, let f = f* — f~. Since both f*, f~ are Borel-measurable (Corrolary 2.1.1), there
exists non-negative simple functions s; < s, < ... and s{ < s < ... such that Yw € Q, s (w) — f~(w),
st (w) = fT(w). Define s, := s — s and s,, satisfies the desired properties. O

Corollary 2.1.2. Let f,g: 2 — R be Borel-measurable. Then f+g,fg, and %]]'{f;ﬁo} are Borel measurable.

Proof.
Let s1,s2,... and t1,%2,... be simple functions such that Vw € Q, s,(w) — f(w) and t,(w) — g(w).
Then, Yw € Q, (s, + tn)(w) = (f + 9) (W), ($n - tn)(w) = (f - 9)(w), i(w)]l{sn(w#o} — %(w)]l{f(w;éo} O

Theorem 2.1.3. Let (Q,.7), ((NZ,:/;), (Q,.F') be measurable spaces. Let f: Q — Q and g : © — € be
F | F-measurable and % / #'—measurable respectively. Then go f: Q — Q' is & /.%'—measurarble.

Proof.
Let A’ € F', then (go f)~1(A") = f~1(g1(A')) € .F since g~} (A') € Z. O

2.2 Lebesgue Integral

Definition 2.2.1. Let (2,.%, u) be a measure space. Let n € N, Ay,..., A, € .F be disjoint, ¢1,...,¢c, €
(0,00) and s = > " | ¢;14, be a simple function. Then

/sdu = iciu(Ai) € [0, o0].
i=1
Let f:Q — [0,00) be Borel-measurable. Then,
/fd,u = sup {/sdu : s simple,s < f} € [0, ).
We say that f: Q — R is integrable if [ f*du < oo or [ f~du < co. If f is integrable,

/fdu r=/f+du—/f‘du-

Let A € .7 and [ be integrable, then [, fdu := [ fladpu.

Remark 2.2.1. Suppose a simple function s = Y " | ¢;14, has an alternative representation >_. ; ¢;14, =
Z;nzl djlp, for di,...,dy >0 and By,...,B,, € .% disjoint. Then, for any pair (i,j), either A; N B; =0
or ¢; = d;. Thus we have that

5= Z Z cila,np, = Z Z djla,n,
i=1j=1 i=1j=1
Thus,
ZCiU(Ai) = CZZN(AzﬂBJ) = szjM(Aszj) = ZdJN(BJ)
i=1 =1 j=1 i=1j=1 j=1

So, [ sdu is well defined for simple s > 0.

Remark 2.2.2. By taking Q@ =N, .% = 2" and p : # — [0, 0] as the counting measure, i.e., u(A) = |A|,
or any discrete probability, we have that any sequence f : N — R is measurable and [ fdu =Y .o, fi.
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Remark 2.2.3. For simple functions s,t:  — R, it is easy to show that familiar properties of integration,
e.g., [(s+t)du = [sdu + [tdy; our goal is to derive these for general integrable functions. The steps

generally goes
(1) prove property for non-negative simple functions,
(2) then for non-negative measurable functions,
(3) then for integrable functions.

Theorem 2.2.1. Let Z be either N or {1,...,n} for n € N, and let {B; €
f : Q — R be integrable, then fUEIB’_ fdpand Y, 7 fBi fdu both exist and

[ =X [ s
UiezB; icz / Bi
In particular, if f > 0, then B — fB fdu on Z is a measure.

Proof.

F }tier be disjoint, and let

We first prove the claim for a simple functions s > 0. With s = Z%:l ¢mla,, for ¢, >0and A4, € F

Then

M
/ sdp = Z cmit(Am N B)
B

3

-

Emit(Am NUierB;)

3
ST
N

CmM(Am N Bz)

3
| |
N

M
Z w(A, N B;) Z sdys.

iez V' Br

HM

Now suppose f > 0. Write B := U;czB; and let s be any simple function such that 0 < s < f, then

sdp = /sdué /fdu,
/B zeZI B; ZGZI B;

since slp, is simple and slp, < flp,. Since s is arbitrary, [, fdu < >,c7 [5 fdu.

If 3 € Z such that [, fdu = oo, then

/ fdusup{/tdu:Ogtgf]lB,tsimple}
B

v

sup{/tdu:OStSf]lBg,tsimple}

[, fan=se=3 [ san

€L

Thus, assume that va fdu <oo,VieZ. Fixn €N, n <|Z|, and £ > 0, then there exists simple functions

t1,ta,...,t, such that Vi € [n], 0 <t; < fl1p, and

/ tiduz/tid,u>/ fdu—i.
B; B; n
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Thus, since (t; Vita V...V t,)1lp is simple and no greater than f1p, we obtain

/fd‘LLZ/tlth...vtndIUr
B B

:Z/ (ty Vito...Vit,)du
B;

i€l
z;/lgitiduz;@fdua

Since n, e are arbitrary, [ fdu >3 .7 [ fdu
Now, suppose f is integrable and write f = f* — f~. Suppose WLOG that ff’du < 0. By reasoning

similar to (x), [ f7dp < [ f~dp < co as well. Then

AﬂMﬁéﬁw—Lfﬂu

=Z/B’if+du—Z/Bif‘du

i€l i€
-3/ san
ic7 Y Bi

O

Lemma 2.2.1. Let f : Q@ — R be integrable and let sq,ss,... be simple functions such that Vn € N,
15| <|f] and Vw € Q, s, (w) = f(w). Then [ fdu =lim,_ s [ spdp.

Proof.
First suppose f > 0 and that Vn € N, 0 < s, < f. By considering s1,s1 V 82,51 V 82 V 83, ... if necessary,
we may assume without loss of generality that 0 < s; < s < ..
Suppose first that [ fdu < co. Fix e > 0. By definition 2.2.1, 3 a simple function ¢ : & — [0, 00) such
that ¢ < fand [ fdp > [tdp > [ fdpu— 5. Define B, := {w € Q: s,(w) < t(w)}. Note that By 2 By D ...

and
N1 B ={weQ:¥neN s, (w) <tlw)} C{we: ILm sp(w) <tw)} =10

since sp(w) — f(w), Yw € Q.
By Theorem 2.2.1, the set function B +— fB tdy is a measure and hence, lim,, fB tdp = 0. Thus,
there exists n. such that for all n > n., fB tdp < e/2.

Hence, Vn > ne,
[z [ sudnz [ v
B n

BC
€
= td,u—/ tduz‘/tdu—f
B, 2

Z/fd,u—s.

Since sy, is simple s,, < f, we have [s,dp < [ fdu < [s,du+e. Since ¢ is arbitrary, we have that
lim, o0 [ 8pdp = [ fdpu.

Now if [ fdu = oo, then, for any M > 0, we have a simple function ¢ such that 0 < ¢ < f and [tdu > M.
Define By O B, ... as before, then there exists ny; such that for all n > njy, an tdpy < M/2.

c
n
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Thus, we have that, for all n > nj,

Since M > 0 is arbitrary, lim,_,o [ s,dp =00 = [ fdu as desired.

Now suppose [ :  — R is integrable. Write f = f*—f~ and suppose WLOG that | fTdu < co. By what
we showed for non-negative measurable functions, we have that [stdy — [ ftdp and [s;dp — [ f~du.
Since lim,_,+ [ s;7dp < 0o, we have

lim [ s} —s,dy= 1Lm (/ stdp — /Sﬁdﬂ)

n—oo

= lim [ sfdy— lim /s;d,u
n—oo

n—oo

:/f*du—/f’d/i:/fd,u. (by Definition 2.2.1)
O

Example 2.2.1. Note that lemma 2.2.1 is not true without the condition that |s,| < |f|, ¥n € N. Consider
(Q, %) =([0,1], #(]0,1])) and u as the Lebesgue measure. Let f(w) =0, Vw € [0, 1] and

0 else.

We have that for any w € [0,1], s,(w) — 0 = f(w). However, [ s,du=2"L — oo while [ fdu = 0.

Theorem 2.2.2. Let f,g:Q — R be integrable.

Proof.

We prove (d) first. First suppose f > g > 0. Then {s simple : 0 < s < g} C {s simple : 0 < s < f} and
thus [ fdp > [gdu. If f,g: Q — R are integrable and f > g, then f™ > g™ and f~ < g~. The conclusion
follows again.

We now prove claim (b). Observe that (b) is true for any simple s > 0 and thus for f if f > 0. If « > 0,
then af = aft —af— and if a < 0, then af = |a|f~ — |a|fT. Claim follows.

Lastly, we consider claim (a). Since (f +¢)” < f~+g¢~ and (f +¢)" < f* + g7, f + g is integrable by
(d).
Case 1: f>0and g > 0. Let s1 < 850 <3 <---< fandt <ty <...g be sequences of simple
functions such that Vw € Q, s,(w) = f(w) and ¢,(w) = g(w). Then, s,(w) + t,(w) = f(w) + g(w) and
s1+t1 <sg+ty--- Sf—Fg Thus,

/f—i—gdu: li_)m /sn—i—tndu:/fdu—i—/gdu. (by lemma 2.2.1)
n (oo}

Case 2: f>0and g <0but h:= f+g > 0. Then we have that h+ (—g) = f and thus, [hdp— [ gdp =
J fdp.
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Now consider general f,g. Define

By ={f 20,9 >0} = {w €0 fw) > 0,g(w) > 0},
Ey :={f>0,9<0,f+g>0},
E3 :={f>0,9<0,f+g<0},
By ={f<0,9>0,f+g>0},
Es:={f<0,9>0,f+g<0},
Es :={f <0,9 <0}.
By case 1 and 2, Vi € [6], fEl f+gdy= fEl fdu+ fEl gdu. Since f + g, f,g are all integrable and since

US_, E; = Q, the conclusion follows from Theorem 2.2.1.
For (c), observe that by (a),

[isian= [ 1+ +au
=/f+du+/f‘du
[frafrod-l]

The theorem thus follows. O
Theorem 2.2.3. (a) If E € .7 is such that u(E) = 0, then Vf : @ — R Borel-measurable, [, fdu = 0.

(b) Let f,g: 2 — R be integrable and let F :={w € Q: f(w) = g(w)}. If u(E°) =0 then we say f =g
p-almost-everywhere and [ fdp = [ gdu.

(¢) f>0, pae < VAeZ, [, fdu>0.

Proof.

We first consider (a). Let s be simple, then [, sdu = 0. Thus if f >0, [, fdu = 0. Hence [, fdu =0,
V Borel-measurable f.

Now we turn to (c). Let E := {w € Q: f(w) > 0} and assume p(E°) = 0. Note that [,. sdu = 0 for
any simple s. Thus, [ fdu = 0. Thus, [, fdp = [, 5 fdp+ [4p. fdu > 0, VA € .Z. Now suppose
[4 fdp>0,VA € Z. Define B, := {w € E°: f(w) < —1} and observe that E® = U2, B,,. Then Vn € N,

n

0= [ —fduz (B = u(Ba) =0 — u(E)=0.
B n

n

Claim (b) follows by considering f — g and g — f. O

Remark 2.2.4. We may append “p-almost-everywhere” to all statements in Theorem 2.2.2. For example,
if f > g prace., then [ fdu > [ gdp.
2.3 Convergence of Lebesgue Integral

Theorem 2.3.1 (Monotone Convergence Theorem). Let 0 < f; < fo < ... be a sequence of Borel-
measurable functions, f, : 2 — [0,00). Suppose 3f : @ — [0, 00] such that for p-a.e. w € Q, lim, o0 fr(w) =

f(w). Then
/fndu—>/fdu- (2.1)
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Proof.

Let E := {w € Q : limp 00 fn(w) = f(w)} so that u(E°) = 0. By considering f,1g and flg and
noticing that [, fndp = [ fudp and [y, fdp = [ fdp, we may assume without loss of generality that
lim,, o0 frn(w) = f(w) for all w € Q.

For each n € N, 3 a sequence of simple functions 0 < sgn) < sé") < ... such that lim,, s sﬁ)(w) = fun(w),
VYw € Q. (Theorem 2.1.2).

Define t,, := max(sg),...,s%n)), then ¢, is simple and 0 < ¢; < ¢5 < .... Since 5511) < fi < fu,
s < fo < fn, ..., and s < f., we have that £, < f,. Thus,

for all w € Q, li_)m th(w) < f(w).

Moreover, for any fixed n € N and any m > n, t,,, > sgf). Thus, we have that
lim t,, > fn.
m—o0

Since n is arbitrary, Vw € Q, limy, o0 £y (w) = f(w). Thus, lim,,, [t,dp = [ fdu by lemma 2.2.1.
Since Vn € N, [t,dp < [ fodp, it holds that [ fdu <lim, s [ frdp. But, f > f, for any n € N which
implies that [ fdp > lim, oo [ fodp. So [ fdu =1lim, [ fndp as desired. O

Remark 2.3.1. The monotonicity requirement is important. See Example 2.2.1. Theorem 2.3.1 also applies
if0>fi>fo>fs... and f,, = f pae.

We will weaken the non-negativity requirement in the next Lemma but it cannot be completely removed.
For instance, consider functions f; < fo < ... defined in (0, 00) such that

1
falz)=1- oo for z € (0, 00).

Note that for all z € (0,00), limy_o0 fn(z) = 1. However, [° fn(2)dz = —oo for all n.

Lemma 2.3.1 (Fatou’s Lemma). Let h : © — R be an integrable function such that [hdu < oco. Let
f1s f2,. .., be Borel-measurable and suppose Vn € N, f,, < h (f, thus integrable). Then, limsup,, .., fn :
2 — R U {oo} is integrable and

limsup/fndu < /limsup fndp. (2.2)
n—o0 n—oo
Likewise, if [ hdp > —oo and if Vn € N, f,, > h p-a.e., then liminf, , f, : @ = RU{—oc} is integrable
and
liminf/fndu > /liminf fndp. (2.3)
n—oo n—oo
Proof.
We prove the liminf case first. Suppose that fi, fo,--- > h. We note that liminf, . f, is Borel-
measurable by Lemma 2.1.2.
If [ hdp = oo, then, since f, > h for all n and liminf,,_, fn > h, we have [liminf, ,~ f,du = oo and
liminf, o | fndp = co. Thus, we may assume that [ hdy < occ.
Define g,, := inf,,>p, frn — h and g := lim,, o gn = liminf,_, f,, — h so that we have 0 < g; < g2 <
-<g.
For any n € N and any m > n, g, < f,, — h and thus,

[outie< it (== int [ fudi~ [ n

where the equality uses the fact that [ hdy € R.
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Since this is true for all n € N, we have by the monotone convergence theorem that

/liminffnd,u:/ lim gndu+/hdu: lim /gdu—k/hdu < lim inf /fmd,u.
n— 00 n—00 n— 00 n—oo m>n
The liminf case follows by considering — f,, and —h. O

Theorem 2.3.2 (Dominated Convegence Theorem). Let h :  — [0, 00) be Borel-measurable and suppose
J hdp < oo. Suppose fi, fa,... is a sequence of Borel-measurable functions such that |f,| < h p-a.e. and
that 3f : © — R such that for p-a.e. w € Q, f,(w) = f(w). Then, lim,,_, [ frndp exists and

Jin [ fudn= [ sap. (2.4)

Proof.

Forn e N, let B, :={w € Q:|fa(w)| < h(w)} and Ey := {w € Q: fr(w) — f(w)}. Then p(U2  ES) <
2% u(ES) = 0. Let E := Ny E,.

Since f,1g > —hlg, Vn € N, by Lemma 2.3.1,

limsup/fnd,uzlimsup/ fndp < / limsup f,du = /fdu.
E E

n—oo n—oo n— oo

Since —f,1p < hE Vn € N,

lim inf/fd,u = lim inf/ frndp > / liminf f,dp = /fdu.
n—oo n—oo E E n—oo
Hence, the limit exists and is equal to [ fdu as desired. O

Remark 2.3.2. Let A be the Lebesgue measure on (R, Z(R)). If f : R — R is Riemann—integrable, then

f is also Lebesgue—integrable and
/f(a:)dx:/fd)\.
R

In Lebesgue integral, to emphasize the variable over which we integrate, we often write

[ 1@ i)
R
The following theorem is particularly important for statistics.

Theorem 2.3.3. Let (Q2,.%, 1) be a measure space and let © C R be open. Let f : @ x O — R be a
function satisfying

1. f(-,0) is integrable for every 6 € O.
2. (09 f)(-,0) exists and is integrable for every 6 € O.

Let 0y € © and suppose there exists € > 0 such that

sup (00 f)(z, 0)‘ < h(z) forsomeh :Q—R s.t./hdu < 0. (2.5)
06(0076,90*%6)

Then, we have that 6 — [ f(x,0)du(z) is differentiable at 6y and

9 / F (. Bo)dp(z) = / (9 f) (x, 60)ds(x)
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Proof.

Let 6, for n € N be any sequence in (0y — €,00 + €) such that lim, o0 0, = 6y. Define g,(z) =
L0002 J(2.00) o that lim, oo gn (1) = (Daf)(- 60).

Note that for every = € ), by the mean value theorem, there exists 6, between 6, and 6y such that
|9n(2)] = |(Do.f)(x,05)| < h(x). Thus, by the dominated convergence theorem, lim,,_, [ gndu exists and

lim gndu:/ lim g,du
n—oo

- / (06 f) () 00)du(z).

m = Jim - _0</fﬂc9 e /fxaodu >

Since

lim [ g,dpu = lim

and since the sequence {6, } was an arbitrary sequence that converges to 6y, the desired conclusion follows. [

Remark 2.3.3. To check condition (2.5), we usually first check that

[ @0 80)ldn(z) < o0
and then find a function he : @ — R such that [ hedp < co and that

|(Dgf)(x,0) — (Opf)(x,00)] < he(x) for all @ € (fg —€,00 + €) and for all x € Q.

2.4 Push-forward measure and change of variables

Definition 2.4.1. Let )\,M be 2 measures on (§2,.7). If there exists a Borel-measurable function f : Q —
[0, 00] such that VA € .Z = [, fdA, then we say that f is the Radon-Nikodym derivative of y w.r.t. A
and write f = d“ Note that d—“ is unique A-a.e. by Theorem 2.2.3.

Remark 2.4.1.

Theorem 2.4.1. Let A, u be 2 measures on (2, %) and suppose g—’; exists. Then, Vg : Q@ — R integrable

w.r.t. u, we have
/ gdy = / “dA (2.6)

in the sense that if either exists, then the other also exists and they are equal.

Proof.
First let s : Q — [0, 00) be a simple function, with s = > | ¢;14,, for ¢1,¢2,...,¢, > 0. Then

/sd,u:zn:ci,u( Zcz/ d“dA /chh di gy = / j’;dA
=1

Now let ¢ > 0 be Borel-measurable. By Theorem 2.1.2, there exist simple functions 0 < s; < s3... such
that Vw € Q, s,(w) = g(w), and, by Lemma 2.2.1 , [ gdp = lim,_,o [ spdp. Define h,, := sni—’;. Then
0<hy <hy<...and Vw € Q, hy(w) = g(w )d/\( w). Thus, by monotone convergence theorem,

—d)\— lim [ hpdA= lim [ s,dpu= /gd,u.

d)\ n— 00 n—00

Now, if g : Q@ — R is integrable w.r.t. p, then decompose g = g7 — g~ and the claim follows. If gg—’; is

integrable w.r.t. A, decompose gg’; = g*i—’; —-g- i—i and the conclusion holds as desired. O
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Definition 2.4.2. Let (Q,.%,u) be a measure space, let (ﬁ,% be another measurable space and let
f:Q—Qbe 9/§7measurable.
Define a measure fi on F by .
A(B) = u(f/~\(B)), VB ¢ 7.

We call /i the push-forward measure induced by f and write it as u(f). Note: if () = 1, then () (Q) =1

as well.

Example 2.4.1. (a) Let f : R — R be defined as f(z) = ax for some o > 0. Let A\; be the Lebesgue
measure on (R, Z(R)), then for any —oco < a < b < 00,

A ((a,8]) = A (f 7 (a, b))
=M({weR: f(w) € (ab]}) = A((

1 “1 1
(&% y ¢ [a,b] (0%
()

By Caratheodory extension theorem, /\gf) (B) = [5 2d\y, VB € #(R). By Theorem 2.4.1, o = L
So, for any g : R — R Lebesgue-integrable, we have that fgd/\(lf) = [ £dA.

(b) Let f : RP — [0,00) be defined as, Vo € RP, f(z) := ||z||. Let A, be the Lebesgue measure on
(RP, #(RP)). Then, Ya > 0,

A ([0, )) = A ({ € B? ¢ [Je]], < a})
— ) ({r € R? ¢ |Jo]] , < 1}) = 27”

a
= / p2PrP~Ldr
0

= / p2PrP~ A (7).
[0,a]

By Theorem 2.2.1, we have that B — [;2PrP~'dr is a measure on ([0,00),%([0,00))) and by
Caratheodory extension theorem,

VB € #(0,00)), A (B) = / 2PN, (1),
B

By Theorem 2.4.1 CRCARN p2PrP~1. So, for any g : R — R Lebesgue-integral,

odAy
/gd)\(f) = /gprrp_ld)\l(T).

Remark 2.4.2. Let (Q,.#,P) be a probability space. Let X : @ — R be a random variable (Borel-
measurbale function), then we write P(X) as the push—forward probability measure on (R, Z(R)) induced by
X and call it the distribution of X.

Theorem 2.4.2 (Generalized Change of Variable). Let (Q,.%, ) be a measurable space and (ﬁ,%
be a measurable space, let f : Q — Q be a measurable function and ptf) F - [0, 0] be push—forward
measure on €2 induced by f.

Then, Vg : Q — R that is integrable w.r.t. pu(f),

/QOfdu:/gdu(f)
Q Q

in the sense if one exists, both exist and are equal.
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Let us see some examples before we prove this.

Example 2.4.2. (a) Let f : R — R be such that f(z) = ax, Vo € R. Then, Vg : R — R integrable, we

have
oo tan = [gtt@nas = [ gtaryda
and also
/ go fd\ = / gd\(H) (By Theorem 2.4.2)
)
= / d(;\/\ll (By Theorem 2.4.1)
:/gd)\l (Example 2.4.1 (a))
e’
1
= E/g(a:)dat

— / glaz)dz = é / o(z)da.

(b) Let f:RP — [0,00) be such that f(z) = ||z, Vo € RP. Then, Vg : [0,00) = R,

| gosan= [ allel o

D) .
/ go fdr :/ g, :/ g——dhi =/ g(r)p2PrP~ dr.
Re [0,00) [0,00) d>‘l 0

but also

For example,

/ lell% Ly, <1}d$—/ 1 <yp2Pr?dr

rP+2 1 D

1
= [ rPTp2Pdr = p2r = 2P
/0 b b p+2l0 p+2

As another example,

oo
/e_”w”wdx:/ e "p2PrP~ldr
RP 0

= p2'(p) = pl2".
So x +— p!%e’”w“oo is a density on RP.

Remark 2.4.3. Let (2,.%,P) be a probability space. Let X : Q — R be a random variable (Borel-measure
function), then Theorem 2.4.2 implies that, for any Borel-measurable g : R — R,

Blg(X)] = |

Q

9(X (@) dP(w) = / o()dPX) (z)

and, writing Y = go X : Q@ — R and Id : R — R as the identity, Id(z) = z, E[g(X)] = E[Y] = [,Ido YdP =
JeydP(y).
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Proof of Theorem 2.4.2. -
Ifs=>", clz : Q— [0,00) is simple, for ¢1,ca,...,c, > 0 and disjoint Ay, Ag,..., A, € F, then
(so f)(w) = s(fw)) =c if Fi € [n] s.t. we f7HA;) €.Z and 0 else. Thus, so f = > cily iz, and

/5 o fdu= Zn:ciﬂ(f_l(gi)) = En:ciﬁb(f)(gi) = /Sdﬂ(f)-
i=1 i=1

Now let g : Q— [0,00) be Borel-measure, then 3 a sequence of simple functions 0 < 1 < s9 < --- < g of
simple functions such that V& € Q, s, (@) — ¢g(®). Since 0 < sy0 f <sg0 f <--- < go fis also a sequence
of simple functions and Yw € §, s, o f(w) = s,(f(w)) = (go f)(w).

/gofdu: lim /snofd,u: lim /sndu(f) z/gd,u(f).
n—oo n—oo

Now, let g : Q — R be Borel measurable. Decompose g = g — g~ and the conclusion follows from previous
analysis. O



Chapter 3

Radon-Nikodym

3.1 Signed measure

Definition 3.1.1. Let (2,.%) be a measurable space, let A : .F — [—00, 0] be a set function. We say that
A is a signed-measure if it is countably additive, i.e. VBy, Bs,--- € % disjoint,

oo

AUL, Bi) =Y A(Bi).

Note that A(0) = 0 since ) = U2, 0.

Remark 3.1.1. Suppose 34 € .# such that A(A) = co. Then VB € .# disjoint from A, A\(B) > —oo or else
A(A) + A(B) is undefined. Also note that if A C B, it may be that A(A) > A(B). The key result of this
section is to show that 3 measures A* and A~ : . # — [0, oc] such that A = AT — A~ and at least one of which
is finite.

Lemma 3.1.1. Let A : .% — [—00, 0] be a signed measure. Then, 3C, D € .% such that A\(C) = sup{\(4) :
F} and A\(D) :=inf{\(A): Ae F}.

Proof.

First consider the supremum. If 34 € % such that A\(A) = co, then we may take C' = A. We thus assume
AMA) < o VA € 7. Then, 341, Ay --- € F such that A(A,) — sup{\(A) : A € F} and write A := U2 | A,,.
Note Ay, A, ... is not monotone since A is a signed measure. And A(A) # lim,, o, A(A,) since A is signed
measure. We cannot set C' = A.

For each n € N, let o™ € {0,1}" and write

Ay ={w e A:Vi e [n],w e A4 iff o™ (i) =1}.
In other words, A, = Ni_; AF where
. A if o™ (i) =1
AN 4 ifa™M() =o.

Since A,, C A, we have that Uymeqo,13n Aam = A. Note that {A,m) }am o1} are disjoint. Now define,
for n € N, B, = Ugmeqoyn{Aam @ MAgm) > 0} and B, = 0 if A(A,m) < 0 Ya(™ € {0,1}". Since
An = Ugmeqo,1yn{Aam : o™ (n) = 1}, we have that A(A4,) < )\(Bn) (%).

On the other hand, for any m < n, for any 8™ € {0,1}™, a(™ € {0,1}", if o™ (i) = B™) (i) Vi € [m ]
Ay © Agmy, if 3i € [m] such that ™) # BM(E), Aymy N Agim) = (). For example, if o™ (i)

29



CHAPTER 3. RADON-NIKODYM 30

A
D{(\) /\ Mok & codd Vo it
ﬂ(l‘: {.l\; o{m: %n‘}, Bﬁ g Bnﬂ .
A, ANA,
p{h\; 1,0} £ 30 0Y u(‘."‘_— is ) &= fo,04

ANA, Ao [anA) (ANAD0A, (AR N(ANAD

and ,B(m)(’t) = O, then Aa(") g Al and Aﬁ(m) g A \ Ai. Therefore, {Aa(1)}a(1)€{071}, {Aa(Q)}a(2)€{0,1}27
{Aa Fameqoyn form a binary hierarchical partition of A:

Thus, for r > n, U,_, By = B, UE where E € Z is disjoint from B,, and A(E) > 0, Thus, A(U}_, Bx) >
A(Br) + A(E) > A(B,,). Since r is arbitrary, define C,, :== U2 By, and we have A\(C,,) > A(B,)).

Define C := limsup B,, := N5, U2, Bi = N52,C,,. Since A(C1) < oo by assumption and C; 2 Cy 2
Cy---D0C,

A(C) = A(C1) = AMC1\ C) = A(Ch) = MUpZi(Cn \ Crga)}

disjoint
= A(C1) = Y _{MCn) = MCrp1)}
= nleréo A(Ch).

Since A(Cy) > A(Bp) > A(A,,), we have that A(C) > limy, 00 AM(Ap).
On the other hand, A\(C) < sup{A(4’): A’ € F} = lim,,—, 00 A(A,,) implies A\(C) = sup{\(4A"): A’ € F}.
To show that inf is attained, we apply previous analysis to —A\.
O

Remark 3.1.2. If X is a measure, then C'= Q and D = . If 3 a measure p : # — [0,00] and an integrable
f:Q — Rsuch that YA € #, \(A) = [, fdp, then C :={w € Q: f(w) >0} and D :={w € Q: f(w) < 0}.
In general, there is no simple expression for C', D. We will see in Theorem 3.1.1 that we can take D = C°.

Theorem 3.1.1 (Jordan-Hahn Decomposition Theorem). Let A : % — [—00, 0] be a signed measure.
Define, VA € Z, AT (A) := sup{\(B) : B C A,B € Z} and A" (A) := inf{\(B) : B C A, B € Z}. Then,
AT, A7 are both measures on (,.#) and A = AT — A7, We write (|\| := AT + A 7).

Proof.

Let C = argsup A and D = arginf A. (Lemma 3.1.1) If A(C) = oo and A\(D) = —oo, then \(C' U D) =
A(C) 4+ A(D) is undefined. Thus, assume WLOG that A(C) < co and thus VA € #, A(A) < co. It implies
VA, A" € Z, AMA) — A(4') is well-defined.

We note that VA € #, A(ANC) =AC)—AMC\A)>0and N(ANC®) =ANCUANC))—AC) <0.
(%)

We now claim that VA € Z, AT(A) = A(ANC) and A\~ (A) = —X\(ANC®). To see this, let B € .Z such
that B C A, then

AMB)=ABNC)+AXBNCY
AMANC)=AM(A\B)NC)+AX(BNC")

20 by (%) <0 by (x)

<AANC).
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Likewise, we have

A(B) = MANC%) -~ A(A\ B)NC¢) +A(BNC)
| S —

——
<0 by (%) >0 by (x)
> AMANCO).
It is clear that A = AT — A\7. It is then straightforward to verify that AT and A\~ are measures. O

Remark 3.1.3. Note that in the proof of Theorem 3.1.1, for any set C € .Z such that VA € .Z, A(ANC) > 0
and A(ANC¢) < 0, then we may define, VA € F#, A\T(4) = A(ANC) and A~ (4) = N(ANC°). So
VA € F,MC) > NA) and A\(C°) < A(4).

3.2 Radon-Nikodym Theorem

Definition 3.2.1. Let p be a measure and A be a signed measure on (€2,.%). We say that A is absolutely
continuous w.r.t. pu if

VE € Z,u(E) =0 = A(E) =0.

We write A < 1 and also say that p dominates A.
Note that if A, 4 are both measures, we may have A < p and p < .

Remark 3.2.1. Let g be a measure and A be a signed measure on (£2,.%#). Recall, if 3 Borel-measure
f:Q — RU{oco, —oo} such that VA € Z, \(A) = [, fdpu, then % := f is the Radon-Nikodym derivative
of X w.r.t. p. By Theorem 2.2.3 (a), VE € .#, u(E) = 0 implies [}, fdu = A(E) = 0. Thus, if % exist, then
© > A. The Radon-Nikodym theorem say that, when p is o-finite, this condition is also sufficient,

dh .
>\ < — exists.
dp

Theorem 3.2.1 (Radon-Nikodym). Let p be a o-finite measure and A be a signed measure on (2,.%). If
> A, then 3f : Q@ — RU {00, —oco} Borel-measurable such that

VA € Z\(A) = /A fdu.

If g : @ = RU{o0, —o0} also satisfy this property, then f = g p-a.e. If |A| is o-finite, then |f| < oo p-a.e., if
A is a measure, then f > 0 p-a.e.

Proof.
Uniqueness follows from Theorem 2.2.3. To show existence, we proceed in several steps:
Step 1: Suppose i, A are both finite measures, i.e., A, x> 0 and A\(Q), u(Q) < oo. Define

& :={f:Q — [0,00] Borel-meas. s.t. VA € .# ,\(4) > / fdut,
A

and s := sup{[ fdu : f € 4}. We claim Jg € ¢4 such that [gdu = s. Observe that if f.f €%, then,
VA e F,

/f\/fdu=/ ~fclwr/  fdu
A AN{F>F) An{F<F}

SMAULF = O+ MAN{f<f})
=\NA) = fvfe9.
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Now let f1, fa,--+ € & be such that [ f,du — s. Define g, : f1 V fo V...V fn; note that g, € ¢ and
0<¢g1 <gs<.... Define g: Q — [0, 00] such that Vw € Q, g(w) := lim;, 00 gn(w). Then,

/ / n AU (by MC])/ /
Let A S 9, then w S Q,

(9nla)(w) = (914)(w)

= i < AA
= /Agdu by nioT) Agndu_k( )

since A(A) > [, gndp as g, € 4. So g€ 4 and [ gdp =s.

Now fix k € (0,00) and define, VA € .#, A\{(A) := A\(A) — [, gduu. Note that \; is a finite measure and
A1 < p. Since p is a finite measure, g — kAp is a signed measure. By Lemma 3.1.1 and Theorem 3.1.1,
dC € .# such that

VAeZ u(ANC) — kA (ANC) > 0 and u(ANC°) — kA (ANC) < 0. (%)

Thus, VA € %,
1 1 .
/ —lee+gdp=—p(ANC )+/ gdpu
Ak k A
<n(Anc)+ [ g (by ()
A
< A (A4) —l—/ gdp = A(A). ( A1 is a measure)
A

Since [gdu = sup{[ fdu : f € ¥} and 11ce +g € ¢, it must be that [1lcedp = Lu(C%) =0 =
w(C) =0 = X\ (C°) = 0since \; < p. Thus,

1(2) = kA (Q) = p(C) = kA (C) + pu(C°) — kA (CF)
= 1(C) — kX (C) >0 (by (x))

Since k € (0,00) is arbitrary, it must be that A;(Q) = 0. So A (A) = A(A) — [, gdpu = 0 VA € .F as desired.
We may take % =g.

Step 2: p is a finite measure and A is a o-finite measure. Since A is o-finite, A3, Ay, -+ € F disjoint
such that A(A4,) < oo Vn € Nand Q = U2, A,. Define VB € #, \,(B) := A(BN A,). By step 1, Vn € N,
3gn : © = [0,00] such that VB € .Z, \y(B) = [ gndp. Then, VB € .7,

AB) =S B =Y /B gl

oo
= / Z gndp (By MCT applied to Y _| gm)
B =1
So we may take % =3 | Gn.
Step 3: p is a finite measure and A is an arbitrary measure. Let

C:={Ce.z:3cW,Cc? ... ¢.Z disjoint s.t. \(C™) < 00,¥n € N and C' = U2, C™}.

n=1

Note that ) € C so that C is non-empty. Let s := sup{u(A) : A € C} and let Cy,Cs,--- € C be such that
w(Cy) — s. Define C := U2 ,C,,. Note that

n=1

C = (U, CYM) U (U2, 5\ Cr) U (U, C5M A\ (CLuCo)) U .,
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so C € C, which implies s > u(C). But u(C) > p(Cp) = p(C) > limy, oo u(Cr) = s = u(C) = s.
Define .Z¢ := {ANC : A € Z}. Note that .Z¢ is a o-field and ) is o-finite on (C,.%¢). Hence, by Step 2,
3g : C — [0, 00] measurable w.r.t. (C,.%#¢) and ([0, 00], Z([0, >0])) such that

VA€ ZANANC) = / .
ANC

Define g : © — [0, 00| such that Vw € Q,

o(w) = {g(w) ifweC

%) if we C°.

Let Ae Z. If \(ANC*°) = oo, then u(ANC°) > 0, A\(A) = oo and

/gduz/ gdu+/ gdp =00 = A(4).
A ANC ANCe

Now suppose A(ANC°) < oo, then CU(ANC®) € C. Then u(ANC°) = p(CU(ANC?)) — u(C) <0 since
w(C) =sup{u(4): AeC} = pu(ANC?) =0 = AANC) =0 since > A. Thus,

/gdu:/ gdu+/ gdu:/ gdp=AANC) = A(A).
A ANC ANCe ANC

We may then take % =g.
Step 4: p is o-finite measure, A is an arbitrary measure. Let Ay, As, --- € .% disjoint such that U2, A,, =
2 and p(A4,) < co. Define, for any A € .7,

An(A) =AMANA), pn(A) = (AN Ay).

Since A, < [, we have by Step 3 that there exists g, := gz"’

and that 14, = ddLl;‘.
Thus,

: Q — [0, 00]. Moreover, note that p, < p

n

)‘(A) = Z )‘n(A) = Z/Agndﬂn = A ZgnlAndu'
n=1 n=1 n=1

So we may take % = > 1 gnla,. Now, note that if \ is o-finite, then 3 disjoint By, Ba, - -+ € .# such that
A(Bp) < o0 and US2, B, = (). Define E :={w e Q: %(w) = 00}, then,

dA

/ —du=XENB,) YneN
ENB, dM Tt_/

— wW(ENB,) =0 YneN

= u(E)=0.

Thus, we may take % : Q= [0,00).

Step 5: p is o-finite measure and A is arbitrary signed measure. By Theorem 3.1.1, we can write
A= AT — X\~ for 2 measures AT, A\~ one of which is finite. Assume A~ is finite WLOG. By Step 4, 3g1, g2 :
Q — [0,00] such that VA € Z, AT (A) = [, g1dp and A7 (A) = [, godp. Since A~ is finite, go < oo p-a.e.
and thus, g1 — go is well defined, and

AMA) = / grdp — / godp = / g1 — g2dpu (since [, gadp < 00)
A A A

So we may take % = g1 — g2 as desired. O
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Theorem 3.2.2. Let u,n be o-finite measure and A\ be a signed measure.

(a) If w > X and n > p, then n > X and % = % . ‘;—‘;. In particular, if 4 > n, and n < u, then

dp _ (dyy—1
o = (@)
(b) If v is signed measure, and v, A~ are both finite, say, then v + X is a signed measure and p > v and

dlw+)) _ d dA
u»k,thenT—ﬁ—i—@

3.3 Lebesgue Decomposition

Definition 3.3.1. Let pi, uo be measures on (€2,.%). We say that uq, uo are mutually singular if 34 € %
such that p1(A4) = 0 and pe(A°) = 0. We write g Lus. We say that 2 signed measures A1, A2 are singular if
M| L|A2|. (Equivalently, AT LA, A7 LAS, AT LA, A7 LAS).

Lemma 3.3.1 (Borel-Cantelli). Let x4 be a measure and let Aq, Ao, -+ € # such that Y- | u(A,) < oo,

then o w
m (ﬂ U Ak> =0. (3.1)

n=1k=n

Recall w € N52, U2, Ay iff w € A, for infinitely many n € N.

n

Proof.
Observe that for any n € N, p(Ug2, A) < >0 u(Ag). Since > 7, pu(4,) < oo,

0= lim > pu(Ap) = lim (R2,Ar) = p(M5Z URZ,, Ak)-

k=n

Lemma 3.3.2. Let pu be a measure and Ay, Ay be signed measures on ({2, .%).

(a) If Ay Ly and Ao Ly, then Ay + Ao Ly so long as A; + Ay is well-defined. The same applies for countable
sums. (Note that if Aj, Ag < p, then A\ + A\ < p as well.)

(b )\1<<,uiff|)\1|<<,u.

d) If Ay < pand A\ Ly, then Ay = 0.

)
(¢) If A\ < p, Aoy, then Ay LAs.
(d)
(e) If Aq is finite, then Ay < p iff for any Ay, Ao, -+ € F, lim,, 00 (A,) = 0 implies lim,, o0 A1 (4,) = 0.
Proof.
(a) 3A, B € # such that |A1]|(A) =0 and p(A°) =0 and |A\z|(B) = 0 and p(B¢) = 0. Thus,
A+ X2[(ANB) < [M[(ANB) + A/ (ANB) =0

and p(A°U B€) = 0. In the case of countable sums, the argument is identical.

(b) Suppose \; < . Let E € .F be such that pu(E) = 0, then, by Remark 3.1.3, A (E) = sup{\1(B) :
B C E,B € F} = 0 since pu(B) = 0 and thus A\ (B) = 0 for any B € .# that is a subset of E.
Likewise, A] (E) = 0 and we have that |A\;| = A] + A] < p by claim (a). Other direction is obvious.

(c) 3A € F such that [A2|(A) =0 and u(A°) =0 = |A\{|(4A°) =0.
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(d) 3A € F such that [A|(A) =0, u(A°) =0 = |M|(4A°)=0 = |M]|=0 = X\ =0.

(e) Suppose \; < p and let A;, Ay, -+ € F be such that lim, o pu(A,) = 0. Let {ﬁl,ﬁg,...} -
{A;, As,...} be a subsequence such that
lim |A1](A,) = limsup [Ay|(A4,).
n—00 n—oo
Singe lim, oo ,u(gn) = 0, there exists subsequence 1 < n; < np < --- € N such that Vm € N,
/L(énm) < 27" and that lim,,_ o \)\1|(~Anm) = limy, o0 A1 |(Ap). Let A := NS_; U, Ap,. Then
#(A) = 0 by Lemma 3.3.1 implies |A1|(4) = 0. Since |\] is finite,

0=l(A) = lim [M(URAn) > Tim Pl(An,) = lim l(A,) =0,

O

Theorem 3.3.1 (Lebesgue Decomposition). Let p be a measure and A be a o-finite signed measure on
(Q,.%). Then 3 signed measure A\; < u, Ao Lp such that A = Ay + Aa. Moreover, this decomposition is
unique.

Proof.

Let us first prove uniqueness. Assume |A| is finite. If Iy, A < pand Mg, Ao Ly such that A = A\ + Ay =
5\1 + 5\2, then \; — 5\1 = Ay — 5\2 is both absolutely continuous with respect to p and singular to pu. So
Al — AL = Ay — Ay = 0 by lemma 3.3.2 (d). If || is o-finite, then JA;, Ay, --- € .Z disjoint such that |\| is
finite on A,, Vn € N. We may then apply the same argument for each n € N.

Now we prove existence. First assume that A is a finite measure. Define C := {4 € .Z : u(A) = 0} and
s:=sup{A(A): A€ C} <) < oco. Let Ay, Aa,- - € C such that \(A,) — s, then A* := U2, A4, € C and
A(A*) = s. Note that for every B € C,

A(BNA* ) = MBUA*) = \NA*) <0 = A(BNA*) =0 (%)

Define, VA € %, M(A) := A(AN A*®) and Ay := AM(AN A*). We have that A1, A2 are measures and
A=A+ X If E € F such that u(E) = 0, then A\ (F) = 0 by (x) and so A\ < p. Also, Ag Ly since
A2(A*) = 0 and u(A*) = 0. If X is a signed measure such that |A| is finite, then we may apply the same
argument to AT and A~ and obtain the same conclusion.

Now, if A\ is a o-finite signed measure, then 34, As,..., € F disjoint such that |\| is finite on A,
¥n € N. Thus, ¥n € N, 3A™, A such that A <« pand ASY Ly and A = 57°° A1 45722 A Setting
A =3000 A and A := 572 A finishes the proof. O

n=1 n

3.4 Extended Example

Definition 3.4.1. We say that n : [0,1] — {0, 1} is finite point pattern if |[{t € [0,1] : n(¢) = 1}| < co. Let
X denote the set of all finite point patterns on [0, 1]. For any S C [0,1], define n(S) := |{t € S : n(t) = 1}|.
For any B € #([0,1]) and k € Ny, define

Apr:={ne X : n(B) =k}.

Let 4 := o({App,k : b€ [0,1],k € No}) so that (X,¥) is a measurable space.

Let i be the Lebesgue measure on [0, 1]. For a Borel-measurable function A : [0,1] — [0,00) such that
f[o,u Adp < oo, we say that PP, is a Poisson point process if it is a probability measure on (X,%) such that
for any n € N, any By, Bo, ..., B, € %([0,1]) disjoint, any k1, ..., k, € Ny,

PPy, A, k) = [[ PPA(AB,k) = [ |
=1 i=1
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We will formally show the existence of Poisson process later on. We say that A is the intensity function of
PPy.

Proposition 3.4.1. Let PP; denote the Poisson point process with a constant intensity function of 1. Let
A 1 [0,1] — [0, 00) be finitely integrable with respect to the Lebesgue measure . Then, PPy < PP; and

N,
dPPy d
08 g, (1) = D o) 1= [ A

where N, :=n([0,1]) and 71, ...,7n, € [0,1] are the locations of the points.

Proof.
We prove the most basic case where A is a constant, say A(t) = « > 0 for all ¢ € [0,1]. In this case, we
want to show that for any A € ¢,

PP,(A) = /A aNne*"tdP P (n). (3.2)

Note that N, : X — [0,00) is 4/2([0, 00))-measurable and thus the RHS is well-defined.

Define A := {N_ A, x, : n € N,By,..., B, disjoint intervals, k ..., k, € No}. We may verify that
AU {0} is a II-system (closed under intersection). Since ¥ = o(.A), it suffices by the II — A theorem (see
Remark 1.3.1) to show that (3.2) holds for sets in «/. By the definition of Poisson point process, it suffices
to further limit our attention to Ajg ) s for some b € [0,1] and & € No.

To that end, observe that

/ aNel=*dP P (n)
Ajo,b],k

= el—Ol Z / OéN”dP_Pl(’]’])
m=0" A[0,6],cNA,1],m
=e!7* Y aM PP (A N Aw1m)
m=0
=0 k! m)
- (ab)fe=* X a™(1 —b)™ B (ab)ke—ab B
M mX::o e S e

as desired.
We may then prove same result for a simple A and obtain the general conclusion through an application
of MCT.
O

Lemma 3.4.1. Let v, u, A be o-finite measures on (Q,.%). If v < p and v < A, then, writing A = A1 + Ao
where \; < p and Ay L p, we have that v < Ay and

dv dv

A dn

where A € # is a set where p(A°) =0 and A2(A) = 0.

Remark 3.4.1. Let (Q2,.%,P) be a probability space. Let © be a set and let {Py}gco be a family of
probability measures on (R, Z(R)) such that, for some o-finite measure u on (R, Z(R)), Py < p for all
0 e€o.
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For 0y € ©, let X : Q — R be random variable (Borel-measurable) such that P(X) = Py, .

Given independent samples (formalized later) Xi,..., X, the maximum likelihood estimator for 6, is
then
. dPy
6 := argmax log — (X;).
2 s g

Suppose there exists another measure A on (R, %(R)) such that for all § € ©, Py < A. Let A = A\ + Ao
where \; < p and Ay L p, then Py < \; for all § € © and

dby _ dby

d  dh
log 0 _10g W00 _ o WAy ANy AP AN
S I s W S W P B I A

Thus we have that

n

" dPy dPy
log —(X;) = 1 X;
arg;naX; og 0 (X;) = argmaxz 08— (X5).

Therefore, given just one sample 7, we may estimate the intensity function of an imhomogeneous Poisson

process by
N,

arg max Z log A(n;) — / Adp

xeA

where A is some subset of all finitely integrable functions from [0, 1] to [0, 00).

3.5 Data Processing Inequality

Lemma 3.5.1. Let (X,.%, P) be a probability space and let (), %) be a measurable space. Let f : X - R
be .7 /%(R)-measurable and ¢ : X — ) be .F/9-measurable. Recall that o(¢) := {¢~1(B) : B € 4} is
the o-field generated by ¢ and is a sub-o-field of F#

The following are true:

1. If fis 0(¢)/PB(R)-measurable, then there exists g : ) — R Borel-measurable such that f(z) = g(¢(x))
forall z € X.

2. For any f that is .% /% (R)-measurable and integrable, there exists a P-a.e. unique function Ep[f|¢] :
X — R that is 0(¢)/%(R)-measurable such that [, fdP = [, Ep[f|¢]dP for all A € o(¢).

3. If f >0 P-a.e, then Ep[f|¢] > 0. Also, for any a,b € R, Eplaf + b|¢] = aEp[f|d] + b
4. Let r : R — R be a convex function. Then, r o Ep[f|¢] < Ep[r o f|¢].

Proof.
Claim 1 is proved in Lemma 6.1.1. Claim 2 is proved in Theorem 6.1.1 but we repeat it here. We define

A o(¢) = R by
A):/AfdP.

Then, A is a signed measure on (X,0(¢)) and A < P. Hence, we may take Ep[f|¢] = 45
For the first part of the third, claim, note that A is measure if f > 0. Hence, Ep[f|¢] > 0. The second
part follows by noting that for any A € o(¢),

/(af+b)dP:a/ fdP+bP(A):/(aEp[f|¢]+b)dP.
A A

A
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For the last claim, we note that for any z € R,

r(z) = sup h(z).
h:R—Rlinear, h<z

Hence, by claim 3, we have that, for any linear function i < r,

Ep[ro fl¢] = Ep[ho f|¢] = h o Ep[f|¢].
Since this is true for any linear h < r, we have that Ep[r o f|¢] > r o Ep[f|¢] as desired. O

Example 3.5.1. Let (X,.%) = ([0, 1], #([0,1])) with P as the Lebesgue measure and let f(¢) = t.
Let ¢ : & — {0,1} be such that ¢(t) =01if t < 1/2 and ¢(t) =1if t > 1/2.
Then, we have that
o(¢) = {Q)v [07 1]v [07 1/2), [1/2’ 1]}
Note that f is not o(¢)/%(R)-measurable. We claim that
14 ift<1/2

Ep(flel(t) = { 3/4 ift>1/2

Indeed, we have that
/ fdp = Eplf|g]dP = 1/8
[0,1/2) [0,1/2)
[ gap= [ pelsielar =3
(1/2,1] [1/2,1]
Proposition 3.5.1. Let P,Q be probability measures on (X, .%#). Let (J,¥) be another measurable space

and let ¢ : X — ) be #/¥-measurable.
If P < Q, then P(?) < Q@) and

dp(® dp
g 6= 5o 5]
Proof.
By Lemma 3.5.1 and the fact that Eq [gg ¢] is o(¢)/PB(R)-measurable, there exists g : )V — [0, 0]
such that P
= Eo| %ol
goo=Eq { 0 4
We will show that g = gg—ﬁj;i. To that end, let B € ¢, then
dP
POB) = PeB) = [ GdQ
p-1(B) dQ
apP
_ E 4dQ
/¢1<B> ¢ [dQ
:/ go¢dQ:/ng(¢).
¢~1(B) B
The desired conclusion follows. O

Definition 3.5.1. Let f : (0,00) — R be convex. Then, for any s > 0, the function ¢ fO=1(s) 44

t—s
increasing in ¢ and its limit lim; . w does not depend on s. To see this, note that for ¢’ > t,

f@)—f(s) _ t—s f(t) = f(s) n t =t f(t') = f(t)
v —s t—s t—s v—s t'—t
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Thus, we may define the maximal slope of f by

My = lim M: lim @

t— 00 t t—00

€ RU {o0},

where f(0) = limg\ o f() is defined by continuity.
Note that for all s, € [0,00), we have that

fls+1t) < f(s) + tM;.

Definition 3.5.2. Let P, @Q be two probability measures on (X,.%). Write P = P; + P, where P; < @ and
P, 1 Q. Given a convex function f : (0,00) = R with f(1) = 0, we define the f-divergence

D,(PQ) = [ 15 )data) + Py,

Note that, by Jensen’s inequality,
Dy(P,Q) = f(P1(X)) + P (X) My = f(P1(X) 4+ Po(X)) = 0.
Note also that, for any ¢ € [0,1],
Di(tP + (1 —t)P,tQ + (1 —t)Q) < tD;(P,Q) + (1 — t)D;(P, Q).

Example 3.5.2. 1. Let f(z) = zlogx so that M; = oco. Then,

Df(P,Q)—{ Jylog(ig)dP if P < Q

00 else .

This is known as the KL—divergence.

2. Let f(x) = 2% — 1 so that My = co. Then,

2 .
Df(p,Q)_{ Jx(§5)7dQ i P<Q

Q
00 else .

This is known as the y?-divergence.

3. Let f(x) = (/2 — 1) so that M; = 1. Then,

Df<P,Q>:/X(@ 1) = [ (5 - \/52) o

where v is any measure that dominates both P and @, for example P + (). This is the square of the
Hellinger distance.

4. Let f(z) = |x — 1|/2 so that Mf = 1/2. Then,

dpP, dP d
biro)- [ 1[0 Q|

1‘dQ+ SPy(X) = / -t

where v is any measure that dominates both P and @, for example P + ). This is known as the total
variation distance.

Theorem 3.5.1. (Data Processing Inequality)
Let (X,.%) and (),¥) be measurable spaces and let ¢ : X — ) be .#/%-measurable. Let P, @ be two
probability measures on (X, #). Let f : (0,00) — R be convex. Then,

Dy(P,Q) > Dy (P, Q).
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Proof.

Write P = P; + P, where P < Q and P, 1 Q. Note that by ..., P1(¢) < Q). We write P2(¢) =
[P2(¢)]1 + [P2(¢)]2 where [P2(¢)]1 < Q¥ and [P2(¢)]2 1 Q). Thus, we have that P1(¢) + [P2(¢)]1 is the part of
P(®) that is absolutely continuous with respect to @ and that [P2(¢)]2 is the part that is singular.

Then, we have

(Pa= [ re ° g 10 + PAX) M
[l
z/foE[

dP (¢) %)
-/ s de 0 0dQ -+ PY (V)M;

a5 ¢] dQ + Po(X)M;

— ¢] dQ + Po(X)Mj

= [ 1°5 de) PO )M; + [Pa(0) M
d (¢) d ()
/ / °dg<¢> My 522 Q)+ Py

dP; (#) d[P(¢)]1 o
§ /yf (dQ(¢) - déw )dQ(¢)+[P2 J2(V) My

dp(®
Z/yf W0 dQ(¢)+[P<¢)] (V)My = Dy(P®) Q).

as desired. O

Theorem 3.5.2. (Fano’s Inequality)
Let P, Q be probability measures on (§2,.%). For any A € %, we have

KL(P, Q) + log 2
—logQ(A)

Let M € Nand let I : Q — [M] be .7 /2[M]_measurable. For each i € [M], define A; = {w : I( )=i} €
Z and assume that P(A;) = Q(A;) = 1/M. Define probability measure P; on (2, .%) by A — ]Pf?QA) D for
all A € .Z. Define Q; similarly.

Let (X,¥) be a measure space and let X : Q@ — X be .#/%-measurable. Let ¢ : X — [M] be
¢ /2M]_measurable. We have that

P(A) <

¥4 Zi\; KL(PEX)» QEX)) +log2
—log Q(¢(X) = 1)

P(p(X) = 1) <

In particular, if Q = QW) for all i, then

X
P(p(X)=1) < ﬁ Zi\i1 KL(PE )»Q(X)) + log 2
B log M :

Proof.
First, we observe that for any p,q € [0, 1],

1- 1 1
plogng(lf )log1 §>p10g +plogp+(1—p )log(lfp)ZploggflogQ.
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Then, we have that

P(A)log —log2

1
Q(4)
< KL(Ber(P(A)), Ber(Q(4))) < KL(P, Q).
where we applied the data processing inequality with the transformation 1 4.

For the second claim, we note that

M 1 M

P(¢(X) =1) =D P{$(X) =i} NA4) = MZR—(MX) =1).

i=1 =1

i=1

M
= % DKL (Ber(®; (6 = ), Ber(Q{™ (6 = )))

=1
1 2 : (X) nX)
< — KL (P} )
= M p ( 7 7@2 )a

where we applied the data processing inequality with 14—;.
For the last claim, we note that

1 & ol E k1
QoX) = 1) = 37 > Qu(e(X) =i) = 37 > Q7 (9 = 1) = -



Chapter 4

Measures on Product Spaces

4.1 Product o-field

Definition 4.1.1. Let (Q1,.71) and (Q2, %3) be measurable spaces. If A; € F1, Ay € Fa, we call A; x Ay :=
{(wi,w2) : w1 € A1,ws € Az} a measurable rectangles. We call .7 := o({A; X Ay : A1 € F, Az € F}) the
product o-field (o-field generated by measurable rectangles), denoted by F = 7 ® Z».

If we have (Q1, %1),...,(Qn, Fn), then we define & .= F#1 Q- - F, =c({A1 x - xA,: A; € F,,Vi €
[n]}).

A common notation for product o-field is .#; x .%5. This can be misleading.

Lemma 4.1.1. The set of measurable rectangles A := {A; x Ay : Ay € F#1, Ay € Fo} is a semi-ring. () € A;
QeA Ac A BeA = AnBe A; A\ B=UEK C, € A disjoint). Likewise for products of n o-fields.
As a consequence, {UY_ R, : N € N, Ry,..., R, € A disjoint} is a field.

Proof.
Let Al X AQ, A/l X gg S A, then (Al X AQ) N (A/l X 2[2) = (Al N ;{1) X (AQ n 12[2) e A AISO,

(A1 x Ag) \ (A1 x A) = {(A; NAS) x (Ay N ASYU{(A1 N Ay) x (A3 N AU {(Ay NAS) x (Ay N Ay)}.

It is clear that @ = 0 x ) € A and Q1 x €y € A. The n-product case follows similarly or through induction,
by first proving that % ® %5 ® %3 = F1 R (Fa @ F3). O

Lemma 4.1.2. Define m : Q1 X Qo — Q; as, V(wy,ws) € Q1 X Qg, m1 (w1, ws) = wy and mg : Q1 X Qo — Qo
similarly. Define

o(m,m) = {4 : 4 o-field VA, € Fy, 7 (A1) € 4,VAy € Ty, m; ' (Ay) €4}
as the o-field generated by 7y, 2. Then, we have that
0’(’/T1,71'2) = ﬁl (24 3\2.

Proof.
For any A, € %, and A; € 5, we have that

7T1_1(A1) =A; x 0y € 7R F
W;l(Al) = Ql X A2 S yl ®f2,

Hence, m is %#1/.%1 ® Fo-measurable and 7y is Fo/ %1 ® Fo-measurable and we have that o(m,m) C
F1 QR F.

42
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On the other hand, for any A; € %, and Ay € %5, we have that
7T1_1(A1) N 7r2_1(A2) = Ay X Az € o(my,m2).
Thus, fl®ﬁQC0(7r1,7rg). O

Lemma 4.1.3. Let C € %1 ® %5 and let wy € Q. Define the section C(wq) := {ws € Qs : (w1, ws) € C} C
Qy. Then C(w;) € F.

Proof.
Fixw; € % and define 4 = {C € F,®.%5 : C(w1) € F2}. Note that 0, Q3 x Qo € 4. Let C1,Cq--- € Y.
Then,

(UnZ1Cp)(wr) i={w2 € Q& (w1, w2) € Uy Cp}
=UpZ {ws € Qo : (w1,w2) € Cp}
=Upl Cp(w1) € o = UL, €C.

Finally,

(Cl \ Cg)(wl) = {CUQ € Qg (o.)l,WQ) € C1 and (CUl,CdQ) ¢ CQ}
= C’l(wl) \Og(wl) € F = (1 \02 eC.

Thus, C is a o-field. Since all sets of the form A x B € C for A € .%; and B € %5, we have that C = 7, ® %>
as desired. O

4.2 Markov Kernels

Definition 4.2.1. Let (©4,.%1) and (€2,.%3) be measurable spaces. We say K : Q1 x %y — [0,1] is a
Markov kernel if

(a) Ywr € Q1, K(w1,*) : F2 — [0,1] is probability a measure.
(b) VB € %5, K(+,B) : Q1 — [0,1] is %1 /%([0, 1])-measurable.
We say that K : Q1 X Fo — [0,00] is a o-finite kernel if there exists disjoint Ky, Ks,... € % such that
(a) Ywr € Q1, K(w1,* N K,) : F2 — [0,1] is a probability measure for all n € N.
(b) VB € %5, K(+,B) : Q1 — [0,00] is %1 /%B(]0, 00])-measurable.

Remark 4.2.1. As a trivial example, any probability measure pug on (g, %) induces a Markov kernel
through K (w1, B) := u2(B), Ywi € Q1, B € F#,. Markov kernels are also called regular conditional proba-
bility.

Theorem 4.2.1 (Fubini-Tonelli). Let (Q1,.%1, u1) be a measure space with p; being a o-finite measure, let

(Q2, F2) be a measurable space, and let K : Q; x Fo — [0, 00] be a o-finite kernel, then 3 a unique o-finite
measure y : ¥ ® Fo — [0,00] such that VA € F1, B € Fo,

w(Ax B) = /Ag{(wl,B)dm(wl). (4.1)

Moreover, for any f: 1 x Qg — [—00, 00|, Borel-measurable, we have

|osan= [ et endi ) (42)
Q1 X0 Q JQ2
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Proof.

Note that (4.1) is well defined since K (+, B) : Q1 — [0, 00| is Borel-measurable. If we can show that (4.1)
extends to a o-finite measure on (21 x Qq, F; ® %), then uniqueness follows then from Lemma 4.1.1 and
Caratheodory extension theorem.

We first assume g1 is a probability measure and that K is a Markov kernel.

For C € % ® 5, we write

() = K (w1, C(wr))dpr (wr),

(951

and claim that fi is a well-defined probability measure. Note that C(w;) € F2 by Lemma 4.1.3 so that
K (w1, C(wr)) is well-defined.

Step A: We claim that wy — K (w1, C(w1)) as a function ©Qy — [0, 1] is Borel-measurable so that f is
well-defined. To see this in general, define

C:={CeF ®F:w +— K(w,C(w)) is Borel-measurable}

Note that A C C (A is the set of measurable rectangles) since VA € %1, B € F,, we have wy — K (w1, (4 x
B)(w1)) = K (w1, B)1 4(w1), which is Borel-measurable.
If C1,Cs,...,C, € C are disjoint,
n
wi = K (wr, (U, Ci)(wr)) = K (wr,Up, Ci(wn)) = > K(wi, Ci(wr))
—_———

=1 vign],wie p(wi,Cs (w1))
is Borel Meas.

is Borel-measurable. Thus, U ,C; € C. Likewise, if C' € C, then for any wy € Qq, (C%)(w1) = {w2 € Q-
(wi,w2) ¢ C} = C(w1)*. Thus,

w1 = K(wi, (C)(wr)) = K(w1,C(wr)¢) =1 — K(wy, C(wr))
is Borel-measurable. So C{ € C = C contains field generated by A. Now let C; C Cy C --- € C, then

w1 = K(wr, (U2 1C) (wr)) = K(wy, U2 1 Cp(wr)) = i_>m K (wy,Cr(wr)) (since Ci(wy) C Ca(ws) C...)

n—oo

is Borel-measurable by lemma 2.1.2. So U2 ,C,, € C. Likewise, if C; D Cy 2 --- € C, we have N2, C,, € C.
Thus, C is a monotone class and by monotone class theorem (Theorem 1.3.1), C' = % ® %. Thus,
w1 — K(w1,C(wq)) is Borel-measurable.
Step B: We prove that [i is a probability measure. Let C1,Cs - -+ € #; ® F5 be disjoint, then

AU, C) = / K (w1, (U221 Co) (1)) g (1)

= [ K(wi,UpZ Cn(wr))dp(wr)
Q1

= Z K (w1, Cp(wy))dpr (wr) (note that Cy(wy), Ca(wy),... are disjoint)

91 n=1

== Z / f]{(wl, C’n(wl))d,ul (wl) (by MCT)
n=1 221
o0
= Z fi(Ch).
n=1
Since (@) = 0 and (2 X Q2) = 1, i is a probability measure. Since fi agrees with (4.1) on measurable
rectangles, we see that fi is the unique extension of p.
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Now let p; be a o-finite measure on (€4,.%1) and let K be a o-finite kernel. Let Ay, As,... € %] be a
partition of Q; such that ugn) (+) :=p1(*NA,) is a probability measure for all n € N and let K1, K»,... € %,
be a partition of Q5 such that for all w; € Qy, K(wq,» N K,,) is a probability measure.

Then, for any pair (1m,7n), there exists a probability measure x(™™ on Q; x Qs such that p(™™ (A,, x
K,) = 1, such that, for any A € .#; and B € Fy, u(™™ (A x B) = [, K(w1,BNK, )du(m)( 1). We define
= Zm,n ™) and observe that for any A € %, B € %,

(A x B) ZZ/G{wl,BmK )™ (wy)

m=1n=1
= Z/ K (w1, B L )dm(m)
1(w1)
~———
T, (wi)

= / K (w1, B)dp (wr),
A

as desired.
Now we prove (4.2). Let s = > | a;1¢, be a simple function with a1, as,...,a, > 0and C1,Cs...,C, €
F1 ® Fo disjoint. Then

[ = Zw )= ai [ K, Ciwn))dpu ()
QIXQQ

= Jou

7

/Q / S sl o (2)AK (w1, ) (w2 ()

2 4=1
_ /Q | /Q sl ) A e, ) ()

Now let f: Q5 X Qs — [0, 00] be Borel-measurable, then 3 0 < s < 55 < ... simple functions such that
V(wi,w2) € Q1 X Qa, 8y (w1, ws) = f(wr,ws). Then

/ fdp = lim spdp
Ql XQQ

n—=00 [ %0,

ai/ / Lo (wy) (w2)dK (w1, + ) (w2 )dp (w1)
Q1 JQo

I
INNgEN

= Jim [ | / s 2K () w2) (1)

n—oo

/ / hm Sn wl,wg)) dK (w1, ) (w2)dp (wr) (by 2 applications of MCT)
(o5

n—oo

— [ ] Fenendten e ().
Q1 JQo
Finally, suppose f : Q4 X Qs — [—00, 00| is Borel-measurable. Let f = fT — f~.

/ fdp = / frdu —/ fdu (Assume [, o f7du < oo say)
Ql XQQ Ql XQQ Ql XQQ

=/ f+(w17w2)d9{(wh')(wz)dul(wl)—/ [ (w1, wa)d K (w1, ) (w2) dpr (w1)
Q1 JQy Q1 JQ2

Ll.)l*—)fﬂ2 f7 (wl,wQ)dﬂ((wl,-)(wg)
must be finite pi-a.e.

=/ S (wi,wa) = f7 (wi, wa)dK (w1, ) (wa)dpa (wi).
Q1 J Qs
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Remark 4.2.2. If Vw; € Oy, K(w1,+) = pa(+) for some probability measures ug on (Qq,.%3), then we call
u the product measure on (21 X Qq, F1 ® F2).

The classic Fubini Theorem is a special case of Theorem 4.2.1: Let u1, uo be probability (can be extended
to o-finite) measures on (,.%#1) and (2, .%2). Then, for any f: Qy x Q3 — [—00, 00| Borel-measurable,

/ fdu=/ fwri,w2)dpg(we)dp (wr)
Q1 %O 0, Ja,
:/ f(wr,wa)dp (wi)dpz(ws).
2 Ja,

Example 4.2.1. Fubini’s Theorem, in addition to being fundamental in defining probabilistic dependence,
also has applications in simplifying calculations.

In this example, we show that if (2, %, P) is a probability space and X : Q — [0, o] is a random variable,
then [ XdP = [;°P(X >t)dt. Observe that

/ XdP = /O OodeP’(X)(x)
:/000(/000 ]1(t§a;)dt) AP ()
:/Om(/toode)(a:)) dt

:/OO]P’(th)dt.
0

Example 4.2.2. We will use Fubini’s theorem to derive the following bound: TV(N(0, I,), N(u, Ip)) <
1v \/% [lee]|5. Let Ap(+) denote Lebesgue-measure.
First we show the following: if P, Q are probability measure on R? with densities p, ¢, then

TV(P,Q):= sup [P(A)—Q(A)]
AcB(RP)
= sup /p—qd)\p
AcBR) |J A

:max{/ p — qdAp, q—pd)\p}.
{r>q} {g>o0}

But,
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So TV(P,Q) = 3 [ [p — qld),.

TVNO. L) N 1) = 5 [ o :0.1) = pla s 1) da

1 H2

—Llz—pull?
— e 2H:E /4'”2 dx

—t
/O e Lt a2, 1 a—p)2ydtde

P
1 o [T ..
:5(277) 2/0 e AP ]l{tG[%HIH;%HI*HHE]}dxdt (Fublm)
(2m)% >
- e N {BONVOABR VD at
0
B(0,v/2t)UB(,v/28)\{ B(0,v/2t)NB(1,v/2t)}
B
2m)" 2 [*°
< B0 (7 etz ully Ayt {Bya0,vED b
0

= (2m) % [llly Ap-1(Bp-1(0,1)) /O et 20

P 2 p—1 ].
—(n) 5T QTF(p;

) Ml

Theorem 4.2.2. Let (21,.%1),...,(Q,,%#,) be measurable spaces and suppose, for every j € [n — 1],
{(wi,...,wj), Bjs1} = P(wi,...,wj, Bjg1) : (1 x -+ x Q) x F;11 — [0,1] is Markov kernel w.r.t. % ®
Fo @ ---®.F;. Let py be a probability measure on (€4,.%#1). Then 3 unique probability measure P on
(U X xQ, F1 Q- QF,) such that VA, € F,..., A, € F,,

P(A; % - % Ap) :/A/A (/A dP(wl,...,wn_l,-)) AP(w1, -+, wne2,)(Wne1) - - . dpr (1)

Moreover, for any Borel-measurable f: Q x -+ x Q,, = [—00, 0],

[ pan= [ [ o)) @n)dP o2 )nnn) ).
Q1 X...0, Q Qn

Proof.

We use induction. The n = 1 case is trivial. Assume then what 3 unique probability measure P on
(U X+ X Qp1,F1 Q-+ ® F,_1). Then we may use Theorem 4.2.1 to obtain a unique a probability
measure Pon (21 X+ xXQp_1)xXQ, = X+ xQpand (F Q- QF_1)0F, = F1Q---QF, satisfying
the desired properties. O

4.3 Countable Product Space

Definition 4.3.1. Let (2,,.%,) for n € N be measurable space. For any subset S C N, we define project
75 [ Len @n = Tlies O by
mg(wr,we,...) =ws
where wg = (wk)kes is the subsequence of (wy,ws,...) indexed by S.
We say that C' C HZO:1 Q, is a measurable cylinder if there exists a finite S C N and Bs € ®Qpnecs-Fn
such that C' = 75" (Bg) = {(w1,w2,...) € [0, U : ws € Bs}. We call (S, Bg) the base of C.
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For S C N, Bs C ®necsFn, we also write C(S, Bg) C Hflozl ), as the measurable cylinder generated by
base (S, Bs). If Bs = [],,cg An for A, € #,, then we call C' a rectangular cylinder. Note that if C' is a

rectangular cylinder, then
C =g (H Ak> = () 7 ' (Aw),

keS kes

for some finite S C N and Ay € %, for all k € S.
Let A := {r5" (I[1cs Ax) : S C N finite, Ay, € Fy, k € S}. Then we define ®22,.%, := o(A).

Remark 4.3.1. Let S; C Sy C N be finite. For any Bg, € ®ues, Fn, define 75,(Bs,) == {@0 € [[,,cq, n :
s, € Bs,} € ®nes,Fn as the embedding of Bg, C Hnesl Q,, into Hnes2 Q..
For example, if S; = {2}, S = {1, 2,3}, then 75,(Bs,) = 21 x Bg, x Q3. We note then that 7T§11(BSI) =

75, (75,(Bs,)).

Lemma 4.3.1. Define % := {C(S, Bg) : S C N finite, Bs € ®pes-Fn}. We have A is a semi-ring and A is
a field (not necessarily generated by A). Moreover,

QkenTFk = 0(A) = 0(B) = o ({7s} finite scn) = o({Tk tren).

Proof.

We first show A is a semi-ring. Note that [] >, Q, = C({1},€1) € A and that 0 =0 x [[>2,Q, € A.
Let ngl(le),ﬂgzl(Bsz) € A for 51,52 C N finite and where Bg, € ®Qnes,Fn and Bg, € Qnes,-Fn are
rectangles.

Let S = 51 U Sy, then ngl(le) = 75" (1s(Bs,)) and 7r§21(BSQ) = m5 ' (1s(Bs,)). Since 75(Bs,)) and
7s(Bs,) are rectangles in [],,.g @y, we have that 75(Bs,) N 7s(Bs,) is a rectangle and thus, mg ' (ts(Bs, ) N
Ts(Bg,)) € A. Likewise, 7s(Bs, ) \ 7s(Bs,) is a disjoint union of rectangles by Lemma 4.1.1 and hence,

75! (15(Bs,)) \ 75 (15(Bs,)) = 75 ' (15(Bs, ) \ 7s(Bs,))

is a disjoint union of sets in 7. So A is a semi-ring.

Now, let wgll(Bgl), 7r§21(BSQ) € A for 51,5 C N finite and Bg, € ®necs, Fn, Bs, € Ones, Fn. Then,
wgll(Bgl) UWSTZI(BSQ) = 74" (15(Bs,) UTs(Bs,)) € B where S = S; U Sy. Moreover, [[2°, Qn\ﬂgll(Bgl) =
7o (Tyes, )\ Bs,) € 2.

Now, it is clear that o(A) C o(%). For any S C N be finite and any Bs € ®kecsFi, we have that
75" (Bs) € 0({ms}nite scn). Hence, 0(%) C o({7s}inite ScN)-

Now, let S C N be finite and define ¥ := {B € ®kesFy : 75 (B) € o({mk}res)}. It is straightforward
to verify that ¢ is a sub-o-field of ®recs.-#, and that for any A, € %, we have that ”gl(nkes Ag) =
NkesTy, ' (Ag) and thus [Tics Ax € 4. Therefore, 4 = ®res-Fr and hence, g is o({mx }ren)/ Ores Fr-
measurable. ThllS, O'({Trs}ﬁnite SCN - O'({ﬂ'k’}kEN)-

Finally, since, for any k € N, the projection 7y, is 0 (A)/.#i-measurable, we have that o ({7 }ren) C o(A),
which completes the proof. O

Theorem 4.3.1. Let Q@ = [[>2,Q, and .Z = ®32,%,. Suppose, for every n € N, 3 Markov kernel
{(w,...,wn), Brs1} = P(wi, ... wn, Bpy1) € [0,1] for (wi,...,wy) € [Ti; Qs and Byy1 € Fpi1.

Let p11 be a probability measure on (€1,.%#1). Then, 3 unique probability measure P on (£2,.%#) such that
for any S C N finite and Bg € ®pc5.%,, with m = max S,

P(r5"(Bs)) = P(m;(7im)(Bs))

/ / ]lT[m](BS)(wl,...,wm)dP(wl,...,wm_l,-)(wm)...dpl(wl). (43)
(951

m



CHAPTER 4. MEASURES ON PRODUCT SPACES 49

Proof.
First we show that (4.3) is well-defined. Note that if we let 7 > m := max S, then

ILT[,;L](Bs)(w:l? sy Wmy Wmt1, - - - 7("}77’1) = ]]-T[,,,L](Bs)(wla s 7wm)~

Thus

)

/ / ]lT[m](Bs)(wla"'7wm)dP(w17'"7wm—17')(wm)"'d;u’l(wl)
Q Q

m

:/ / 17[7n](33)(w1,...7wm) {/ / dP(wl,...,wTh1)...dP(w1,...,wm,-)(wm+1)}
951 Qp, Q41 Qi

=1

dP(w1, ., wWm—1,*)(wm) ... dpg(wr).

Let C = C(S, Bg) = C’(g, Bg) for S, S C N finite and Bg € ®nesFn and Bg € ®, .5%,. Then, writing
m = maxSUg, it must be that T[m](Bs) = Tim] (Bg) Thus, P(C(S, Bs)) = P(C(g, BS)) = P([ ],T[m] (Bs))

By Lemma 4.3.1, we need only show that P : £ — [0,1] is a pre-measure, i.e., countably additive. Let
C1,Cs,...,C, € & be disjoint with C; = C(SZ, BS ) Vi € [n]. By letting m := max U’ |S;, and embedding
Bg, into [m] as 7y,,(Bs,), we have that P(Uj_,C;) = >, P(C;

Let C1,C5, -+ € A be disjoint. Write C' = U°° > ,C), and deﬁne C1 C\ Cy, 52 =C\ (C1UCy), ....
We claim that lim,,_, P(én) = 0; Since

n
P(C) = P(Cy) + P(C1UCy---UC,) = P(Cy) + > P(Ci) VneN,

=1

this claim implies P(C) = limy, o P(C,) + > P(Cy) = 3272, P(Cy). To see the claim, note that Ci 2
Cy 2 Cy... and N2 ,C,, = 0. Let us write C,, = C(Sp, B, ) for S, C N finite and Bg, € ®jcs, ;. By
taking embeddings if necessary, we may assume S; C Sy C ... and define m,, := max.S,.

Now, define, for n € N, gy(ll) : Q1 —[0,1] as

(1) (1) /Q / Tlmn] (Bsy) (wh""wmw')dP(wla-'-’wmnfl)(‘*}mn)-'-dP(Wh’)(w?)a

so that le gﬁ,l)(wl)d,ul(wl) = P(C(Sy, Bs,,)). Since C,, D Cpy1, we have that
Lo (Bs) (Wi, Wim,) 2> lf[vnn+1J(BSn+1)(W1’ e Wiy e Win 1 )-

So ggl) > gél) > .... Thus, 3h : Q1 — [0,1] such that Yw; € Q4, g (wl) — h(l)(wl) and by Dominated
Convergence Theorem,

lim P(C,) = lim [ ¢Wdu = / AV dp, .
(951

n— o0 n—oo Ql

Suppose for sake of contradiction that lim,, .o P(C~’n) > 0 then let E; = {h1 > 0} € %#; and we have
u1(F1) > 0 and hence E; # (). Note that Vw; € By, {w1} X Qa2 x Q3---NCy # 0, or else g( )( 1)=0 =
hl (wl) =0.

Now, define, Vn € N, g&z) 1 x Q9 —[0,1] as

gg)(wl,u&):/ / Ly (B, (@1 - o @m, )JAP (W1, @iy —1,2) (Wi, ) - - dP(w1, w2, +) (w3),
Q3 Qm

so that gl =Jo, 9 2 (wi,wo)dP(wi,+)(ws). ()
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By same argument, we have that 952) > g§2) > ... and gg) — h® for some h(? : Q) x Qy — [0,1].
Define Ey = {h(2) >0} € 71 ® F2. By (%), Yw € Oy,

B0 (wr) = Tim gD (1)

= lim g,(f) (w1, w2)dP(wi,+)(w2)

n—oo QZ

/ h?) (w1, w2)dP(w1,+)(w2). (DCT since gﬁf) <1
Q2

Note Yw; € Ql, EQ(W1) = {wg : (wl,oug) S EQ} 7é 0. So 7T1(E2) = {w e 0O : 3(&)1,0.12) € EQ} = F; 75 0
and ma(Fs) # 0. Also, V(wi1,ws) € Fa2, ((w1,w2) X Q3 X Qg X ...) N 52) # () or else 952)(w1,w2) =0. So
h(2) (wl,wg) =0.

By repeating this argument, we have F; X Q5 X Q3 X -+ D Fy x Q3 x Qy--- D ..., and

° VnEN, (En XQn+1 xQn+2...)ﬂC~'n ¢®,
o Vn €N, Vm < n, mpp(En) = Eyy and mp, (Ey) # 0.

Define E := N5 (Ey X Qug1 X ...) C [[io; Q. Since, Vm € N, 7, (E) = N3 T (En X Qg1 X ...) # 0,
we have that F # 0 by the axiom of choice. Observe

weE = {w}n(N,C) #0,VneN = wenX,C,.

But, N2, C,, = 0 leads to contradiction. It must be that P(C,) — 0. O

4.4 Probability Measure on Metric Spaces

Definition 4.4.1. Let X’ be a set. We say that d : X x X' — [0, 00) is a metric if Vz,y, 2 € X,
(a) d(z,2) <d(z,y) +d(y, 2),
(b) d(z,y) = d(y,z),
(c) d(z,y) =0 <= z=y.

We call X := X; a metric space. Write, for x € X, r > 0, B(z,r) := {2’ € X : d(x,2’) < r} as the open ball
around x and B(z,7) := {2’ € X : d(x,2’) < r} as the closed ball around z.

We say that A C X is open if Vo € A, 3¢ > 0 such that B(xz,e) € A. We say A C X is closed if A€ is
open, e.g. if z € X satisfy Ve > 0, B(xz,e) N A # ), then = € A.

We say that A C X is compact if for any collection of open sets {A,},cr such that A C U,erA,, 3 a
finite subset {v1,...,7n} C I such that A C U}, A,, as well.

Given a metric space Xy, we say % is the Borel o-field if

F = o({open sets}) Borel o-field.

Example 4.4.1. Examples of metric spaces:

o Vp, R? with d(z,y) := ||z — yll,, Yo,y € RP is a metric space. We can also take d(z,y) := |z -y,
Vg € [0,00) and d(z,y) = 1 A ||z — y||, for a bounded metric.

o Let X = C0,1] be the set of continuous functions [0,1] — R. Let d(f,g) = sup,cp,1 |f(x) — g(z)],
Vf,g € X, then X; is a metric space.
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e Let P be the set of all probability measures on some measurable space (£2,.%), and let d(P,Q) =
TV(P,Q) :=supycz |P(A) — Q(A)|, VP, Q € P, then Py is a metric space (although TV is often not
a useful metric).

e Let PCX = RY and for z = (z1,22,...), ¥ = (Y1,¥2,--.), let dunie(®,y) := suppey |26 — v A 1
and dpoint(z,y) = Z,;“;l 27|z, — yx|, then PCXy is a metric space for either dypir or dpoint. Let
z, 2 23 be a sequence of functions in RN. Then,

VkeN, nhﬁn;(} z,(cn) = & nhﬁn;o dpoint(x(”), x) =0.
In this case, we say that dpeiny metrizes pointwise convergence. Notice that (") — 2 pointwise does
not imply that dynip(z(™,z) — 0.
Lemma 4.4.1. Let X be a metric spaces.
(a) Open balls are open; closed balls are closed.
(b) If {A}yer are open, Uycr A, is open and if T is finite, N,erA, is open.
(c) If {A,}er are closed, then Nycr A, is closed and if T' is finite, Uyer A4 is closed.

Partial Proof.
(a) lety € B(x,r) and let 7 = d(x,y) < r. Then, we have that Vz € B(y,r—7), d(z,z) < d(z,y)+d(y, z) <
r. So z € B(z,r) and hence B(z,r) is open.
Now suppose y ¢ B(z,r), then r, = d(z,y) > r. Vy' € X such that d(y,y’) < r, —r, we have
d(z,y") > d(z,y) — d(y,y') > r. So B(y,ry, —r) C B(z,r)¢ and hence B(z,r) is closed.

(b) Let & € UyerAs, then 3y € T' such that € A,. So 3¢ > 0 such that B(z,e) € Ay C Uyerd,. Now
suppose I is finite. Let € NyerA,, then 3, > 0 such that B(z,r,) C A,. Take r = minyecr 7, and
we have B(z,r) C NyerA,. Hence, Nycr A, is open.

(c) Follows from (b).

O
Lemma 4.4.2. Again, let X be a metric space.
(a) Compact sets are closed.
(b) If A C X is compact and B C A is closed, then B is compact.
(c) The following are equivalent:
(i) AC X is compact,
(ii) For any xq, 22,23, - € A, 3 subsequence x,,%n,,... convergent, i.e. Jxr € A such that

lim,, o0 d(z, 2, ) = 0.

(iii) A is complete (Cauchy sequence converges) and totally bounded (For every e > 0, 3n € N and
Z1,T2,... Ty € A such that A C U, B(z;,¢€)).

(d) If X is complete and A C X is closed and totally bounded, then A is compact.
(e) Let Cy,Cy,--- C X be compact and suppose Vn € N, NI, C; # (. Then N2, C; # 0.

Partial Proof.
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a) Let £ € A¢ and for all z € A, define e, := d(x,%). Then A C Uyec 4 B(z, &), which means we can find
2

a finite subcover, n € N, z1,x,...,z, € A such that A C U B(z,, 551 ). Define € := min;cpy,) s,
then d(i,z;) = €,, > § + —t. Note Vi € [n], B(z;, %) N B(&, ) = 0. So B(i,£) N A =0 and hence
A€ is open.

(b) Let A be compact and C' C A closed. Since C° is open, for all z ¢ C, Je, > 0 such that B(x,e,) C
C°. Let {By}yer be any collection of opens sets that cover C, i.e. C C UyerB,, then A C
(UyerBy) U (Ugea\eB(w,e;)) where the Uyea\cB(2z,e,)) € C°. Since A is compact, 3 finite rcr
and {z1...,2,} € A\ C such that A C (U _sB,) U (UL B(wi,e,)). As Ui B(z;,e5,) € C° by

construction, I’ must be non-empty and C' C U’yefB'Y' So C' is compact.

(c) We will show that (i) = (ii) and (i), (ii) = (iii). Assume A C X is compact, let {z1,22,...} C A
be a sequence. WLOG, we may assume that {x1,zq,...} are all distinct. For each z € A, define
€z = Infze(p, 2. )\o d(z, %) and define A; := {z € A:e;, >0} and Ay := {x € A: ¢, = 0}. Fix
arbitrary € > 0 and note that A C Ugea, B(z, %) U Uzeca, B(x,€). Since A is compact and since,
Va € Ay, B(z, %) contains at most one of {x1,xs,...}. Hence Ay is non-empty. So 3z € X’ such that
for some subsequence {n,, Tn,, - .-}, iMoo d(zp,,, ) = 0.

Now assume (i), (ii). Let {z1,z2,...} be a Cauchy sequence. Let {zn,,Zn,,...} be a subsequence
converging to x € A. Then Vn,m € N, d(z,,x) < d(xy, zp,, ) +d(z, z,,, ). Taking n,m — oo yields that
d(zn,x) — 0. The totally bounded condition follows immediately from the definition of compactness.

(d) We need only show that A is complete. Let z1, 22, -+ € A be a Cauchy sequence, then 3z € X (as X
is complete) such that lim, . d(z,z,) = 0. So Ve > 0, B(z,e) N A # (). Therefore, x € A since A is

closed.

(e) Let 1 € Cy, 29 € C1 Ny, .... Since {x1,22,...} C Cy, 3 subsequence {x,,, Tn,,...} convergent
to x € C1. But {z9,z3,...} C Cy = x € Cy as well. In this way, we have that € C,, Vn. So
x €NS,Ch.

O

Theorem 4.4.1. Let (X, %) be a metric space with # as the Borel o-field. Let (X, %, P) be a probability
measure. Then, VA € %,

P(A) =inf{P(U): ACU open} =sup{P(V): A DV closed}. (4.4)

Proof.
Define

G:={Ae.Z:P(A) =inf{P(U): ACU open} (x) and P(A) = sup{P(A4) : A DV closed} (x*)}

If A C X be open, then (x) holds. Define C,, = UygaB(x, L) so that Cf is closed and Cf C C5 C --- C A.
If & € A, then 3r > 0 such that B(z,7r) C A = & ¢ C,, for any n satisfying L < r = U32,CS = A.
Hence, P(A) = lim,,_,o P(CS).

Since P(C%) < sup{P(V) : A D V closed}, Vn € N, we have P(A) < sup{P(V) : A D V closed}. But,
it is clear that P(A) > P(V) for any V C A and thus (%) holds. This means that ¢ contains all the open
sets. Thus, we need only show that ¢ is a o-field.

Let Ay, As,--- € 4 and fix € > 0. For i € N, let U; be open and V; be closed such that V; C A; C U; and
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P(V;) +27 e > P(A;) > P(U;) — 27 %. Write A = U2, A;, we have

SUDRIES
P <D Ui> -P <Q (Ui\Ai>>

( ) > (P (U:) - P(4))

s

W) Sre-r(0) -

Since U2, U; is open by Lemma 4.4.1, we have that P(A) > inf{P(U) : A C U open} —e.
Now, since P(U§2,V;) = lim, o0 P(Uj=, Vi), 3m € N such that P(U,V;) > P(U2,V;) — 5. Then,
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Since U™, V; is closed, P(A) < sup{P(V): A D V closed} + €. Since ¢ is arbitrary, A € G. Let A € G,
fix e >0, and let V. C A C U be such that V is closed, U is open, and P(A) < P(V)+ 5, P(A) > P(U) —
Then, V¢ 2 A° D U¢ where V¢ is open, U¢ is closed, and P(A°) =1—-P(A)>1-P(V) -5 =P(V°) -
and P(A°) <1—-P(U)+ § = P(U®) + 5. Therefore A° € G. Thus, G is a o-field and G = 7.
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Definition 4.4.2. Let X be a metric space and (X,.%, P) be a probability space with Borel o-field. We
say that P is tight if Ve > 0, 3 compact K C X such that P(X \ K) < e.

Lemma 4.4.3. If P is tight probability measure on (X,.%), then VA € %, P(A) = sup{P(K) : A D
K compact}.

Proof.
Let Ve > 0, and let Ky C X be compact such that P(X \ Ky) < e. Then, VA € &

P(A) = P(A\ Ky) + P(AN K)
<e+ P(ANKy)
=e+sup{P(V): AN Ky 2V closed}
<e+sup{P(K): AD K compact}

because V' C AN K, and closed. So V is compact by Lemma 4.4.2 (b), and V C A. Since ¢ > 0 is arbitrary,
the conclusion follows as desired. O

Theorem 4.4.2. Let X be a metric space such that

e X is complete and
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e %y, &9, - € X such that Vo € X, inf,end(x,Z,) = 0 (separable)

Then every probability measure on (X, %), with .Z as the Borel o-field, is tight. (Complete separable metric
space is called a Polish space.)
Example:

e (R%, ¢5) is complete and separable; consider Q.
e (C[0,1], Ls) is complete and separable by the Stone-Weierstrass theorem.

Proof.
Fix £ > 0 and let P be any probability measure on (X',.%). Note that for any 6 > 0, X = U2, B(;,9)
and thus, P(&X) = lim,_, o P(U",B(Z;,9)). Hence, for any m € N, In,,, € N such that

P(X)<P (U B(#;, nll)> +27 e,

i=1

Define K = N%_; U™ B(i;, ), then K is closed. Also V§ > 0, we may take m > 3 to obtain K C
Ui B(%;, =) C Ul B(%4,6). So K is totally bounded and thus compact by Lemma 4.4.2 (d). Then,

P(X\K):P(U (X\UB(@,%)))

m=1 i=1

(X\ U B(%))

So P is tight. |

4.5 Kolmogorov Extension Theorem

Definition 4.5.1. Let T be any index set and for ¢t € T, let (€2, ;) be a measurable space. For any finite
S CT,let Ps be a probability measure on (J[,.g Qs, ®sesF5).

We say that the family {Ps : S C T finite} is consistent if, for any Sy C S; C T finite, we have
that Pg, = Pglrsl’so) where Pgsl’so) is the pushforward measure on (Hseso Qs, ®ses5,-Fs) induced by the
projection 7g, s, : HsESl Q, — HSESO Qq, i.e. VB € Rses,Fs,

Ps,(B) = Ps, (5] 5, (B)) = Ps, ({w e J[ 2 :ws, € B}).
SEST
Recall that for S C T finite and Bs € ®sc5-Fs, we have that 7g'(B) = w;}S(B) :=C(S,Bg) = {w €
[I;cr % : ws € Bs} is a measurable cylinder. We define the product o-field ®;er%; := 0({C(S,Bs) : S C
T finite, Bg € ®sc5%s}). Recall by Lemma 4.3.1 that

QterF = c({ms}tser)-
Think of w € [[,cp Q4 as a function T — User Q.

Remark 4.5.1. Let T be an arbitrary index set. For simplicity, suppose Q; = X and % =¥ forallt € T
so that [[,cr Q¢ = XT. Let (Q,.%) be a measure space. Let Z : Omega — X7 be a function-valued

function.
For each t € T, define Z; : Q@ — X by Z; = m; o Z so that for every w € Q, Z;(w) = Z(w)(t). Then,

7 is 7 |9%T -measurable iff Z; is .F /4-measurable for all t € T.
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Theorem 4.5.1 (Kolmogorov Consistency/Extension Theorem). Using the setting of Definition
4.5.1, suppose, for any t € T, (Q4,d;) is a complete and separable metric space. Then, for any consistent
family {Ps : S C T finite}, there exists a unique probability measure P on (] [,c, Q¢, ®ter#;) such that for
any S C T finite and Bg € ®pesFx, P(rg'(Bs)) = Ps(Bs).

Example 4.5.1. Let T = R? and V¢t € T, let Q; = R, with %, := Z(R). Let K : R x R — R be a

covariance function, i.e., for any n € N, t1,ta,...,t, € R%,
K(t1,ta) ... K(t1,tn)
K(tp,t1) ... K(tn,tn)

is positive semi-definite. E.g.
o K(s,t) = 0?13y for o > 0 (white noise).

lls—tll3

o K(s,t) =02 exp{—"—z 2} for 0 >0, £ > 0 (Square exponential)
e Matern kernel

Let g : T — R be a mean function. For S = {t1,ta,...,t,} C T finite, let Ps be N(u,X) where p =
(:u’(tl)v ey /U'(tn)) € R™ and

K(ti,ta) ... K(t1,tn)
ZZ: . . eRan.

K(tp,t1) ... K(tn ta)

Note that Ps is a valid probability measure on [[, ¢ Qs = R™ and ®se5.F%s = B(R™). Also, {Ps : S C
T finite} is consistent implies 3 unique probability measure on (R”, Z(R)®7); this is know as a Gaussian
process.

Example 4.5.2. Let T' = [0,00), Vt € T, let Q; = Rand %; = B(R). Forn € Nand S = {t1,ta,...,t,} €T
where 0 < t1 <ty <...t,, let
n—1
X1~ N(0,t1), Xp ~ N(X1,ta —t1), X3 ~ N(X1 + Xo,ts — ta), ..., X~ NO_ Xyt — tn1),
i=1
and let Ps on (R™, (R™)) be the jointly probability measure induced by (X7, Xs,...,X,,), i.e. VB € #(R"),
Ps(B) = B((X1,..., X,) € B).
Then, {Ps : S C T finite} is consistent and the resulting probability measure on (RT, Z(R)®7) is called
one-sided Brownian motion or Wiener process.

Remark 4.5.2. Additional work is required to show that a realization from a Gaussian process (with
appropriate convariance function) or Wiener process is continuous. Formally, one can show that 3C €
B(R)®T such that Vf € C, f : T — R is continuous and VA € B(R)®T, P(ANC) = P(A).

Stated another way, let (£2,.%,u) be some probability space and let X : Q — R be measurable with
respect to (RT, Z(R)®7T)), such that the pushforward measure induced by X is a Gaussian process, then
JY : © — R such that P(Y is continuous) = 1 and V¢t € T, P(X; = Y;) = 1.

Lemma 4.5.1. Let C = {C1,C5,Cs, ...} be a family of subsets of some set X. We say that C is a compact
class if Vn e N, N7_,C; # 0 = N2, C; # 0.

Let .%o C 2% be a field and let P : %y — [0, 1] be a finitely additive function. Let C C .%; be a compact
class. If VA € %, P(A) = sup{P(K) : K C A, K € C}, then P is a pre-measure.

By Lemma 4.4.2; any collection of compact sets is a compact class.
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Proof.
Let Ay, As, ..., € F be disjoint and let A = U, A;. Define A} = A\ Ay, Ay = A\ (A; U Ay), ... so
that A; D Ay D ... and that ﬂf"lA = (). We need only bhOW that P(A,) — 0. Fix e > 0 and for each

i € N, let K; € C such that K; C A; and P(4;) < P(K;) + 2 .
Since N2, K; € N2, A; = 0, Im € N such that N, K; = (. Hence,

P(An) = P(Apn \ N K;) < P(UR (A \ K))
< P( ?il(gi \ K3))

< Z((P(;lz) — P(K;)) <e.

Since ¢ is arbitrary, lim,,_ P(/Tn) =0 as desired. O

Lemma 4.5.2. Let X be a set and let C := {C1,C%,Cs, ...} € 2% be a compact class. Let 2 = {U,C.
neN,Cy,...,C, € C disjoint}, then 2 is also a compact class.

Proof.

Let Dy,Da, -+ € 2, and suppose, Vn € N, N\, D; # (). Write, for any ¢ € N, D; = UT;ICJ(-i), where
Cfi), .. .,C’T(,i)i € C are disjoint. For n € N, define S, := {(s1,...,8,) := 81 € [m1],82 € [Mma),...,sn € [Mmn]}
and Seo := {(s1,82,...) : $1 € [m1],s2 € [ma],... }.

ForneN, 0 # N D, =N, U C( V= Usy,..rsn)€Sn M=t Cgf) = 3(s1,...,8n) € Sy such that
mgzlaﬁ’;) # (0. Since n is arbitrary, 3(51, S2,...) € S such that ﬁzingf) # ) since Vk € N, C{¥) € C and
C is a compact class.

Thus, N2, D; = N52 ml C(z) = U(sy,59,...)€Se0 Mt Cs(f) # 0. So 2 is a compact class as well. O

Proof of Theorem 4.5.1.

Let A :={C(S,Bs) : S C T finite, Bs = [[,cg As, As € F5,V¥s € S}, then A is a semi-ring by Lemma
4.3.1. Define, %y = {U,C; :n € N,Cy,Cy,...,C, € A disjoint}, then % is a field. Define P:Zy— [0,1]
such that, for Cy,...,C, € A disjoint,

= zn:ﬁ(cl) = zn:Psi(BSi)

where (S;, Bg,) is the base of C;. This is well-defined since {Pg : S C T finite} is consistent. P is clearly
finitely additive. Since V¢ € T', Q; is a complete and separable with .%; as Borel o-field, VA € %,

P(A) =sup{P(K): K C A, K compact}.
Step 1: We claim that
C:= {C(S,Bs) - H Q,: S CT finite, Bg = H K, K, € F, compact} cA
teT s€s

is a compact class. Let 51, 52, -+ € C and suppose Vn € N, ﬁ?zléi = (. Let S C T countable, be the union
of the base coordinates of 6‘1, 52, e

Fix n € N and write 51 = C(s,B;) with S C T countable and B; = [],c¢ Ks(i), where Vs € S, Ks(i) is
either Q4 or compact. Then, we have that, for all n € N,

@#ﬁ@:ﬁC(S,B ( (j]
)= (1)

i=1 i=1
( ses
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Hence [, g (ﬂ;‘legi)) #0. SoVs e S, ﬂleKg) # (). Since Vs € S, Vi € N, Kgi) is either compact or Q,
we have that ﬂz‘?ile(i) # (). Hence Hses(ﬁfilKgi)) # () by Axiom of choice. It implies

efenfe) <)

ses i=1seS

(s ] i ) _Aeé
1=1 s€S i=1
So C is a compact class. Thus, Z := {U?:la- :n €N, C~’1, C~'2, ceey C,eC disjoint} C % is a compact class.

Step 2: Let U ,C; € %y where C,...,C), € A are disjoin. We claim that
P(UY_,Cy) = sup{P(U"_,C;) : n e N,C; € C} =sup{P(D) : D C U ,C;,D € P}.

38
D)

To see this, write S C T finite as the unlon of the base coordinates of Cq,Cs,...,C,, and write C; =
C(S, B;) where B; = HsesA(g), with A% ¢ Fs, Vs € S. Slnce for all s € T, (Qs,.%s) is a complete

and separable metric space, for any ¢ € [n] and s € S, HKS € %, compact such that Kgi) - Agi) and

Py(AY) < P(K") + 5.
z lc Z ZPS (H A(l >
i=1 i=1 ses
= ZPS ((H AN\ (] &® ) +iPS ( KS@)
i=1 seS s€S i=1 s€S
~ 3Py (U s (AD\KL >)> - <c (5, [1x¢ >>
i=1 seS i=1 s€ES
<ZZP5<T5( +P<UC<S K >>
i=1sesS i=1 sES
gzn:ZPs< )\K(l = (U (s, K >>
i=1sesS i=1 sES
<P<UC<S HK“))
ses
Thus, P : .%o — [0,1] is countably additive. So there exists unique extension P : (%) — [0, 1]. O

Example 4.5.3. Let T = [0,00), Vt € T, let Q; = N and % = 2Y. Let A : T — [0,00) be Lebesgue
integrable. Let n € N and S = {t1,t2,...,t,} C T, define

ty
N; ~ Poisson (/ A(t)dt) ,
0

ta
N5 = Ny + My, where My ~ Poisson </ /\(t)dt) , indep of Ny
t1

t’n
N, = N,,_1 + M,,, where M, ~ Poisson </ A(t)dt) , indep of N1, No,...,N,_1.
tnfl
Let Ps on (N7, (2M)") be the joint probability measure induced by (Ni, No,...,N,). Then {Ps : S C
T finite} is consistent and the resulting probability measure on (N7, (2N)®T) is called Poisson Point Process.
(counting process representation).
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Example 4.5.4. Recall that, for a1, ..., o, > 0,if (Z1, Zs,. .., Z,) ~ Dirichlet(a, ..., o), then "' | Z; =
1, and P(Z; > 0) =1 <= a; > 0.

Let (X,¥) be a measurable space. Let o > 0 and let H be a probability measure on (X,¥). Let T =¥
and, for any A € T, let Q4 = [0,1], F4 = £([0,1]).

Forn e N, S = {A1,As,..., A} C T, e, A, As,..., A, € 4, 1et T := {~ : [n] — {0,1}} and for
v €T, let ZW ={r e X :z e A;iff y(i) = 1} so that {AV,Y},YGF from a disjoint partition of X. Let
{Z}yer ~ Dirichlet(a{H(Zw)}vep) and for ¢ = 2,3,...,n, let X; = > Z,1(y,—13. Let Ps be the
probability measure on ([0, 1], @, %([0,1])) induced by (X1,...,X,).

Then {Ps : S C T finite} is consistent and the resulting probability measure on ([0,1]¥, 2([0,1])®¥) is
called the Dirichlet process.

Note that if Ay,..., A, is already a disjoint partition of X', then (X7, ..., X,,) ~ Dirichlet(a{H(4;)}™,).

i=1

yell

Example 4.5.5. Let (©2,.%) be a background probability space and let T be any set. Let X’ be a sub-interval
of R and let A(X) be the Borel o-field on X.

For a function X : Q — X7T, for t € T, define X; : Q — X by X;(w) = X(w)(t). Equivalently,
X; = m o X where 7; is the projection on the t-th coordinate. Then, X is .%/%(X)®T-measurable if and
only if X; is .7 /%B(X)—measurable for all t € T

Let Z1,...,Z, : £ — R be random variables (.#/9—measurable). Let T = #(R). Define P, : Q —
[0, 1)#) by

1 n
P, (w)(4) = - ; 1{Z;(w) € A}, for A € B(R).
Therefore, P, is .7 /%([0,1])#?®) -measurable and a valid random measure. We call P, is the empirical
measure of Z1,...,Z,.



Chapter 5

Convergence of Probability Measures

5.1 Weak Convergence

Definition 5.1.1. Let (Xy,.%) be metric space with Borel o-field .#. Let Py, Pa, ... be probability measure
on (X, #). We say P, converges to a probability measure P weakly if Vf : X — R continuous and bounded,

Tim [ fdP, = / fdp. (5.1)

We can also write lim, o Ep, f = Epf. Recall that f : X — R is continuous if Vo € X, Ve > 0, 36 > 0
such that d(z,y) < ¢ implies |f(z) — f(y)| <e. f is bounded if supycy | f(z)] < 0.

Remark 5.1.1. Let (Q,.%) be a general measure space and let Py, P, ... be probability measures. We say
P,, converges to P in total variation if lim, o TV(P,, P) = 0 (recall that TV(P,, P) := sup ¢ # |Pn.(A) —
P(A)]). Note then that

lim TV(P,,P) =0 <= lim sup{|P,(A)—P(A)|: A€ F}=0

n— o0 n—00

< lim sup{|Ep, f —Epf|: f € Q2 — Rmeas.,sup|f(w)| <1} =0
n—oo wEN
— weak convergence.
To see this, first show that
sup{|P,(A) — P(A)| : A€ F} =sup{|Ep,s —E,s| : s : @ — R simple,0 < s < 1}.

We say P,, — P strongly if for any A € .7, lim,,_, o P,(A) = P(A), or equivalently, for any f : O — R Borel-
measurable, bounded, lim, - Ep, f = Epf. Note total variation convergence implies strong convergence
which implies weak convergence.

Convergence in total variation is too strict. For example, for n € N, let X1, Xo,..., X, ud 1w =0N(0,1) on
(R, #B(R)). Note that 3(2,.#, P) measurable space such that Vi € N, X; : O — R (Borel-measurable) and
the pushforward probability measures on RY induced by (X1, Xa,...) is a product of Normal distributions.

Let P,, denote the (random) empirical measure on (R, Z(R)) induced by {Xi,...,X,}, i.e, Yw € Q,

VA € :@(R), ]P’n(w)(A) = %Z?:l ]l{Xi(w)EA}' Then VA € %(R),

P ( lim P, (A) = u(A)) =P ({w €Q: lim + Z (X, @)ed) = u(A)}) ~ 1.

n—oo n—oo N

by strong LLN so that P,, — u strongly P-almost surely.

59
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However, Vw € Q, define A, := {X;(w),..., X, (w)} € B(R), then

sup [Py (w)(A) = p(A)| = [Pp(w)(Aw) — pu(Aw)] = 1.
AcB(R)
Thus, Vn € N, Vw € Q, TV(P,, (w), #) = 1 implies P(TV(P,, ) =1) = P(w) = 1.

But, strong convergence is also too strict. For n € N, let X1,...,X, u Ber(%). Again 3(Q2, &, P) such
that Vi € N, X; : Q@ — R (Borel-measurable). Let u, be the pushforward probability measure on (R, Z(R))
induced by ﬁ S (Xi—1): Q= R. We will see that y,, — N(0, 1) weakly through CLT. But, let A = Q.
Then, whenever /n € N, we have that Vw € Q

However, N(0,1)(Q) = 0 since Lebesgue(Q) = 0 and N(0,1) < Lebesgue. Thus, u, does not converge
strongly to N(0, 1).

As a final example, for n € N, let u, be a probability measure on (R?, #(R?)) that is uniform on
[0,1] x [0,1]. Let p be the probability measure on (R?, 2(R?)) that is uniform on [0,1] x {0}. Then we
will see that p, — p weakly. But, p, does not converge to u strongly: Let A = [0,1] x {0} € Z(R?), then
Vn € N, u,(A) =0 whereas u(A) = 1.

Theorem 5.1.1 (Portmanteau). Let (X,.%) be a metric space with Borel o-Field .%#. Let Py,..., P, and
P be probability measure on (X,.%#). The following are equivalent:

(i) Vf : X — R continuous and bounded, Ep, f — Epf. (Weak convergence)
(ii) Vf : X — R Lipschitz and bounded, Ep, f — Epf.

)

)
(iii) YU C X open, liminf, . P,(U) > P(U).
(iv) VV C X closed, limsup,, , ., P,(V) < P(V).
)

(v) YC C X such that P(0C) =0, lim,,_, P,(C) = P(C).

e Recall f is Lipschitz if 3L > 0 s.t. Vz,y € X, |f(x) — f(y)| < Ld(z,y).

e Recall 9C := C'\int(C) is the boundary of C, where C is the closure of C, i.e. N{V : V closed, V 2
A}, and int(C) is the interior of C, i.e. U{U : U open,U C A}.

We have 2 € 9C iff Ve > 0, B(z,e) N C # 0 and B(z,e) N C° # 0.

Proof.

(i) = (ii) is obvious.

(ii) = (iv): Let V C X be closed. Fix m € N, let Uy, := {z € X : d(z,V) < L} where d(z,v) :=
inf{d(z,y) : y € V}. Then Uy, = UzevB(z, L) is open and UZ, is closed. Define f : X — R as Vz € X,
f(z) == min{l,m - d(x,US,)}.

Note that x € V = d(z,U%) > + = f(z) =1,z € U;, = f(z) =0, and that Vz,y € X,

m

|f(x) = f(y)| < mld(z,Uy,) = d(y, Ug,)| <m-d(z,y)

is m-Lipschitz. Thus, we have ¥n € N, P,(V) = [, 1¢dP, < [, fdP,,, and thus,

limsup P, (V) < lim sup/ fdP, = lim fdpP,

n—oQ n—oo

:/ fdp g/ 1 —1ye dP < P(Up). (%)
X X
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However, N3_ Uy, = N3_{z € X :d(z,V) < L} =V as V is closed. Since (x) is true for an arbitrary
m € N, we have that P(V) = lim,,_—oc P(Up,) > limsup,, o Pn(V).

(iii) <= (iv): Obvious since U open implies U¢ closed and P(U) =1 — P(U°).

(iii +iv) = (v): Let C € X be such that P(0C) = 0.

lim sup P, (C) < limsup P (C) < P(C) = P(C'\ C) + P(C)
< P(C) + P(C\int(C)) = P(C),
linrr_ligf P, (C) > linrr_l}ioréf P, (intC) > P(int(C)) = P(C) — P(C \ int(C))
> P(C) — P(C\ int(C)) = P(C),
= nhﬁn;o P,(C) = P(C) as desired.
(v) = (i): Recall that if f : X — R is continuous, then Va < b € R, f~((a,b)) € .7 is open. To see

this, let xo € f~1((a,b)), then 3¢ > 0 such that Vo € B(zg,¢),

|f(x) = f(zo)| < min{f(wo) —a,b~ f(zo)} = Blzo,e) C f~'((a,b)).

Likewise, f~1([a, b]) is closed.

Now, fix f : X = R continuous and bounded and let o < —inf cx f(z) and b > sup,cx f(x). Let p be
the pushforward measure on ([a, b], %([a,b])) induced by P and f, i.e., VB € %([a,b]), u(B) = P(f~1(B)).
Since p([a,b]) = 1, then

{t€la,b]:p {t}>0}U{t€ab u({t}) > }

must be finite since
p([a,b])=

must be countable.
Fix € > 0, we may thus find m € Nand a =ty < t; <ty < --- < t,, = b such that

(1) Vi=0,...,m, u({t;}) =0,
(2) Vi:l,...,m, ti —ti—1 < e.

Define, for i € [m], 4; := {z € X : 1 f()<t}_f Y[ti—1,t:)) € F. Then, U™ A; = X and
Vi€ m], A; C fH([t Z,l,tl]) and int(A ) “1((t;_1,t;)). Note that, Vi € [m],

P(0A;) = P(4; \ int(4;))
< PO ([timn ta) \ F (G0, 10))
—P(r e X f@) = ti1}) + P({z € X5 f(z) = t:}) = 0. (+4)
Define g := > ", t;_114,, note then that Vo € X, g(x) < f(z) < g(x) + . Thus, Vn € N,
‘/fdP/fdP ‘/fdP gdP‘ ‘/gdP /gdP ’/gdPn/fdPn

=2eP(X

i— 1 ( 1))’

=2 + Z ti1]|P(A;) — Po(A)].
=1

By (xx*), we have lim,_, | [ fdP — [ fdP,| < 2e. Since ¢ is arbitrary, we have lim,,_,, [ fdP, = [ fdP as
desired. O
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Remark 5.1.2. Weak convergence is also equivalent to
(a) Vf : X — R upper semi-continuuous and sup{f(z): x € X'} < oo, limsup,,_, Ep, f <Epf.

(b) Vf: X — R lower semi-continuous and inf{f(x) : z € X} > —oo, liminf, .o Ep, f > Epf.

Recall f is upper semi-continuous if Vg € X Ve > 0, 36 > 0 s.t. d(zo,z) <0 = f(xo) — f(z) > —¢,
and lower semi-continuous if Vzg € X Ve > 0, 36 > 0 s.t. d(zg,x) <6 = f(zo) — f(z) <e.

Theorem 5.1.2 (Continuous Mapping Theorem). Let (X,.%), (V,¥) be measurable metric space and
let Py, Py, ... be probability measures on (X,.%#) such that P, — P weakly for some probability measure
P. Let f : X — ) be continuous, an let P,(Lf ) be the pushforward probability measure on (),%). Then
P - P weakly.

Proof.

Let g : V — R be continuous an bounded, then go f : X — R is also continuous and bounded. Thus
limy o0 [y 90 fdP, = [y go fdP. Since, Yn € N, [, gdPYY) = [\ go fdP, and [, gdPY) = [, go fdP,,
the claim follows. O

5.2 Convergence of Random Variables

Remark 5.2.1. Given a background probability space (2, .%#,P) and measurable space (X,¥), recall X :
) — X is a random object (r.0.) if it is .#/CG-measurable, e. g VB € ¥, X Y(B) € Z. For a random
object X, we say refer to P(X) as the distribution of X. Where P(X) : @ — [0, 1] is the pushforward measure
induced by X if VB € 4, PX)(B) = P(X~'(B)).

For any countable sequence of random variables X1, X, ... with any infinite dimensional joint distribution
P on (XN, 99N) (specified completely by a consistent family of finite dimensional distributions), there always
exists a background probability space (Q,.%#,P) such that

(Xl,XQ,...) : Q—)XN

is .Z /9®N-measurable and that P = P(X1:X2:),

To show that the marginal distributions P(X1) P(X2)  converge weakly, we may specify any joint dis-
tribution P(X1:X2:) 50 long as the marginal distributions are fixed. Choosing a convenient joint distribution
is called coupling.

Example 5.2.1. This is from Pollard, 2001, section 10.1. We will prove the following: Vn € N, a € [0, 1],
TV (Bin(n, «), Poisson(na)) < na?. (5.2)

We view Bin(n,a) as probability measure on (N, 2").

We first observe the following: Let ]3, @ be probability measure on measurable space (X,¥). If there
exists a probability space (2, #,P) and X,Y : Q@ — X such that P , @ are the pushforward measure induced
by X,Y, then, writing B = {w € Q: X(w) # Y (w)}, we have VA € ¢,

|P(A) = Q(A)] = [P(X ' (A)) = P(Y~}(4))]
= |P(X'(A)n B) = P(X"'(A)n B°) = P(Y " (A) N B) + P(Y"'(4) N B)]
= [P(X"'(A)n B) —B(Y "' (A) N B)| ()
<PB)=P({weQ: X(w) #Y(w)})

— TV(P,Q) <P(X #£Y)
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The () holds since

XY A)NB ={we: X(w) €A Xw) =Y(w))}
—{weQ: Xw)eAYw edXw) =Yw)}
1

—{weN:Y(w) e Xw) =Y(w)}=Y1A)NB"

(o,-)' (.1 (@0

(0,0) (v, 0) f1’0)

Figure 5.1: Coupling

We first couple Ber(a) and Poisson(a). Let Q; = N x N, .#; = 2% and let

P1((0,0)) = min(l —a,e”%) =1 — «, Py((1,1)) = min(o, ™) = ae™ @,
P1((0, 1)) =e “ - (1 - O‘)’ Pl((lvo)) =0,

—a

Vk €N, k> 2, let Py((k, 1)) = ¢~ and Py ((k,0)) = 0, and let Py ((k, £)) = 0, V£ > 2. Let X;,Y; : ©; — N

be such that ¥Y(n,m) € Q, X1(n,m) =n, Y1(n,m) =m. Then X; ~ Poisson(a) and Y7 ~ Ber(a), and

Py(X1 # Y1) =1-P((0,0) = Pi((1,1)) =a —ae ™ =a(l —e @) <o’
Now, for i € [n], let (X;,Y;) be iid with same distribution as (X1,Y7). Specifically, let Q = (N x N)™,
Z =22 and P be n products of P;.
TV (Poisson(na), Bin(n, a)) < IP’(Z X; # ZK) < Z]P’(Xi £Y;) = nP(X; # Y1) = na’.
i=1 i=1 i=1
Thus, e.g., letting P, := Bin(n, 1), we have P,, — Poisson(1) in total variation.

Definition 5.2.1. Let (2, #,P) be a probability space, let (X, ¥4) be a metric space with Borel o-field. Let
X1, X5, X3,...X : Q — X be random objects.

(1) We say that X,, — X almost surely if P({w € Q : lim,_,00 d(X,,(w), X (w)) = 0}) = 1.
(2) We say that X,, — X in probability if Ve > 0, P({w € Q : d(X,,(w), X (w)) > }) = 0.
(3) We say that, for p > 0, X, = X in L, if [, d(Xp(w), X (w))?dP(w) — 0.

(4) We say that X,, — X in distribution (in law) if P(X») — P(X) weakly, where P(X») P(X) on (X, 9)
are the pushforward measures. Equivalently, X,, — X in law if for any f : X — R that is continuous
and bounded,

Ef(Xn) = Ef(X).
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Theorem 5.2.1. Let (92,.%,P) be a probability space, let (X,¥4) be a metric space with Borel o-field. Let
X1, X5, X3,...X : Q — X be random objects.

(a)
(b)
()
(d)

X, — Xas. = X, > X inprob. = X, — X in law.
For any p > 1, X;, = X in L, implies X,, =+ X in probability.
X, — x¢ in law for some zy € X implies X,, — x¢ in probability.

Suppose X and ) are separable metric spaces (recall that X is separable if there exists a countable
subset A C X such that A = X). Let Y7,Ys,---: Q — ), and suppose Y,, — {yo} in law for some
Yo € YV; suppose also X,, — X in law. Then, f(X,,Y,) = f(X,yo) in law for any f: X x Y — X
continuous.

A function f: X x Y — X is continuous if V(zo,y0) € X x Y, Ve > 0, 3§ > 0 such that V(z,y) € X x Y,
dy(z,20) V dy(y,y0) < 0 implies dy(f(z,y), f(xo,y0)) < &. Note that we can define metric on X x ) by

d((z,y), («',y')) := dx(z,2") V dy(y,y/).

If X =Y = R and are equipped with the Borel o-field, then + : Rx R — R, x : Rx R — R are
continuous. Thus, (d) implies that if ¥;, — yo € R in law and X,, — X in law, X,, +Y,, — X,, + 3o in law
and X, - Y, = X,yo in law. This is known as Slutsky’s theorem.

Proof.

(a)

Suppose X,, = X a.s. Fix € > 0, define A,, = {w € 2 : d(X,,(w), X (w)) > ¢} and define

A, = Use A = {sup d( X, X) > 6}

m>n
A:={w e Q:limsupd(X,(w), X (w)) >e} = ﬁzozlfln =Ny U A

n—oo

Then, we have that X,, — X a.s. if and only if for any ¢ > 0, 0 = P(A) = lim,,_,, P(4,). Since

P(A,) > P(A,), we have that X,, — X a.s. implies that X,, — X in probability.

Now suppose X,, — X in probability. Fix f : X — R such that 3L, B > 0 such that Vz,y € X,
[f(x) = f(y)| < Ld(z,y) and sup,ex |f(z)| < B.
Fix e > 0 and define 4,, = {w € Q : d(X,(w), X (w)) > £} as before, then

[ garor [ gape0| = [ g0x,@ap) - [ soxnape)
< / F(Xn(w)) — F(X ()] dP(w)
< /A £Xa) = FX@DIP@) + [ (X0 (w) - F(X ()] dB)

A

c
n

< LeP(AS) + 2BP(A,,).
Thus limy, e | [ fAP&) — [ fdP)| < Le. Since ¢ is arbitrary, we have that X,, — X in law.

Remark 5.2.2. Note that X,, — X in law does not imply X,, — X in probability. Let X : @ — R
such that P(X) is N(0,1). Let X,, = (=1)"X. Then X,, — X in law but when 7 is odd,

P({w e Q: | Xn(w) — X(w)| > ¢) = P({w € Q: 2| X (w)| > £})

and so limsup,,_, . P(] X, — X| > €) > 0. Intuitively, this is because convergence in probability depends
on the joint distribution of (X,,, X) whereas convergence in law depends only on marginal distributions
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P& P Also X,, — X in probability does not imply X,, — X a.s. Let Q = [0,1], .Z = 2([0, 1)),
and P be uniform. Let X : Q — {0,1} be Vw € Q, X(w) = 0. For n € N, define, for w € ,

Xo(w) 1 ifﬂkzeNs.t.|w—%|§ﬁ
n(W) =
0 else.

Then, Ve > 0,

n

2
P{we Q: | X(w) — Xp(w)] >e}) =P(X, #0) < 2'47 — 0.
Thus X,, — X in probability. However, Vw € , limsup,,_,. X, (w) =1 # X (w). Thus,
P{we Q: lim X,(w) =X(w)}) =0.
n—oQ

Thus, X,, does not converge to X a.s. Intuitively, this is because almost sure convergence depends on
the joint distribution (X,,, X;,41,...,X) whereas convergence in probability depends only on the joint
distribution (X, X).

(b) Continuing with the proof, suppose X,, = X in L,. Fix ¢ > 0, then A := {w € Q : d(X,,(w), X (w)) >
e}

}P’(A)g/Ad( () X@)" 1p( <—/d (w))PdP(w)

d(X,, X
7—”’ g }—>0.
ep

Thus X,, — X in probability.

(¢) Suppose X,, = z¢ in law. Fix € > 0 and define A4,, . := {w € Q : d(xo, X,,(w)) > €}. Define g : X - R
as g(z) = M A1, so that ¢ is Lipschitz and bounded. Then,

P(Ane) < /A MAMP(@

< [ o) ~ san)a) = [ gapt5eD — [ gap o,

(d) Cousider, Vn € N, (X,,,Y,,) : @ = X x V. Let %,fé be the Borel o-field of X and ) respectively.
Recall that we may define metric d((z,v), (/') = dx(z,2') V dy(y,y') on X x Y. Let J# be the
Borel o-field on X x ) with respect to this metric. We claim that 4 ® & = A so that (Xn,Yy) is
F |9 -measurable and P(XY») is defined in ¢. (This claim requires the separability of X', )))

Let us first assume this and prove that (X,,,Y,,) — (X,y0) in law. Let g : X x Y — R be L-Lipschitz
and bounded by B > 0. Then

/ gdPnYn) _ / gdP(X-vo)
X%y XxY

Q

<

/g<Xn7Yn)_ ( ny Yo CUP)‘ / nayO (X7y0)dP .
Q

term 1 term 2

Now, since g is Lipschitz, 3L > 0 such that Vz,y € X,

l9(z,y) — g(z,50)| < Ld((z,y), (x,50)) = Ldy(y, yo)-
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Moreover, |g(z,y) — g(z,y0)| < 2B. Hence,

term 1 =

[ otx.v) g(Xn,y@dP\ < [ Ly ) 2B 0P 0,
Q Q

by the fact that Y, 4 Yo- By a similar argument, we may show that term 2 — 0. Claim then follows
by the continuous mapping theorem.

Now let us prove the claim that ¥ ® & = . We first note that since X ;Y are separable, we may

show that ¢,¥ are the o-field generated by the set of open balls (see Proposition 10.1.1 for a proof).
Now, consider an open ball in X x Y with metric d: for (z,y) € X x Y and r > 0, we have

B((z,y),r) ={(=",y) : dx(2,2") Vdy(y,y') <1}
= B(z,r) x B(y,r).

Therefore, B((z,y),r) € ¥4 ®%. Since X, is also separable (with separating set as A x B where A, B
are the countable separating set for X', ) respectively), we have that % is generated by the open balls

and hence % C 4 ® 9. Since projections are continuous with respect to the d metric, they are also
F | #—measurable. Thus, we have that # =9 ® ¥.

O

IfY, - Y in law and Y # yo, then (d) may not hold, depending on the coupling (X,,,Y,,), (X,Y). For
example, let X,, =Y, and suppose P(X») = N(0,1) on (R, Z(R)). Let X = —Y and suppose P&X) = N(0, 1).
Then PX»+Yn) = N(0,2) and PX+Y) = {0},

Theorem 5.2.2 (Skorohod’s Theorem). Let (X,%) be a separable measurable space. Let Py, Ps,..., P
be probability measures on (X,¥) such that P, — P weakly. Then 3(Q, %#,P) and X;,X5,..., X : Q> X
s.t. X, — X almost surely.

Proof.
See Pollard, 2001, section 10.2. O

Definition 5.2.2. Let (X,¥) be a measurable metric space and let P, Q) be probability measure on (X,¥).
For AC X, e >0, define A, := {zx € X : d(z, A) < ¢}. Define Levy-Prokhorov distance

dip(P,Q) :=inf{e > 0: VA € 4, P(A) < Q(A.) +,Q(A) < P(A.) + ).

If P(A) < Q(A:)+eand Q(A:) < P'(Acyer) +¢, then P(A) < P'(Acier) + (e+¢€') implies dpp (P, P') <
dLP(P7 Q) + dLP(Q» P/)

Corollary 5.2.1. Let (X,¥) be a separable metric measurable space. Let Py, Po, Ps, ..., P be probability
measures on (X,¥). Then P, — P weakly iff di,p(P,, P) — 0. We say that dpp metrizes weak convergence
on separable metric spaces.

Proof.
Suppose drp(P,,P) — 0 and let A C X be such that A is closed. For any m € N, 3n,,, € N such that
Vn > N,

1 1
P,(A)<P(Ai)+— = limsupP,(A) < P(AL)+ —
mm n—oo m o m
Since m is arbitrary and limy, ., P(A1) = P(A), we have that P,, — P weakly.
Now suppose P, — P weakly. By Theorem 5.2.2, 3(Q, .#,P) and X1, Xs,...,X : Q@ — X such that
X, — X as. Hence, X,, — X in probability. Fix ¢ > 0, then In. € N such that Vn > n., P(d(X,, X) >
g) <e.
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Thus, for any B € 4, we have

P.(B) =P(X, € B) <P(X, € B,d(X,,X) < ¢) + P(d(Xn, X) > ¢)

<P
<P(X € B.)+e=P(B.) +e.

We may use the same argument to show that P(B) < P,(B.) + . This implies that for all n > n,,
drp(Pp, P) <e. Hence, dpp(P, P,) — 0. 5

Lemma 5.2.1 (Egorov’s Theorem). Let (2,.%,P) be a probability space and let (X,¥) be metric mea-
surable space. Suppose X1, Xo,..., X : Q@ - X are r.o. and X,, = X a.s., then Ve > 0, 3B € .% such that
P(B°) < ¢ and lim,, o0 sup,,c g d(Xpn(w), X (w)) = 0.

Proof.
For n,k € N, define EY := Umsn{w € @ d(Xpm(w), X (w)) > 1}, note that E%k) 2 Eék) D .... Then,
since X,, - X a.s. ,

0 =P, E®) = lim P(EWX).

n—oo

Fix € > 0, then there exists n; € N such that ]P)(E(k)) < 55 Let B = ﬂ,;";lEy(li)c, then

1SS s

k=1

w‘m

For any k € N, Vn > ny,

sup {d(Xn(w),X( ) :we BCE® } <1

ng

o

Thus, lim,—,« sup{d(X,(w), X(w)) :w € B} =0. O

Lemma 5.2.2. Let (2, #,P) be a probability space and let (X,%) be metric measurable space. Suppose
X1,X5,...,X :Q— X arer.o. and X,, — X in probability, then there exists subsequence {ni,ns,...} s.t.
X, = X as.

Proof.
For all £ € N, 3n;, € N such that

P(d(X,,,X) > 27" <27k

Fix e > 0. For k € N, define Ej, := {w € Q : d(X,,, (w), X(w)) > €}. Let ko be such that 27% < ¢. Then,
Vk > ko, P(Ex) < 27%. Then, P(N3_; U2, Ex) < P(NY_, U2, Ej) = 0 by Borel-Cantelli lemma, which
implies

P(limsup d(X,,,X) > ¢) = 0.

k—o0

Since € > 0 is arbitrary,

k—o0 k—o0

P(limsup d(X,,,X) >0) =P ( G {limsupd(Xnk,X) ;}) =0.

m=1
So X, = X a.s. O

Definition 5.2.3 (Uniform Integrability). Let (2, #,P) be a probability space and let Xy, Xo,---: Q —
R be r.v. We say {X,,}22, is uniformly integrable (UI) if
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(a) sup, ey E|Xn| < 0o and

(b) Ve > 0,38 > 0 such that for all n € N, VE € .7 where P(E) < §, we have [, |X,|dP < e. Equivalently,

lim sup sup/\Xn|d]P’:0.
=0 p.P(B)<sneN /B

Lemma 5.2.3. {X,}52, is UL iff

lim sup/ | X |dP =0, (5.3)
K—=00neNJ{|X,|>K}
ie.,
K
lim sup {E|Xn —/ |x|dIP’(X”)(m)} =0.
K—00 peN -K
Proof.

Suppose {X,}5°, is uniform integrable. Fix ¢ > 0 and let § > 0 be such that for all A € F satisfying
P(A) < ¢ and for all n € N, we have [, |X,|dP < e. Since IM > 0 such that sup, cy E|X,| < M, we have
VK > 2 vneN, P{we Q:|X,(w)| > K}) < 3£ < 6 which implies

sup/ | X, |dP < €.
neNJ{|X,|>K}

Since ¢ is arbitrary, limg_,oc SUP,cy f{IXn\>K} | X,|dP = 0. Now assume (5.3) and fix ¢ > 0. 3K € N such

that sup,,cy f{‘Xn|>K} | X,|dP < £. Choose § < +£, then VE € .F such that P(E) < § and for any n € N,
we have

[dars [ e 1X,.|dP
E [ Xn|>K En{|X,|<K}

< +K-P(E)
<3+K(5§8.

Now, fix ¢ = 1, then 3K € N such that sup,,cy f{‘Xn|>K} |X,|dP < 1. Then Vn € N,

/ |Xn|d]P>:/ | X, |dP + K -P({|X,| < K}) <1+ K.
Q {|X,|>K}

Therefore, {X,, }nen is uniformly integrable. O

Remark 5.2.3. If n € Nand X;,..., X, satisty E|X;| < o0, Vi € [n], then {X,..., X, } is UL To see this,
note that Vi € [n],

lim | X;|dP = E|X;| — lim | X;|dP = 0.
K=o Jixi|>K} K=o Jy|x,|<K}

(Note B — [ |X;|dP is a finite measure since E|X;| < co. Thus, lim g max;ey] f{\X,;|>K} | X;|dP = 0.
Now let X7, X5, : @ — R be random variables. If 3Y : @ — R such that E|Y| < oo and Vw € €,
Xu(w)] < V)], then

lim sup/ | X, |dP = lim [Y|dP = 0.
K=o neN J{|x,|>K} K=o Jy|>K}

Thus, domination implies U.I. We will see that U.I. is necessary and sufficient for convergence of integrals.
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Theorem 5.2.3. Let p > 1. Let X7, Xo,..., X : @ = R be random variables. Suppose X,, — X a.s. and
suppose E|X,|P < co ¥n € N. Then the following are equivalent:

(i) X, — X in L.
(iif) E[Xp[? — E[X|P < oo.
Moreover, if X, = X in law and {| X, [P}, is U.L, then E|X,,[? — E|X|?.

Proof.

Suppose X,, — X a.s. and suppose E|X,|P < co Vn € N.

(i) = (i) Assume {|X,|P}52, is UL Fix € > 0, then 36, > 0 such that VE € .# where P(F) < J. and
for all n € N, [, |X,[PdP < 555.

By Lemma 5.2.1, 3B € %, P(B°) < 0. and n. € N such that Vn € n., sup,cp | Xn(w) — X (w)P < 5.

Using U.L, we have that sup,,cy [g. |[Xn|[’dP < 355 and that, by Fatou’s lemma,

/ IX|PAP < liminf/ | X, [PdP < — .
Be n—r00 Be 3-2p

Thus, Vn > n.,
/|anX|”d}P’:/ |Xn—X|deP’+/ X, — X|PdP
Q B¢ B
g/ (1Xn] + X ])?dP + £ - P(B)
BC
< zp/ |Xn|”dIP’+2p/ IXPAP + £ <e.
BC BC 3

So X, = X in L,.
(ii) = (iii) Note when p = 1, E|X,,| — E|X| < E|X,, — X|. For a general p > 1, note that (E|X,,|?)!/? <
(E|X|P)Y/P 4+ (B| X — X,|P)/P (Minkowski inequality). Thus,
|(EIXa )7 — (BIX])7| < (E]X = Xa]?)7 =0
= |[E| X, P —E|X]?| = 0.

(ili) = (i): Fix € > 0. Then 3ng € N such that Vn > ng, |E|X,|? — E|X|?| < §/3. For K € N, define
oK :[0,00) = [0,00) as

ife<K-—1,
ifx > K,
K—-1)(K —xz) else,

S 8

oK (x) =

—~

so that Vo > 0, ¢ (z) < xl,<xy < x. Note that Vw € Q, limg o0 ¢k (| X(w)[P) = [X(w)|P, and that
VK € N, ¢ (|X|P) < |X|P, and E|X|P < oo. Thus, by Dominated Convergence Theorem, 3Ky € N such
that VK > Ko,

|E,|X|P — Edr (| X|P)| <

W ™

Now observe that ¢, is continuous and bounded, thus, since X,, — X a.s., |X,[P — |X|? a.s. and
| X,|P — | X|P in law, Iny € N such that Vn > nq,

[Ed i, (1Xnl”) = Eox, (IX17)] <

Wl M
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Thus, we have, Vn > ng V nq,

/ |Xn|pd]P’:/ |Xn|deP’—/ | X, |PAP
{|X7l|p>K0} Q {IanpSKO}

= E|X,[? — Edr (1X0]?)
< SHEIXP —Egx, (X)) + 5 <.

Thus, VK > Ky, we have

sup / | X, [PdP < sup / | X [PAP < e.
n>n1Vng J{|X,|P>K} n>n1Vno J{|X,|?P>Ko}

By Remark 5.2.3, 3K € N such that VK > K, sup, ,,vn, f{‘X p>K} | X [PAP < .
Hence, VK > Ko V K1, supen [ix, ps iy [Xn[PdP < e. Since € > 0 is arbitrary,

lim sup/ | X |PAP = 0.
{|Xn|P>K}

K—00 peN

Now, suppose X,, — X in law and {|X,[P}32, is U.I. By Theorem 5.2.2, there exists (€/,.%',Q) and
Y1,Ys,...,Y : Q' — X such that Q0 = PGX) W e N, Q) = P(X) and ¥, — Y a.s. By lemma 5.2.3,
{|Y,|}52, is U.L. and thus Vn € N,

Ep| Xn | = / |z[PdPE) (z) = / |z[PdQY) (z) = Eq|Y, [P — Eq|Y|P = Ep| X|P.
R R

O

Remark 5.2.4. Let (X,¥) be a metric space and let X1, X5,..., X : Q — X. Suppose X,, - X a.s. Then,
Vp > 1, Epd(X,,, X)P — if and only if Iy € X such that {d(X,, z0)P}32, is U.L Note that if Jz7 € X such
that

lim sup/ d(z, 20)PdPX) () = 0.
B(Z(),K)C

K—00 peN

Let X € X and let D = d(z, ). Then, Vn € N, VK > 2D,

/ d(z, 2)P AP (2) < / (d(x,z0) + D)PAPX) ()
B(#,K)° B(xo,K—D)¢

< 2p/ d(z, 20)PdPX) ().
B(zo,K—D)e

So lim g 500 SUP,cy fB(:f:,K)C d(z,#)PdPXn) () — 0 as well. Thus, the choice of 2y € X’ is unimportant.

Definition 5.2.4. Let P, Q be probability measure on (X,¥). Let Q = X x X and & = ¥4 ®¥. Define the
set of couplings as

C(P,Q) :={Pon (Q,.7): projections X = m,Y = my satiisfy P = P& and Q = IP’(Y)}.

Let p > 1, define Wasserstein/Earth-mover/Monge-Kantorovich/Optimal Transport distance as

S=

P = inf E X, V)P
de( 7Q) PGé?P,Q) P[d( ’ )] )

which is a metric on {P on (X,¥) : 3z¢ € X, [, d(x,20)’dP(z) < co}. Let Py, P,..., P be probability
measure on (X,%). We say that, for p > 1, P, — P in p-Wasserstein if d, (P,, P) — 0.
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Theorem 5.2.4. Let p > 1.

(a) If 3(Q, #,P) and Xy, Xo,..., X : Q@ = X such that PX») = P, and PX) = P. Then X,, — X in L,
implies P, — P in p-Wasserstein.

(b) If (X,d) is a complete and separable metric space, then for any P, @ probability measure on (X, d),
dw, (P, Q) = sup{’/ fdP —/ fdQ’ f: X —>Ris l—Lipschitz}.
X X
(c) Let Pr, Ps,..., P be probability measure on (R%, Z(R?)) such that [, ||de dP,(z) < co. Then P, —
P in p-Wasserstein if and only if [, | X5 dPy(2) = [pa [|2]5 dP(z) and P, — P weakly.
Proof.
(a) It follows since (Epd(X,,X)?)Y/? > dw, (P,, P).
(b) This one is difficult; see Edwards, 2011 and Kellerer, 1985 or note by Basso.

(c) Suppose P, — P in p-Wasserstein. Fix € > 0, then 3(Q,.#,P) and X;, Xo,..., X : Q — R such that
Vn € N,

Ep || X, — X|” < dw, (P, P) + % 0.
E.g. let Q = (RHN .Z = (#(R))®N and let Q,, € C(P,, P) such thhat
Eq, [|Xn — X|I” < dw, (P, P) = =.
n

Let P(Al X AQ X Rd X Rd .. ) = Pl(Al)PQ(A2> Let

Q1(A1,A)Q2(A2,A)Q3(A3,4) if P(A) > 0
P(AlXAQXAngdXRdX...XA): P(A)? ! ()
0 if P(A) =0

This definition on rectangular cylinders is consistent. Use Kolmogrov extension theory.

Then X,, — X in probability implies X,, — X in law. Also, by Minkowski inequality,

kS 1 1
(Bp | Xn ") > — (Bp | X]I")7 | < (Ep | Xn — X[”)> — 0.

Now suppose P, — P weakly and [y, [|2||5dP,(z) — [z z]l5dP(z). Then by Theorem 5.2.2,
3(Q, #,P) and X1, Xs5,...,X : Q@ - R? such that P&X») = P, and PX) = P. Then, combining
the assumption Ep|X,|P < oo, ¥n € N and Theorem 5.2.3 yields Ep | X — X||” — 0. So P(X») — P(X)
in p-Wasserstein by (a).

O

5.3 Central Limit Theorem

Definition 5.3.1. Let d € N. Define the bump function 3 : R — [0, 00) by

Y(z) = { Caexp(—p)  if lzl2 <1

N 0 else ,

where Cy > 0 is the normalization so that 1) is a density on R?. We note that v is infinitely differentiable
on R? (but not analytic). Since ¢ is compactly supported, all its derivatives are continuous, compactly
supported, and bounded.
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Lemma 5.3.1. Let d € N. Let (2,.%,P) be a probability space and suppose X1, Xo,..., X : Q — Re. If,
for any f: R? — R that is bounded and whose third derivatives exist and are bounded, lim,, o, Ef(X,,) =
Ef(X), then for any g : R — R bounded and Lipschitz, lim,, ., Eg(X,,) = Eg(X), that is, X,, — X in law.

Proof.
Let g : R — R be L-Lipschitz and bounded by B. For o > 0, define

go‘(l') = ]EZNP,/,g(x + UZ)7

where P, denotes the probability measure whose density is the bump function. We observe that
9o(@) = [ gl + 02pu(2)ds
R
y—a,1
- / 9 (—) =
Rd

g g

dy.

Since the derivatives of ¥ are bounded and compactly supported,

go(x) = —/Rdg(y)w'(y ; x)%dy
98 (z) = —/Rd g(y)w(i”(?)%dy-

Since g and ¥ are both bounded, we have that gc(,g) is bounded and continuous. Thus, we have that

Ego(Xn) = Ego (X).
Moreover, since g is L-Lipschitz, we have that, for any = € R?,

9(z) = go(2)| <Ezwp,lg(x) = 9(z + 0Z)| < 0LEzp,[|Z]l2 < o L.

Fix ¢ > 0 and let 0 = 57. Then, for any n € N,

‘Eg(Xn) - Eg(X)l < E'Q(Xn) - ga(Xn)l + E‘9<X) - gU(X>| + ‘Ego(Xn) - EgU(X)‘
<e+ |Egs(Xn) — Eg, (X))

Taking the limit n — oo on both sides, we have that lim,_,~ |[Eg(X,) — Eg(X)| < e. Since ¢ is arbitrary,

the claim follows.
O

Theorem 5.3.1 (CLT under Finite Third Moment Condition). Suppose X, X, X3,--- : Q@ — R?
are independent random vectors. Suppose, Vi € N, y; := EX; € R4, %, := E(X; — ui)(X; — )" € Réxd
and o;; = (E|X;; — uij|2)% > 0. Suppose X = lim,, o % Yo% € R%¥4. Suppose also 3C > 0 such that
SupieNJe[d] E|X¢j — ,UJZ'j|3 < C. Then

1 n
— E (X; — p;) = N(0,%) in law.
n
i=1

Proof.
Let n € N. Define, for i € [n], Z; : Q — R? such that P(%) = N(0,%;). Observe that ﬁ St Z; has

pushforward measure N (0,2 3" | Z;) = N(0,%) weakly.
Let f:R? — R be such that 3B, By > 0,

0*f(x)

——— | < Bs.
0x;0x 0z, 2

sup |f(z)| < By, max sup
zER i,5,k€[d] zER




CHAPTER 5. CONVERGENCE OF PROBABILITY MEASURES 73

For i € [n], define X; = ﬁ(Xz — ;) and Z; = ﬁZi. Write Y; = Xo + X3 + - - - —|—)~(n, write

~ ~ ~ ~ ~ 1~ ~ ~
FX 4 Xo oo X)) = F(X1 4 Y1) = F(V1) + V()T X0+ S X (H)(Y1) X0 + R(X1, Y1)
and
o~ ~ ~ ~ 1~ ~ ~
f(Zi+Xo4 -+ X)) =f(Z1+ Y1) = fV)+ VI Z + §Z;'—(Hf)(Y1)Z1 + R(Z1,Y1).
Since Y7 is independent of X’l, Zl and E)zl = IEZl and E)Z}XT = IEZlZ;—, we have
[Ef(Xi+ Xz 4+ Xo) —Ef (21 + Xo + -+ X,)| < [ER(X1,Y1)| + [ER(Z, V1) (%)
By letting, for : =2,3,...,n,Y; = Zl 4+ 4 Z-_l + 5(:1‘+1 4+ 4+ )A(:n, we have, by similar derivation, that
Ef(Zi+ 4+ Zia + X+ Xip1 4+ X)) —Ef(Zi 4+ 4+ Zica + Zi + X+ + X))
<|ER(X;, Y:)| + [ER(Z:, V)] (%)
Combining (*) and (xx), we have
~ ~ ~ ~ n ~ ~
Ef(+ -+ Zo) —BF(Fy 4o+ %) < SO BR(X,Y0)| + [ER(Z:, Vo))
i=1

By Taylor’s theorem, Vi € [n],

- P f .
[ER(X;,Y:)| <E sup (y)‘ | X Xin Xl
i,k',zle:[d] y€ERd ayjaykayl J
3 3
LI 1 - 1<h &3
3 3 3
<BE | Y |Xij| | =B.d’E gZ|Xij| < Byd’E EZ|X”| < Bgn%C,
Jj=1 Jj=1 j=1
~ 3
IER(Z;,Y;)| < Bod®E 1zﬂl:|2u|‘°’ = B,d’E lzd: s | Zis B d—3203
iy i) X D2 d . %] — D2 d laij oy = 2 3/2 1
j= j=
where C := SUp;en, jeja) Oij < OO Therefore, |]Ef(§1 +. Zy) —Ef(X1 4+ X,)| < Ba(2C3 + C)\‘%, So
i BA-L S (X - ) = Tim Ef(iiz-)
n— oo \/ﬁ = i Hi)) = n—o00 n pt v
The claim follows from Lemma 5.3.1.
O

5.4 Convergence through Moments

Definition 5.4.1. Let (X,%¥) be a measure metric space. We say that a collection {P,}52 ; of probability
measures on (X,¥) is tight if Ve > 0, 3K, € ¥ compact such that Vn € N, P,(K.) > 1 —e.
We showed in Theorem 4.4.2 that if X’ is complete and separable, then any finite {Py, ..., P,} is tight.

Theorem 5.4.1 (Prokhorov’s Theorem). Let (X,¥) be separable. Then a collection {P,}52; is tight
iff 3 a subsequence {P,,,, Pp,, ...} and a probability measure P such that P,, — P weakly.

Proof.
See note by Van Gaans, Theorem 5.2. O
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Lemma 5.4.1. Let (X,¥) be a measurable metric space an let {P,}3%; be a tight collection of probability
measures. Suppose 3 probability measure P such that for any weakly convergent subsequence {P,, }?2 ,
P,, — P weakly. Then, we have that P, — P weakly.

Proof.
Suppose {P,,}52 ; does not converge to P weakly. Then, 3f : X — R bounded and continuous and ¢ > 0
such that limsup,,_,. |Ep, f —Epf| > ¢. Thus, Vk € N, Iny, > k such that

Ep,, f—Epf| > c.

Since {P,}52; is tight, {P,,}72, is tight as well by Theorem 5.4.1. There exists a further subsequence
{mi1,ma,...} C {ni,na,...} such that {Pn, }72, is convergent and thus converge to P, that is, limy_ [Ep,, f—
Epf| = 0. This is a contradiction. Thus, P, — P weakly as desired. O

Definition 5.4.2. Let d € N and let X :  — R have distribution (pushforward measure) P on (R, Z(R)).
The moment generating function M, : R — [0, 00] is Vt € R,

Mp(t) = E[e™X]. (5.4)

Remark 5.4.1. If 3¢ > 0 such that |¢| < e implies M, () < oo, then

() BletX] =142, 25X vt € (—ce),

(ii) Let @ be another distribution on (R, Z(R)), if Mp(t) = Mq(t), Vt € (—¢,¢), then P = Q. That is, if
X, Y:Q—=Rand P =P and Q =PY), then P = Q iff Vk € N, EX* = EY'*.

(iii) There exists P # @ on R satisfying Ee! = oo, Vt # 0 such that Vk € N, EX¥ = EY* (with X,Y
defined as in (ii)).

Theorem 5.4.2. Let {P,}°2; be a sequence of probability measures on R. Let P be a probability measure
on R such that Mp(t) < oo, Vt € (—c,¢) for some ¢ > 0. Let X1, Xs,...,X : Q — R such that P&») = P,
PX) = P. If EXF — EX*, Vk € N, then P, — P weakly.

Proof.

First we show that {P,} is tight. Since Mp(t) < oo for some t # 0, EX? < oo, and since EX2 — EX?,
there exists M > 0 such that sup,cy EX2 < M. Hence, for any ¢ > 0, we may take K, := [—(%)%, (%)%]
to obtain Vn € N,

M. EX2
1 - P,(K.)=P(X2 > ?) < =pe<e

Now, let {P,,, Py,, ...} be a subsequence that converges weakly to some probability measure @ on R. Then,
let Y : Q — R such that P(Y) = Q, we have EX* = EY*, Vk € N. So Q = P by Remark 5.4.1 (ii). Thus, by
Lemma 5.4.1, we have that P,, — P weakly. O

Definition 5.4.3. Let X : Q — R be a random vector with distribution P and (R?, Z(R?)). Define the
characteristic function ¢ : R* — C as

op(t) = Ee'' X = Ecos(t*X) + iEsin(t* X), for t € R%

Remark 5.4.2. (i) Since Vx € R, |¢®| = |cosx + isinz| = 1, for any probability measure P on R%, we
have that |¢p(t)| < 1, Vt € R

(ii) By Levy inversion formula, we have that for any pair P,Q probability measures on R?, P = @ iff
op(t) = ¢q(t), vt € RL.
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Theorem 5.4.3 (Levy Continuity Theorem). Let {P,}°2; be probability measure on R? with characteristic
function {¢p, 15 ;. If P, — P weakly for some probability measure P on R?, then Vt € R?, ¢p (t) — ¢p(t).

If V¢t € RY, ép, (t) — ¢(t) for some ¢ : R? — C and ¢ is continuous at 0, then 3 probability measure P
such that ¢ = ¢p and P, — P weakly.

Proof.
Similar structure to the proof of theorem 5.4.2, see proof of Theorem 7.2.9 in Ash and Dolean-Dade. [

Theorem 5.4.4 (CLT under Linderberg Condition). Let X7, X5, X3,---: Q — R be independent r.v. such
that Vn € N, pu, := EX,, < 0o and 02 := Var(X,,) < co. Write ¢2 = Y7, 07 and suppose ¢ > 0, Vn € N.
If Ve > 0,

n

1
lim — / (z — pg)2dPXD () = 0,
n—oo C7 Z r:lx—pi|>ecn }

noi=1
then,
1 n
— X — N(0,1) in law.
o (S0 =) = NO.1) i L
Proof.
Through Levy continuity theorem. See theorem 7.3.1 in Ash and Dolean-Dade. O

Corollary 5.4.1. If X1, X, -+ : Q — R are iid with p := EX; < oo and 02 := Var(X;) < oo, then

n

— X; — — N(0,1) in law.
7 O ) = N(O.1) i
Proof.
Using notation in Theorem 5.4.4, we have ¢2 = > " | Var(X;) = no?. Thus, Ve >0, n € N,

1 & : 1
= Z/ (2 = )2 dP) (@) = — (2 = p)*dPC (@) 0
Ch 2 1 {z:|z—pi|>ecn} 7

~/{w:|w—u|>6\/ﬁa}

as n — 0o. The conclusion follows. O



Chapter 6

Conditional Expectation and
Probability

6.1 Conditional Expectation

Theorem 6.1.1. Let (2,.%,P) be a probability space, let X : @ — R be measurable with respect to
(Q, #)/(R, B(R)) and integrable, and let 4 C .Z be a sub-o-filed. Then, there exists g : & — R, measurable

w.rt (2,9)/(R, Z(R)) such that VB € ¥,
/ gdP = / XdP. (6.1)
B B

Moreover, g is unique P-a.e. We write g(w) = E[X|¥4](w), Yw € Q.

Proof.

Define A : 4 — R by A(B) := fB XdP, VB € 4. Then ) is a signed measure by Theorem 2.2.1. Note
that A < P since if P(E) = 0 for £ € ¢, then A\(E) = [, XdP as well. Thus, by Radon-Nikodym theorem,
B 1 Q — Rexists and VB € ¥,

A b — A(B) :/ XdP.
B dP B

Setting g = % yields desired result. O

Definition 6.1.1. Let (2,.%,P) be a probability space and let Y :  — Q be a r.o. where (ﬁ,jf) is
measurable space. Define o(Y) := {Y"}(A) : A € #} C F as the sub-o-algebra generated by Y. Let
X : Q> Rberv. Define E[X|Y]:Q— R asVweQ,

EX|Y](w) := E[X]o(Y)](w). (6.2)
Thus, E[X|Y] is P a.e. uniquely defined by

(a) VA € A,

/ E[X|Y]dP = / XdP = ]E[X]l{yd}]. (6.3)
Y —1(A) Y -1(A)

(b) VS € Z(R), E[X|Y]"1(S) € o(Y), or equivalently, 3A € 5, such that
Vw e QEX|Y](w) € S < Y(w) € A. (6.4)

76
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Example 6.1.1. Let (Q,.%,P) be probability space, let X : 2 — R be r.v. and let Y : Q — {0,1} so that
oY) :=1{0,Q,Y~10), Y 1(1) = Y ~1(0)°}.
Write g := E[X|Y], we have that g must satisfy [, gdP =0, [, gdP = [, XdP = EX,

/ gdP = / XdP = E[X1;y—¢] and / gdP = E[X 1y —1y].
Y —1(0) Y =1(0) Y-1(1)

Since g must be (2,0(Y))/(R, B(R)) measurable, it must be that Ja,b € R such that g(w) = a, Yw such
that Y (w) =1 and g(w) = b, Vw such that Y (w) = 0.
E[X1(y=13]

L o E[XLy_
Thus, E[X1{y—13] = fY*l(l) gdP = afy,l(l) dP implies a = —Fo=n Likewise, b = W.

Lemma 6.1.1. Let (Q, % ,P), (ﬁ,%) be probability spaces. Let YV : Q — Q be r.0. measurable w.r.t.
(Q,.7)/(Q,#) and Y(Q) € #. Let X : Q@ — R be measurable w.r.t (Q,.%)/(R, Z(R)). Then, X is
measurable w.r.t. (Q,0(Y))/(R, Z(R)) if and only if 3¢ : Q — R measurable w.r.t. (€, 5)/(R, Z(R)) such
that X = ¢(Y), i.e. Vw € Q, X (w) = ¢(Y (w)).

Q———5—"——R
\1/7

Figure 6.1: lemma illustration

N

Note that X is (Q,0(Y))/(R, Z(R)) measurable if and only if Vs € Z(R), X 1(s) € o(Y) iff o(X)
o(Y).

Proof.

First suppose X > 0 and is simple, i.e. Jeq,¢o,...,¢n > 0 and Ay, As, ..., A, € F such that X =
S cila,. If X is measurable wr.t. (Q,0(Y))/(R, Z(R)), then Vi € [m], X ~!(¢;) = 4; € o(Y). It implies
JA; € A such that A; = Y~I(4;). Thus, we may write ¢ = Y./, ¢;1 5, which is (Q,.)/(R, Z(R))-
measurable, and we have Yw € €,

(Y (w)) = Zciﬂ{y(w)egi} = ZCi]lAi (W) = X (w).

Now suppose X > 0. If X is measurable w.r.t. (2,0(Y))/(R, Z(R)), then 3 sequence 0 < X; < X5 < ...
simple, measurable w.r.t (©,0(Y))/(R, Z(R)), such that Vw € Q, X,,(w) — X(w). By previous analysis,
Iy, do, -+ : Q — R, all measurable w.r.t. (Q,.2)/(R, B(R)), such that X, = ¢,(Y). We then have,
Vw € Q, X(w) = limy 00 ¢ (Y (w)). Define ¢ : @ — R by ¢(w) = limy,_e0 ¢ (w), Y € Y(Q) and ¢(w) = 0
if w¢ Y(Q). Then ¢ is (Q, #)/(R, B(R)) measurable and X = ¢(Y).

If X : Q — R, then we may apply previous reasoning on X, X~ to obtain ¢ : Q — R such that

X =¢(Y).
If, on the other hand, suppose 3¢ : @ — R, (@, 5)/(R, B(R))-measurable such that X = ¢(Y), then,
VS e BMR), X 1S) =Y L(¢p~1(S)) € o(Y). It implies X is (2, 0(Y))/(R, B(R))-measurable. O

Theorem 6.1.2. Same setting as Definition 6.1.1. Then, there exists a function ¢ : Q — R measurable
w.r.t (2,5)/(R, B(R)) such that E[X|Y] = ¢(Y), i.e.

Yw € QE[X[Y](w) = ¢(Y(w)).
Moreover, for all Aew# ,

/~ pdPY) = / ~ XdP. (6.5)
A Y -1(A)
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and if ¢ : O—>R satisfy (6.5), then ¢ = ¢, PM)-a.e.
We write, Yy € Q, E[X|Y = y] := é(y).

Proof.
First assume Y'(€2) € /2. Since E[X[Y]: Q = R is (2,0(Y))/(R, #(R))-measurable, by Lemma 6.1.1,
3¢ : Q — R such that E[X|Y] = ¢(Y). For A € 5, we have that

(Y) — —
o= [ ooyae= [ xae

by Theorem 6.1.1. Uniqueness follows from Theorem 6.1.1.
In general, defined signed measure A : 5 — [—00, 00| by

A(A) :/ _ XdP, VAe.wx.
Y-1(4)

We have that A < P() and thus may let ¢ = dP(y) Since
/ _ XdP = /~ pdPY) = / _9(Y)dP, VAe .2,
Y -1(A) A Y -1(A)
we have that ¢(Y) = E[X]|Y]. O

Theorem 6.1.3. Let (€,.Z,P), (Q,.) be probability space and let Y : Q — Q be (,.%)/(Q, #)-
measurable and let X : Q@ — R be (£,.7)/(R, Z(R))-measurable. Suppose E|X| < oo. Then, for all
1 : Q — R such that El¢)(Y)| < oo,

/Q(X —E[X|Y])¥(Y)dP = 0. (6.6)
Moreover, we have that
/(E —E[X|Y])%dP < /(X —(Y))2dP. (6.7)
Proof.
For the first claim, first suppose ¢ > 0 and is simple function, i.e. for some ¢y,...,¢;, > 0 and

Ay, An e Y= Z?ilci]lgi. Then, we have

/(X E[X|Y])y(Y)dP = Zc/ E[X|Y]dP = 0.

1(A)

Now, let ¢ > 0 and let 0 < ¢y < tby... be simple functions such that lim, .o ¥n(y) = ¥(y), Yy € Q.
Observe that since E(E[X|Y]) = EX is finite, E|E[X|Y]] < oc.
We thus have

(X —E[X[Y])p(Y)dP — / (X = E[X[Y])¢bn(Y)dP
Q Q

. (X —EXY]|($(Y) = ¢n(Y))dP = 0

where the final limit follows from the monotone convergence theorem. The general case immediately follows.
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For the second claim, note that
[ e = wivypap
Q
= / (X —E[X|Y] +E[X]Y] —(Y))*dP
Q

- / (X — E[X[Y])*P + / 2(X — E[X[Y])(E[X[Y] - ¢(¥))dP + / (E[X|Y] - $(Y))*dP
Q Q Q

=0 by Thm 6.1.2

_ 2
> [ (x ~BLxIv)Pap

O

Remark 6.1.1. Let P(X°Y) be a probability measure on (R x Q, B(R) ® ) induced by (X,Y). Let us
assume there exists Markov Kernel K : Q@ x R — [0, 1] such that Vs € R, A € .72,

P{X € S} n{Y € A}) = PXY)(S A) = /g K (y, S)dPY) (y).
We claim then that for P)-ae. y € S~27
BXY =) = [ ad®(y. (@)
To see this, define W : QO—R by U(y) = fR xdK(y,)(z), Yy € Q. We note that, any Ae I,

/\I/ YdPY) (y //xdﬂ{ y, ) (z)dPY) (y)
A

—/ 2dPXY) (2, 4)
Rx A

= / XdP
(X,Y)~1(RxA)

- / XdP.
Y-1(A)

Thus, ¥ = E[X|Y =-], PM)-a.e. by Theorem 6.1.2.

6.2 Properties of Conditional Expectation

Theorem 6.2.1. Let (2,.%,P) be a probability space and let 4 C .Z be a sub-o-field. Let X7, X5 : Q2 — R
e (2,.%)/(R, Z(R))-measurable and integrable.

(d) For any convex function r : R — R, E[r(X)|¥4] > r(E[X|¥]).
Let (ﬁ,%ﬂ) be a measurable space, let Y : Q — Q be (Q,ﬁ)/ﬁ,%ﬂ)—measurable.

(a’) If X; < Xy P-ae, then E[X |V =] < E[X,]Y =] PM-ace.
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(b’) Ifa,b € R, and if aEX; +bEX, is well defined, then E[aX1+bX3|Y =] = aE[X1|Y =+ ]+IE[X2|Y =-].
(©) [EX1]Y =] <E[ XY =]
(d’) For any convex function r : R = R, E[r(X)|Y =] > r(E[X|Y =-]).

Proof.

(a) Suppose X; < X5 P-a.e. Then, for all B € ¥,

/E[X1|Y]dIP’:/X1d]P§/ depz/ E[X,|Y]dP.
B B B B

Thus, E[X;|Y] < E[X2|Y] P-a.e. by Theorem 2.2.3.

(a’) For any B € #, we have

_E[Xq|Y =@)dPY) (@) =
’ /

X, dP < / XodP = / E[X,|Y = &)dPY)(@).
B Y-1(B) Y-1(B) B

B

(b) For any B € ¢4, we have

/ ElaX; + bXo|Y]dP = / aX; + bXodP
B

B
:a/ de]P)—f'b/ XQdP
B B

:a/ E[X1|Y]dIP+b/ E[X,|Y]dP.

(b’) Similar to (a’).
(c) Note that |X;| > X; and | X;| > —X;. Thus,

E[|X1[[Y] > max{E[X:1|Y], ~E[X5|Y]} = |E[X1]Y]].

(¢’) Similar to (a’).
(d) We note that for any z € R,

r(z) = sup h(z).
h:R—Rlinear, h<r

Hence, by (a) and (b), we have that, for any linear function h < r,
Elr(X)|¥] = E[M(X)|¥] = h(E[X|¥]).
Since this is true for any linear i < r, we have that E[r(X)|¥] > r(E[X|¥]) as desired.

(d’) Same as (d).

Theorem 6.2.2. Let X1, X5,..., X :Q —>R.

(a) f0< X; <Xy... and X,, - X P ae., then

E[X,|¥4] — E[X|¥] P-a.e. and E[X,|Y =:] - E[X|Y =] PM-ae.
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(b) If 3Z : Q@ — R such that | X,,| < Z P-a.e. and EZ < 0o and if X,, = X P-a.e., then
E[X,|¥4] — E[X|¥] P-a.e. and E[X,|Y =:] - E[X|Y =] PM)-ae.

Proof.

(a) By Theorem 6.2.1 (a), 0 < E[X1]¥4] < E[X2|¥].... Define h: Q — R as h(w) = lim,, o E[X,|9](w),
Vw € Q, then h is (2,9)/(R, Z(R))-measurable. For B € ¢,

/ hdP = / lim E[X,|¥]dP
B B

n—oo

= lim [ E[X,|4]dP (MCT)
n—oo B

= lim [ X,dP
n—oo B

= / XdP. (MCT)
B

The proof of the second claim is identical.

(b) Define W, := supys,, | X, — X| so that W, < Wy, ¥n € N and Vw € Q, W, (w) — 0. Since
E|X| <EZ < oo, we have

/E[X|§¢]dIP” — |[EX| < oo
Q

and thus, [E[X|¥]| < co P-a.e. Hence, E[X|¥] — E[X,,|¥] is well-defined and
E[|X — X.|9] > [E[X|¥] — E[X,.|¥]|.

Since E[|X — X, ||9] < E[W,|¢], we need only show that lim,, . E[W,|#] = 0. Define h : 2 — [0, 00)
such that Vw € Q, h(w) = lim,,—, o« E[W,,|4](w). Then

/ hdP = lim [ E[W,|9]dP = lim [ W,dP=0.
Q Q

n— oo Q n—oo

Thus, h = 0 P-a.e.

Theorem 6.2.3. Let X : Q@ — R be (2,.%#)/(R, #(R))-measurable.
(X0, Q}] = E[X].

(a
(b) E[X|.#] = X.

) E
b) E
(c) If 9 C % C .7, then E[E[X|4]|%] = E[X|%] and E[E[X|4]|%] = E[X|4].
d) IfZ:Q—-Ris (2,9)/(R, #Z(R))-measurable and if E|X| < co and E|ZX| < oo, then
E[ZX|¥9) = Z - E[X|¥].
Proof.

(a) Since [ EXdP = [, XdP and [, EXdP =0 = [, XdP, the claim follows.

(b) Follows from definition.
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(¢) Since E[X|4] : Q — R is also (2,%)/(R, Z(R))-measurable, we have from (b) that E[E[X|¥4|4] =
E[X|#4].

For the second claim, let B € 4, then B € ¥, as well, hence

/BIE[E[XI%H%]dIP’:/BE[X|%}dIP’:/BXdIP’.

Since this is true VB € % and since E[E[X|4]|%4] : @ — R is (Q,%)/(R, B(R))-measurable,
E[E[X|%][%] = E[X|#]

(d) By Theorem 6.1.3 and the fact that Z is ¢/%(R)—measurable, we have that, for any A € ¢,

/ ZE[X|¥)dP = / ZX dP.
A A
Hence, it must be that ZE[X|¥]| = E[ZX|¥].

O

Example 6.2.1. (a) Let X,Y : @ — R. Then E[Y|X] = E[Y|aX], Va # 0 since ¢(X) = o(aX). In
fact, let ¢ : R — R be invertible such that ¢, =1 are both (R, Z(R))/(R, Z(R))-measurable, then
E[Y]X] = E[Y[o(X)].

Note, however, for x # 0, E[Y|X = z] # E[Y|2X = z], we have
E[Y|X =-](z) = E[Y|X] = E[Y|2X] = E[Y|2X = -](2x).
(b) Let X,Y,Z:Q — R and let Z be independent of Y, X. Then E[Y|X, Z] = E[Y|X].
To see this, note that
o(X,2)={(X,2)71(C): CCBR)2BR)} =c({X Z)NnZ (Y):5TC BR)}.

For any S,T € #A(R), we have

/ E[Y|X]dP = / E[Y|X]|1(zerydP
X-1(8)NZ-(T) X-1(S)

= / E[Y|X]dP-P(Z € T)
X-1(8)

:/ YdP-P(Z € T) :/ YdP.
X-1(S) X-1(S)NZ-1(T)

Thus, E[Y|X, Z] = E[Y|X].

(c) Recall thatif X : Q@ — RP and X ~ N(0,1,), then for v,w € R? such that v"w = 0, v"« is independent
of w™xz. Thus, for any 5,7 € RP, g # 0, we have

v
1817

B+

where % = 0 and
VB
[

v B
181>

E"X[8"X] = E[-—58"X + (/)" X |87 X] = prX.

Note that ﬁBTX = VT”:%H . %X does not depend on the norm of /.
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(d) Suppose X,Y,Z:Q — R and Z is independent of (X,Y"). We claim that

E(Y -E[Y|X +Z]))> >E(Y -E[Y|X])>

residual variance of error-in-variable

To see this, note that

E(Y —E[Y|X + Z])? > E(Y - E[Y|X, Z))? = E(Y — E[Y|X])%
To understand this more, observe that

EY|X+ Z|=E[E[Y|X + Z, Z]|X + Z] (since o((X + Z,2)) D o(X +
=E[E[Y|X, Z]|X + Z] (since o((X + 2),2)) = o(X,
=E[E[Y|X]|X + Z].

2))
Z))

Therefore,
E(Y —E[Y|X])? = B{Y —E[Y|X + Z] + E[Y|X + Z] — E[Y|X]}?
— E(Y —E[Y|X + 2])* + E{E[Y|X + Z] — E[v|X]}?
+2E[(Y —E[Y|X + Z))(E[Y|X + Z] — E[Y|X])]
— E(Y —E[Y|X + 2])* - E{E[Y|X + Z] - E[Y|X]}".
where

2E[(Y —E[Y|X + Z))(E[Y|X + Z] — E[Y|X])]
=2E[E{(Y — E[Y|X + Z))(E[Y|X + Z] - E[Y|X])|X, Z}]
= —2E(E[Y|X] - E[Y|X + Z])2.

Consider a concrete case: X, Z ~ N(0,I,) and E[Y|X] = aX for some a # 0. Then

E[Y|X + Z] = E[E[Y|X]|X + Z] = oE[X|X + Z]

1,0)7(1,1 1
:a%(X—FZ) — ioz(X—i-Z).
More generally, for A > 0,
~(1,0)7(1,N) o«
EY|X +XZ] =« e (X+2)= 1_~_>\2(X+Z).

6.3 Regular Conditional Probability

Remark 6.3.1. Let (Q,.%,P) and (€, %) be probability spaces and let Y : Q — Q be (€,.%)/(Q, 7)-

measurable.
Our goal is to use conditional expectation to construct a Markov Kernel K : Q — % — [0,1], i.e.

o {K(y,*)},cq are probability measure on (£, F)
e For any B € ., y— K(y,B) is (Q, #)/(R, B(R))-measurable.

oForanyBeﬂ,geﬁ,

/ﬂ{(y, B)PY) (y) = B(B N Y~ (A)).
A
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We interpret {(y,+)},cq as the condition probability on (£2,.#) conditional on ¥ = y. Note that
{HK(y.+)},eq is only unique for PM-ae. y e Q.

One attempt to construct the Markov kernel is to note that, for any B € %, the indicator 15 : Q@ — R
is (Q,%#)/(R, Z(R))-measurable and we may define

VyeQ, P(B|Y =y):=E[lpl]Y =y

Thus, we may consider defining & : 0 — F - [0,1] by

K(y,B) =E[1p|Y = y].

But this may not be well-defined. Recall that, for a fixed B € .#, E[lg|Y = -] is only unique P®)-a.e.
In other words, 3E5 € # such that PO)(Eg) = 0 and E[1g|Y = -] is unique for y € E%. Therefore,
B — ﬁ(y,B) is only well-defined for all y € UgesEp. However, it may be that ]P’(Y)(UBeyEB) > 0.
Luckily, this is not the case so long as 2 is a complete separable metric space.

Theorem 6.3.1. Let (), .%) be a measure space and let (X',¥4) be a complete and separable metric space
with Borel o-field 4. Let X : Q@ — X be ¥ /.%-measurable.
For any probability measure P on (€, .%), there exists a Markov kernel K : Q x ¢ — [0, 1] such that

1. {K(w,*)}weq is a family of probability measures on (X,%),
2. forany S € 9, w— K(w,S) is F/A(]0, 1] -measurable, for any A € . and S € ¥,
P(AN{X € S}) = / K (w, S) dP(w).
A
Note that we may define probability measure Q on the product space (X x Q, J# ® %) by Q(S, A) =
P(AN{X € S}) for any S € 5 and A € Z.

Proof.
See Theorem 3.6 in the note by P. Orbanz. O

We also call K regular conditional probability measures or regular conditional distribution.
The following is an equivalent formulation of the same theorem.

Theorem 6.3.2. (Version 2)

Let (Q2,.%) and (), ) be measurable space. Let (X',¥) be a complete and separable metric space with the
Borel o-field 4. Let X : Q — X and Y : Q@ — Y be r.0. (measurable function). Then, for any probability
measure P on (Q,.%), there exists Markov kernel PG («]Y =+): Y x ¥ — [0,1] such that

(1) {PI(+|Y = y)} ey is a family of probability measure on (X,%9).
(2) VS €9,y PXN(S|Y =y) is (Y, #)/(R, B(R))-measurable.
(3) VS €9, VT € s,

P({X € SYN{Y e T}) = PXY)(§ x T) = / PRI(S|Y = y)dP™M) (y).

Remark 6.3.2. We can consider a third equivalent formulation. If (€,.%) is complete and separable with
the Borel o-field, then we may take X : © — Q as the identity so that P(X) = P. Then there exists a Markov
kernel P(+|Y =+) : Y x .Z — [0,1]

(1) {P(+|Y = y)}yey is a family of probability measure on (€, #).
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(2) VBe F,y—P(B|Y =y) is (Y, )/ (R, ZA(R))-measurable.
(3) VB € #F VT € 7,

P(BN{Y €T}) = / P(B|Y = y)dPMY)(y).
T

Remark 6.3.3. Note that for X : Q@ — R r.v., we have that E[X|Y = y] = [, XdP(+|Y = y). To see this,
first note thatNif X is simple and non-negative, i.e. X = > ¢; 14, for ¢1,...,¢p > 0and Ay,..., A, € .7,
then for any A € 7,

/Z/QXdIP’(-

Y = y)dPM)(y)

v =n)ab) = [ [ Y atar
_ S s Yy — (Y)
> /A P(A]Y = y)dP™) (y)
= i ¢iP(A; NY ~1(A))

:/ Zci]IAidIP’:/ XdP.
Y Y-1(A)

“HA) i



Chapter 7

Martingales

7.1 Introduction

Definition 7.1.1. Let (Q,.%#,P) be a probability space and let #; C %3 C --- C % be an increasing
sequence of o-fields (filtration). Let X7, X2, -+ : @ — R be such that Vn € N, X, is (Q,.%,)/(R, B(R))-
measurable and E|X,,| < co. We say that X7, Xs,...,is a

e martingale if Vn € N, E[X,, 11| %#,] = X,
e sub-martingale if Vn € N, E[X,,11]%,] > X,
e super-martingale if Vn € N, E[X,,41|%,] < X,.

Let % O %1 D %9 O F5... be a decreasing sequence of o-filed. Suppose X,, : Q@ — R is (Q,.%,)/(R, B(R))-
measurable. We say that X, Xo,... is

e reverse martingale if Vn € N, E[X,,|.%,, 1] = Xp41,
e reverse sub-martingale if Vn € N, E[X,,|Z41] > X1,
e reverse super-martingale if Vn € N, E[X,,| %, 11] < Xp41.
Remark 7.1.1. (a) If {X #,}7% is a martingale, then Vn € N,
E[Xn+2|35n] :E[E[Xn—&-ﬂgnﬂ“g‘\n]
=E[X,+1]|%n] = Xnn. (Similar for super/sub-martingales)
(b) We say that {X,,}>° is a martingale if it satisfies
E[ X1 X1, ., X = E[Xpp |0(Xy, ..., X)) = X,
That is, writing %, := o(X1,...,Xn), {Xn, Zn}n is a martingale.
Example 7.1.1. (a) Let Y1,Y5,---: Q — R be independent random variables with mean zero. For n € N,
let #, :=0(Y1,...,Y,) and X,, =Y., Yi. Then we have
E[Xn11]Fn] = E[ZYZ +YolY1, ... 7Yn:| = ZYi =X,
i=1 i=1

which implies {X,,, .%,} is a martingale.

86
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(b) Let Y7,Y2,--- : & — R be independent and write, for j € N, p; = EY; # 0. For n € N, let
Fn=0Y1,...,Yn), X, —H] 1u Then
Yo 14 Y5 Y
E[X,11].7, :E[* “yy,....Y, ] 2= X,.
o1 Zl Mn+1j1;[1Nj| 1;[” !

So {X,,, #,} is a martingale.

(c) Let Y : Q — R be such that E|Y| < oo and let %7 C % C --- C F. For n € N, let X,, = E[Y|.Z,,].
Then

E[X,+1|%n] = E[E]Y |Z+1|Fn] = E[Y|Z,] = X,
So {X,, #,} is a martingale. Now let Z O % DO %5 D ... be decreasing. Let X,, = E[Y|.%#,], then
E[X,|Znt1] = E[E[Y | F]| Fni1] = E[Y [Fnp1] = Xpta.

So {X,,, #,} is a reverse martingale.

In particular, let Z1, Zs,---: Q@ — R be iid. For n € N, let S, =Y | Z —i. Then, we claim Vn € N,
sn = E[Z:1|5,] = E[Z1|Sn, Zny1, - - -]

To see this, let B € #(R), then

/ Z1dP = / 2 dPEr o Zn) (2 2
Sn,€EB {Zl+'-'+Zn€B}

1 n
—Z/ zid]P’(Zl""‘Z")(zl,...,zn)
n- {z14+ 42z, €B}

/ ZZd]P’ / &dp.
Sn€B ;4 S,eB T

Thus, for n € N, letting %,, = 0(Sn, Zn+1, Zn+2,---), we have that & O % DO ... and {%,35”}
is a reverse martingale.

(d) (Polya’s Urn). Let n(®, ng) € N where n(9 is the total number of balls and ngg) is the number of red
balls. For t = 1,2,...,n9 we have that n® = n(t=1 41 and

(t—1) nlt—
@ _Jngp ~+1 with probability - Y3

"R T -1 (-0 -
np with probability 1 — (, o

0)
Let t € [n(9), let % := o (ng), . n%)) and let X; := % Then

(t+1) (t) (t) (t) ) _ 1
1
E[X, 1|7] =E |22 |7 | =2 T2 Tr | "k N~k
(t+1) nGrD @ T oD n®
_ngn® i) i
Y T O I O N

So {X,,, #,} is a martingale.

(e) (Stochastic gradient descent) Let X : Q@ — R? be a random vector and Y :  — R be a random
variable. For simplicity, let us also suppose E[XX "] = I,,.
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We wish to minimize F : R? — [0,00), F(8) = E[(Y — X T 8)?]. Write

B* := argmin F(B8) = E[XY],
BERP

and note that 8* is the point where the gradient
VF(B) =EXX'B -EXY

is equal to 0. If we know VF', we could perform gradient descent; but VF is unobserved. In stochastic
gradient descent (SGD), we assume that we can observe a noisy version of the gradient.

More precisely, let (0 € RP. For t = 1,2,3,..., let W, : Q@ — R? be independent, EW; = 0 and assume
E |[W,|*> < p. We suppose that we observe the stochastic gradient VEF(5(=1) 4 W,.

For example, if (X;,Y}:) is a single observation, we may have
VFE(B DY)+ W, = X, X, gD - X,v,.

If X,,Y; have finite fourth moment and if the entries of S¢~1 are bounded, then we may verify that
E[W? < p.

The SGD update, with step-size 1/t, is then

B0 = B 4 V() + 7))

=gt 4 %(E[XXT]B(t‘l) ~E[XY]+ W;)
= B0 4 2(80D — gt W),

For t € N, let .Z; := o(Wy,...,W,) and let Z, = ||3* — BO||° + 2. Then,

2P
+7
t

1

/8* o ﬂ(tfl) o l(ﬁ(tfl) o ﬂ*) o 7Wt

E[Z|% 1] = Bz, ; ;

Lg

t
2 1
B*_B(t_l)H +§(1—|—¥) < Zi_1.

2 1
= (1- 32| =8| + SEIW +2

<]

Thus, {Z;, %} is a super martingale.

Lemma 7.1.1. {X,,.%,} is a martingale if and only if Vn € N, VA € .7, [, XpdP = [, X,,;1dP. (sub-
martingale if and only if fA X, dP < fA Xp1dP.)

In particular, for martingale, E[X;] = E[X5] = ....
Proof.

Recall that X, = E[X,|.%,] iff VA € Z,, [, X,1dP = [, X,dP. O

Lemma 7.1.2. (a) If {X,,.%#,} and {Y,, %,} are sub-martingales, then {max(X,,Y,),%#,} is also a
sub-martingale.

(b) Let {X,,.%#,} be asub-martingale. Let g : R — R be convex and increasing and suppose E|g(X,,)| < oc.
Then {g(X,), %} is a sub-martingale. e.g. {X;F', . #,} is a sub-martingale.
If {X,,%,} is a martingale and g : R — R is convex and E|g(X,,)| < oo, then {g9(X,), Z,} is a

sub-martingale.

Proof.
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(a) Note that Elmax(X, 11, Yni1)|Fn] > max(E[X 11| %), E[Ynt1]|Fn]) = max(X,, Ys,).

(b) By Jensen’s inequality, we have E[g(X,4+1)|%n] > ¢(E[Xp+1|-%n]) > g(X,,) if either g is increasing or
if E[Xps1]Zn] = Xon.

O

7.2 Martingale Convergence

Definition 7.2.1. Let #; C %5 C ... be a filtration. We say that a sequence of random variables As, Az, ...
is a predictable process if for all k > 2, Ay, is %1/ % (R)-measurable.
Suppose {X,,, Zp tnen is a sub-martingale (or martingale), then we may define a sequence of random
variables {(X - A), }nen by
(X-A)) =X,
(X . A)2 = X1 + AQ(XQ — Xl)

n

(X . A)n =X+ ZAk(Xk — Xk71)~
k=2

We call (X - A) the martingale transform of {4, }.

Lemma 7.2.1 (Optional skipping theorem). Let {X,,.%#,} be as sub-martingale and let {Aj}r>2 be a
predictable process. Suppose E|Ag (X — Xk—1)| < oo for all k > 2. (We can use a stronger assumption that
supy, |Ax] < M < oo almost surely. This is easier to verify.)

1. If Ay >0, then (X - A) is a sub-martingale.
2. If {X,}, is a martingale, then (X - A) is a martingale and E(X - 4),, = EX,, = EX;.
Moreover, if {X,,} is a sub-martingale and A,, € [0, 1], then E(X - A),, <EX,,.

Proof.
For n € N, let us write Y, := (X - A), = X1 + > p_p Ak(Xi — Xj—1). It is clear that Y, is %,/ B(R)-
measurable and E|Y;,| < co. Since {A,},>2 is a predictable process, we have, for any n € N,
E[Ynt1|%) = ElY, + A (X, — Xoo1) | F0]
=Y, if{X,,%#,} martingale

=Y, + A EX, 11 — X, | %]
>Y, if{X,,%,} sub-martingale and 4,, >0

If {X,,%,} is a martingale, then it is clear that E[Y;,] = E[Y1] = E[X;].
Assume now that {X,,,.%#,} is a sub-martingale and that A4,, € [0,1]. Since Y7 = X1, E[Y1] = E[X;]. For
k € N, assume as inductive hypothesis that E[ X} — Y;] > 0. Then

Xit1 = Y1 = X1 = Vi — App1 (X1 — X)) = (1 = Ap)(Xpg1 — Xi) + (X — Ya).
Thus,

ElXkt1 = Y| Fi] = (1 = Ap)E[Xpq1 — Xp| Fp] + (X — Vi)
> X — Yy

Thus, E[Xy41 — Yiq1] > E[Xy — Y] > 0. 0
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Let (X1, %#1),...,(Xn, %) be a sub-martingale. Fix a < b € R. Define

T;: Q= Ns.it. Vw e Q,T1(w) =min{i € [n] : X;(w) < a}, or 0o if X;(w) > a,Vi € [n]
T : Q= Nsit. Vwe QT (w) =min{i > T1(w) : X;(w) >b},......

T5:Q — Nsit. Vw e Q,T1(w) =min{i > To(w) : X;(w) <a},......

Ty: Q= Nsit. Vw € Q,T1(w) = min{i > T3(w) : X;(w) > b},

For w € Q, define N(w) := |{T1(w), T2(w), ... : finite}| and define

N
% if N(w) even,
Uab(w) =
N(w)—1
% if N(w) odd.
So Uy is the number of up-crossing.
[ ; U
3
% iy
e} o! ’
L-4 —_— - ?
T
1 . ! N { 4
el o I| ?0 - i i e
P £ ) &
| b IS =
az0 ¥
-{.7'1 Tl- ; -1;:1 Tq'.- !2
e N ——
- P &, y itl?', s—ﬂ, fa
=& te =

Figure 7.1: Upcrossing

Theorem 7.2.1 (Doob’s Upcrossing Theorem). Let {X;,.%;}" ; be a sub-martingale. Then

1
EUab S mE[(Xn - Cl)+].

Proof.
First assume that a = 0 and that X; > 0, Vj € [n]. For j € [n — 1], define ¢; : @ — {0,1} by

@) {1 if Ty (w) < j < To(w), or Ts(w) < j < Ty(w), or Ts(w) < j < Te(w),. ..
Ej w) =
0 else.

Note that ¢; is a binary function of X;, Xo,...,X; and hence ¢; is (Q, %#;)/(R, Z(R))-measurable. Note
alsoife;_1(w) =0, ¢;(w) =1, gj41(w) =1, ..., gjqu(w) =1, €j4p41(w) =0, then X,;_1(w) >0, X;(w) =0,
and X1 (w), ..., Xj1r(w) € [a,b) and X pq1(w) > b.

Define ,, = X7 +e1(Xo — X1) + e2(X5 — Xo) + -+ + €,—1 (X, — X—1). As an example, in Figure 7.1,
we have that

Yo(w) = X1(w) + (X3(w) = X2(w)) + (Xa(w) = X3(w)) + (X5(w) — Xa(w))
+ (X1 (w) = X10(w)) + (X12(w) = X11 () + (X13(w) = X12(w)) + (X14(w) — X13(w))
= X () + (X5(w) — Xa(w)) + (X14(w) — X1 (w)) > 2.



CHAPTER 7. MARTINGALES 91

Thus, Y;, > bUgp. Since ¢; is (2,.%;)/(R, Z(R))-measurable and takes value in {0,1}, we have by lemme
7.2.1, that EU,, < %]EYTL < %EXn as desired.

Now consider the general case. Then {(X; — a),#;}_; is also a sub-martingale by Lemma 7.1.2.
Define Uy, as the number of (0,b — a) up-crossing of {(X; — a)y, #;}7_;, then Uy = Up—, and thus,
EU,, = EUy_, < ﬁE(Xn —a)s, as desired. O

Theorem 7.2.2. Let {X,,, %, }5%, be asub-martingale and define Fo, := o (U5 .%,). If sup,,cy E[(X,)4] <
00, then there exists a random variable X : @ = R, (©, Z)/(R, Z(R))-measurable such that E| X | < 0o
and X,, & X, a.s.

Proof.
Let E={weQ: Az €Rst. X,(w) = w0} Then,
E= U {we Q:liminf X,,(w) < a < b < limsup X, (w)}.
n—00 n— 00

a<b
rational

Suppose for sake of contradiction that P(E) > 0. Then, Ja < b € Q such that

P(liminf X,, < a < b < limsup X,,) > 0.

n— oo n—oo

Let Uy, be the number of up-crossing, then Ugp(w) = 0o, Vw € Q such that

liminf X, (w) < a < b < limsup X,,(w) = KU, = oo.

n—oQ n—oo

For n € N, let Uy, be the number of up-crossing among {X7,...,X,}. We have that lim, o Usp.n = Uas-
Since 0 < Ugp1 < Ugp2 < ..., we have that lim,_,o EUgyp ., = 0o by MCT. However,

1
sup EUgp,n, < supE(X,, —a)4
neN — @ neN
< sup E(X,,) ¢ < o0,
b—a neN

which is a contradiction. Thus, P(E) = 0. Hence, for P-a.e. w € , X,,(w) — zo(w) and we may then define
Xoo(w) = zp(w). (Xoo may be defined arbitrarily on the probability 0 set that the X,,’s do not converge.)
Since X, is the almost sure pointwise limit of X,,’s, it is .%,,/Z(R)—measurable for any n. Therefore, it is
F oo/ B(R)—measurable.

Now,

E|X,| =E(X,)s +E(X,)_ =2E(X,); — EX,

<2E(X,)+ —EX; (since EX,, > EX;)
<2supE(X,); —EX; < cc.
neN

Thus, E| X | < liminf,, E|X,| < co by Fatou’s lemma.
O

Corollary 7.2.1. Let {X,,, %#,} be a reverse sub-martingale. There exists a random variable X, : @ = R
such that X,, = X a.s. Moreover, if inf,enyEX,, > —o0, then E|X | < co.

Proof.
Fora <be Q, n €N, let Uy, be the number of up-crossing of {X,,, X;,—1,..., X1} (note that the order
is reversed). Note that {X,, X,—1,..., X1} is a sub-martingale with respect to .%,, C #,_1 C ....%#;. Thus,

1
EUgp.n < T E(X; —a)" < oo,
—a
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which implies 3 X : @ > R s.t. X,, = X
To show that E|X | < oo, note that | X,,| = 2(X,)+ — X,, and EX,, > inf,, EX,, > —occ. Note also that
{(Xn)+, (Xn-1)4s-..,(X1)+} is a sub-martingale and hence, E(X,,)+ < E(X;)4. Thus,

supE| X, | < 2E(X;)4+ —infEX,, < co.

Hence, the result follows by Fatou’s lemma again. O

Remark 7.2.1. Recall that if Z;, Zs, ... are iid random variables such that E|Z;| < oo, then Sn—" =E[Z, | #,)
where .Z,, := 0(Sn, Zpt1,...) and S, := > | Z;. Assume without the loss of generality that EZ; = 0.

Since {S,/n,%#,} is a reverse martingale, we have that S,/n — Z, almost surely for some random
variable Z., satisfying E|Z| < co. Thus, to prove the strong law of large numbers, we need only show that
Z~ = 0. We can do this right away if Z; has finite second moment. For the general case, we need to wait
until Kolmogorov’s zero-one law.

Remark 7.2.2. Recall that random variables {X,,} is uniformly integrable if

lim Sup/ | X, |dP = 0.
| X |>K

K—00 peN

Note that if {X,,} is U.IL, then Vn € N,

supE|X,| = sup/ | X, |dP + sup/ | X, |dP < K + sup/ | X0 |dP < o0.
neN neNJ|X, |<K neNJ|X,|>K neNJ|X,|>K

Lemma 7.2.2. Let Y : Q@ — Rbe (,.7)/(R, Z(R))-measurable with E|Y| < coand let 3 C %, C --- C . F

be a filtration. For n € N, let X,, := E[Y|.%,]. Then {X,,} is uniformly integrable.

Proof.
We need to show that VK > 0, limg 00 SUP,,cyy len\>K |X,|dP = 0. For n € N, |X,,| = [E[Y|%#,]] <
E[|Y||.%,]. Thus, for any K > 0,

/ | X, |dP g/ E[|Y||§n]dIP’§/ [Y'|dP.
| X |>K | X0 |>K | X |>K

Since Ug_o{|Xn| > K} = Q, we have

lim |Y|dP = E|Y| — lim |Y|dP = 0.
K=o Jix,|>K K—=oo J1x, <K

O

Theorem 7.2.3. Let .%; C %, C ... be a filtration, and let Fo, = 0(UX21.%#,) C .Z. Let Y : Q@ — R be
F | % (R)-measurable such that E|Y| < co and let X,, := E[Y|.%,]. Then, X,, — E[Y| %] a.s. and in L;.

Let # 2 % D F2 2O ... be a reverse filtration, let F#,, = NS ,.%, and let X,, := E[Y|%,]. Then
X, — E[Y| %] a.s. and in L;.

Proof.

For the first claim, we have that {X,,,.%,} is a martingale and uniformly integrable. By Remark 7.2.2,
Sup,,en E|X,| < co. Thus, 3 random variable X, : @ — R such that X,, - X, a.s. and in L; by Theorem
7.2.2 and Theorem 5.2.3.

To show that X, = E[Y|.Zo], let A € %, for some n € N, then

/YdIP’:/XndIPa/XOOd}P’
A A A
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since [, | Xp—Xoo|dP = 0. Thus [, YdP = [, XoodP, VA € U2 | .%,. Then [, YdP = [, X.odP, VA € Z,
by monotone class theorem.

To see the second claim, note that 93X, : 2 — R such that X,, - X, a.s. and in L; by Corollary 7.2.1,
Theorem 5.2.3. To show that X, = E[Y| %], let A € Z, C F,, Vn € N, then

/YdIP’:/XndIP’a/XOCd]P’.
A A A

Theorem 7.2.4. Let {X,,, #,}22, be a sub-martingale and write %, = o(U32,.%,). If {X,} is uniform

n=1

integrable, then sup, .y EX;F < oo and 3X : @ — R random variable, %, /%(R)-measurable such that
X, — X as. and in Ly. Moreover, if {X,,, %,}52, is a martingale, then X,, = E[X|-%,].

O

Proof.

First suppose that {X,,} is a sub-martingale and uniformly integrable. We have from Remark 7.2.2 that
sup, ey E(Xn)+ < 0o and hence, by Theorem 7.2.2, there exists Xoo : @ = R, F/%(R)-measurable, such
that X,, =& X almost surely. By Theorem 5.2.3, we have that X,, — X, in Ly as well.

Now assume that {X,} is a martingale. Let A € .%,, and let € > 0 be arbitrary. Let m > n be such that
J 1 X — X |dP < €. Then,

]/Xoo—XndIP]:]/XOO—Xm—i-Xm—Xnd]P’ <e
A A

since E[X,, | #,] = X,. Since € > 0 is arbitrary, the claim follows.

In summary, we have the following:

Corollary 7.2.2. Let %, C %, C ... be a filtration, write o = o(U32,.%#,), and let {X,}>2; be a
sequence such that X, is %,/ % (R)-measurable.

1. Suppose {X,} is a sub-martingale. Then, {X,} is uniformly integrable if and only if there exists
X @ Q= R, o/ PB(R)-measurable, such that X, — X, almost surely and in L;.

2. {X,} is a uniformly integrable martingale if and only if there exists Xoo : Q — R, Fo/B(R)-
measurable, such that X, — X almost surely and in Ly, and X,, = E[X, | .%,].

7.3 Optional Sampling Theorem
Let (Q,.%,P) be a probability space.

Definition 7.3.1. Let %3 C %5 C ... be a filtration. Let T : @ — NU {oo} such that Vn € N, {w: T'(w) <
n} € Fp, i.e. T An is measurable w.r.t %,, Vn € N. We say that T is a stopping time.

Remark 7.3.1. (a) T is a stopping time iff {w : T(w) = n} € Z,, Vn € N. The "if” direction follows
because {w: T'(w) <n} =Ur {w:T(w) :=1i} € F,.

(b) If S, T are stopping time, then SV T and S AT are also stopping times. T = k for any fixed k is also
a stopping time. To see this, observe that for any n € N,

{ITAS<n}={T<n}n{S<n}eZ,.

The same conclusion holds for 7"V S.
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Example 7.3.1. Let X7, Xo,---: Q — R such that X, is (Q2,.%,,)/(R, (R))-measurable, not necessarily a
martingale. Let B € Z(R) and define T : Q@ — N as

T(w) = {oo if X, (w) ¢ B for n € N, (71)

min{n € N: X,,(w) € B}, else.
Then T is a stopping time since {T' < n} = U}_,{X} € B} € .#,. We refer to (7.1) as hitting time.
Theorem 7.3.1. Let T :  — N be a stopping time. Define
Fr:={Ae F: An{T <n} € %,,Vn €N}
and define X1 : Q — R as
Xr(w) == X (W).

Then, %p C .F is a o-field, T and X7 are (2, %r)/(R, Z(R))-measurable. We call % as events “prior”
to T'.

Proof.

Let A € Zr, then A°N{T <n} ={T <n}N{AN{T < n}}c € Fr. Countable union clearly hold and
{0,Q} € Zr. So Fr is a o-field.

To see that T is %1 /% (R)—measurable, note that for any k& € N, we have that

Vn e NAT < k}N{T <n} ={T <min(k,n)} € F,.

Before showing that Xp is %7 /% (R)-measurable, we note that if AN{T =n} € %, for all n € N, then
An{T <n}=U_An{T =k} € %,, and hence, A € Fr.
Let B € Z(R). Then, for any n € N,

{T'=n}n{w: Xr(w) e B} ={T' =n} N{w: Xpw(w) € B}
={X, € B} € #,,
— {XT S B} S 35T~

O

Theorem 7.3.2. Let { X, %k }ren be a martingale, let T : Q — N be a stopping time, and suppose there
exists n € N such that T < n almost surely. Then, EXy = EX;. If {X},.%;} is a sub-martingale, then
EX, <EXr.

Proof.
First, consider the martingale case. We have that

XrdP = / XpdP = / XdP
/Q kz::l {T=k} ; {T=k}

n—2
= / X,dP + / XpadP+ ) / XdP.
{T=n} {T=n—1} =1 Y 1T=k}

Since {T'=n} ={T <n—1}° € %,_1, we have that

/ XndIP’:/ IE[X,LL%l_l]d}P’:/ X,_1dP.
{T=n} {T=n} {T=n}
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Thus,

n—3
/ XpdP = / X,_1dP + / XpodP+ > / X dP.
Q {T>n—1} {T=n—2} iy JAT=k}

By noting that {T'>n—1} = {T <n—2}¢ € %,,_ and repeating the same argument many times, we have

/ XrdP = / XodP + / X,dP
Q {(T>2} {T=1}

:/ dep+/ de]P’:/deIE”.
{T>2} {T=1} Q

Same analysis follows if we have a sub-martingale. O

Theorem 7.3.3 (Optional Sampling Theorem). Let {X,,,.%#,}°2, be a sub-martingale and let T3 <
Ty < ---:  — N, sequence of stopping times. Let V;, := X7, Vn € N. If n € N, E|Y,,| < oo and T, is
bounded a.s., then {Y,,, %1 } is also a sub-martingale.

Same conclusion for Martingale.

Proof.

First, we note that since 73 < Ty < ..., we have that %, C %5, C .... We want to show that
VA e Fr,, [ YopdP > [, Y,dP. Write A = Uj_; AN{T, = j} and let D; := AN{T, = j} € #;. Since
Tp41 is a.s. bounded, Im € N such that P({w : T}, +1(w) < m}) = 1. Thus,

Yn+1d]P = / Yn+1d]P)
/Dj kZ:J Djn{Tn+1=5}

-/ b+ [ Xpadb+ . [ X
D;n{Tp41=m} D;n{Tp41=m—1} D;n{Th4+1=5}

k=j
:/ X 1P + Z/ X dP
D {Tny1>m—1} k=j Din{Tn41=4}
= / X;dP
D;n{Trh4+1>35}
> / Y,,dP,
D;
since Djﬁ{Tn_;,_l Zj}ng and YnZX] on DJ ]

Theorem 7.3.4. (Doob’s Maximal Inequality)
Let {X;, %}, be a finite length sub-martingale. For any A > 0, we have

1 1
P(maij > A) < /Xn]l{maij > )\}d]P’ < —E| X,
jE€[n] A j€[n] A

Proof.
Define, Yw € Q,

T(w) = {min{j € [n]: Xj(w) > A} if maxjep, Xj > A

n else

Note that for any j € [n], {T < j} = Uizl{Xk > A} € %, implies T is a stopping time.



CHAPTER 7. MARTINGALES 96

We have {max;cp, X; > A} = U;-L;ll{T =j}U{T =n, X,, > A}. Therefore,

n—1

P({max X; > A}) = ) P(T = j) +B(T'=n,Xn > A)
JEN N
Jj=1
1 n—1 1
< X E[X]]]-{T:]}] +X]E[Xn]]-{T:n,Xn>)\}]
j=1 T~
SEE[Xn|F5]L (=53]
1 n—1 1
< 3 2 EEXuLr—jy | F5)] +5EXn Lir—n,x,>x)]
=t =E[Xn1{7—;}]
1 n—1 1
< X ZE[XRH{TZJ}} + XE[Xn]l{T:n,Xn>)\}]
j=1

1
= XE[an{maxje[n] Xn>k}]'

7.4 Tail o-field

Definition 7.4.1. Let (2, #,P) be a background probability space and let X7, Xo,... be a sequence of
random variables. Define .%,, := 0(X,,, X541, . ..) and define F,, = N2 1.#, as the tail o-field.

Remark 7.4.1. We note that limsup,,_, . Xn 18 Zoo/Z (R)—measurable. Indeed, for any ¢ € R, for any
m €N,

{limsup X,, < ¢} = { lim sup X < c} € Fm.

n—00 n>m,n—oo k>n
Likewise, if > > | X,, converges absolutely almost surely, then lim,_,oc Y pe,, Xp i8 Foo /Z(R)-measurable.

Theorem 7.4.1 (Kolmogorov Zero—One Law). Suppose X1, Xo, ... are independent random variables.
If A e o, then either P(A) = 0 or P(A) = 1. If a function f : Q@ — R is Z /%A (R)—measurable, then it is
a constant almost surely.

Proof.

Let A € Z. We will show that P(AN A) = P(A)P(A), that is, A is independent of itself. The theorem
follows from this immediately.

Since Fo, C F, there exists A € ZB(R)®N such that A = {(X;, Xs,...) € A}. Define

¢ = {C e BR)®N : P(AN{(X1,Xa,...) € C}) = P(AP((X1, Xa,...) € O) }.

We now claim that all measurable cylinders are in €. Let B,, € Z(R") for some n € N. Since A € %, 41,
there exists A, 1 € B(R)@1n+1n+2} quch that A = {(X,41, Xnyo,...) € Ayq1}. Thus,

P(AN{(X1, X2,...Xy) € Bn}) = P({(Xnt1, Xnta,...) € Any1} N {(X1, Xo,... X,,) € Bp})
=P((Xpi1, Xnto,...) € Api1))P((X1, Xa,... X)) € By)
=P(A)P((X1, Xs,... X,) € By).

Now, let C; € C C ... be an increasing sequence of sets in ¥ and write C = Ufleén. Then, P(AN
{(X1,Xa,...) € C}) = P(AN{(X1,Xz,...) € C) and P(X1, Xy,... € C,) = P(X1, Xa,... € C) and hence
Ce%. By applying the same reasoning with decreasing sequences of sets, we have that € is a monotone
class. Therefore, by the II-A theorem or the monotone class theorem (Theorem 1.3.1), € contains the o-field
generated by measurable cylinders, which implies that € = 2(R)®"N. Hence, A € € which proves the result

as desired. O
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Theorem 7.4.2 (Hewitt—Savage zero—one law). We say that a set A € Z(R)®N is symmetric if, for any
n € N, for any finite permutation 7 : [n] = [n], (21,22,...) € Aiff (z.),2,(2),...) € A. For example, the
set {z € RN : "™ 1z, < oo} is symmetric.

Let X1, X5,... be a sequence of independent and identically distributed random variables and let A be
symmetric. Then, P(X;, X5,... € A) =0or 1.



Chapter 8

Brownian Motion

8.1 Gaussian Process

Definition 8.1.1 (Brownian Motion). Let (2,.%#,P) be a probability space and, for each t € [0, 00), let
Wi : Q — R be .# /% (R)-measurable. We say that {W;};e[0,00) is a standard Brownian motion or Wiener
process if the following are true:

(1) Wy =0,
(2) There exists B € .# such that P(B) = 1 and for all w € B, the function ¢ — W;(w) is continuous.

(3) (Independent increment property) For any n € N, for any sequence 0 < s1 <t1 < 89 <tg <+ <5, <
t, <oo, Wy, — Ws,, Wy, = We,, ..., Wi, — W, are jointly independent.

(Stationary increment) Moreover, for any 0 < s < ¢t < oo, Wy — W, has the same distribution as
Wt—s - WOa

(4) For any 0 < s <t < oo, W, — W, ~ N(0,t — s).

Remark 8.1.1. (a) It is not clear that such (Q2,.7,P) and {W;},c[0,00) exist. We will prove this with
Kolmogorov extension theorem and continuity theorem later. For now, we assume that Brownian
motion exists.

(b) We note that if time is discrete, t € {0, A,2A,3A,...} for some A > 0, we can simulate Brownian
motion by generating i.i.d. Zj,Zs,--- ~ N(0,A) and defining W; = Zf/:? Zi = Wi_n + Zya for
te{A2A,...} and Wy =0.

(c) Properties (2) and (3) in Definition 8.1.1 in fact imply that
W, — Wy ~ N(u(t —s),0%(t — s)) for p € R, 0% > 0.

To see this informally, suppose s =0, t =1, and let 0 =ty < t; < ... < t, = 1 be an evenly spaced
partition of [0,1]. We then have

1 n
Wl - ﬁ;\/ﬁ(wt7 - Wt]‘_l),

which is a sum of iid random variables by the independent and stationary increment properties. Using
the continuity condition, one may show that \/n(W;, — Wy, _,) has mean O(1/y/n) and variance O(1).
CLT then shows that W; must be Gaussian.

98
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(d) In stating the continuity property, it is not valid to say P({w € Q : t — W;(w) is continuous}) = 1

because the set of continuous functions {f € R0 . f g continuous} is not in the product o-field

B(R)®[0:) Therefore, viewing W : Q — RI%>) as a random function (% /%(R)®[0:>) -measurable),
it need not be that W~1( continuous functions ) € .Z.

Proposition 8.1.1. Let {W;};c[0,00) be a standard Brownian motion. Then each of the following is also a
standard Brownian motion:

(a) {=Wi}io.

(b) For any sg > 0, {Wits, — W, }t>0

(c) For any a >0, {a-W,;/e2}i>0
Proof.

(a) For 0 < s <t < oo, =Wy — (=W,) = —=(W; — W) ~ N(0,t — s). Property (4) thus follows. We may
show property (3) in the same way. Properties (1) and (2) are obvious.

(b) For any 0 < s <t < 00, (Witsy — Wsy) = Wsrsy — Wsy) = Witsy — Wegsy ~ N(0,8 — ).

(c) Forany 0 < s <t <00, aWy/q2 —aW 42 = a(Wy a2 — Wya2) ~ aN (0, ta_—;) = N(0,t —s).

I~ [

Remark 8.1.2. (1) These simple properties immediately imply properties such as max{W; : t € [0, 1]}
—min{W; : ¢t € [0,1]}.

(2) Note that M(w) := max{W;(w) : t € [0,1]} for w €  is attained almost surely since t — Wi(w) is
continuous a.s.

(3) Moreover, M : Q — R is .# /% (R)-measurable because M = sup{W; : ¢t € QN [0, 1]} by continuity.
Recall that if fi, fa, -+ : Q@ = R are .% /%B(R)-measurable, then for any ¢ € R,

(sup fa)TH(=00,t]) = {w: falw) < t,Vn € N} =L, [} (—00, 1] € B(R).

Remark 8.1.3. We can view Brownian motion as {W;},e[0,00) OF as W : Q x [0,00) — R with W (t,w) =
Wi(w) or as W : Q — RI0>) where RI®>) := {f : [0,00) — R}, where W(w) = {t — W;(w)}. All these
views are useful. Recall that W is .% /2(R)®(%:>°) -measurable by the definition of Z(R)®[%>°) as the smallest
o-field such that all the marginals W;’s are . % /% (R)-measurable.

Definition 8.1.2 (Product o-Field). Let (X,¥) be a measurable space and let T be any set (can be
finite). Recall that X7 := {f : T — X'}. For each t € T, define the projection operator m; : X7 — X by
Ve XT m(f) = f(t). Also, for S C T, define g : X7 — X% by 75(f) = {f(t) }tes, Vf € XT. We define
the product o-field 9®7 C 2% " as the smallest o-field s.t. V¢ € T, m is 9T /9-measurable. More precisely,

@®T .= {% 2" #is ofield and Vt € T,VA € 9, m Y (A) = {f € XT . f(t) € A} € Jf}
Equivalently, we say that 9®7 is o-field generated by sets of the form 7, 1(A) for somet € T, A € ¥:
@97 = g{n; (A): t€T,Ac G}

As an example, if X = R, 4 = BR), T = {1,2,3}, then X7 = R? and for A € #A(R), 7] (A) =
{(21,29,23) € R?: 2y € A}. Thus, we have Z(R)®{1:2:3} = Z(R3).
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Definition 8.1.3 (Stochastic Process). Let T be any set, we say that X : Q — R7 is a stochastic process
if it is . / B(R)®T-measurable, or equivalently, if X, is a well-defined random variable for every t € T.

Definition 8.1.4 (Gaussian Process). Given p: T — R and positive definite kernel K : T'x T' — R, we
say that a stochastic process X is a Gaussian process, denoted as,

X ~ GP(p, K),

if for all finite collection {t1,...,t,}, writing X;, := m;, o X where 7;, : R” — R is the evaluation/projection
(7, (f) = f(t;)), we have that

p(tn) K(ti,t1) K(ti,t2)
(tha""th)NN ) K(tz,tl) . :
w(tn) K(tn, tn)

Remark 8.1.4. (a) Key is that {X;}+cr is a Gaussian process iff every finite-dimensional random vector
(Xty,---, Xy,) forn e N, tq,...,¢, € T is Gaussian in a “consistent” manner.

1s definition may be extended to the case where X, Vt € T', 1s R%valued by taking p : 1" — an
b) This definiti b ded h here X;, Vt € T, is R%valued b ki T — R? and
K:T xT — R4,

Example 8.1.1. (a) We take T' = [0,00), u = 0, and K(s,t) = Cov(W,, W;) = min(s,t) for s,t > 0,
to obtain standard Brownian motion. To verify covariance kernel, note that V0 < s < t < oo,
Cov(Wg, W) = Cov(Ws, We+ W, — W) = Var(Wy) = s. We may also take T'= R, W, = 0, and define
2-sided Brownian motion.

(b) We take T = [0,00), u = 0, and K(s,t) = Be lt=sl for s,t > 0, a, 4 > 0 and denote resulting
process by {Y:}i>0. Note Yy ~ N(0,3). This yields the Uhlenbeck-Ornstein process. It is stationary,
mean-reverting, and the continuous analogue of AR(1).

To see that K(-,-) is a positive definite kernel, assume a = 8 = 1 and note that {e "W };>0 is a
Gaussian process.

For 0 < s <t < oo, Cov(e *Was,e " W,2t) = Ee *WoaaWoaie ™t = e 571 . 25 = 57t = e~ lt=sl,
Since multivariate Gaussian distribution is uniquely specified by mean and covariance, (Y;,,...,Y}:,) 4

(e_tIWe%l e ,6_t”W62m), Vn € N, {t1, R ,tn} - [0, 00).

(c) We take T' = [0,1], p = 0, and K(s,t) = min(s,t) — st for s,t € [0,1], and denote the process by
{Witieo,1)- Note that Var(Wy) = Var(Wy) = 0. For t € [0,1], Var(W;) = t(1 — t), maximized at
t = 1/2. This gives us the Brownian bridge: W has the same distribution as standard Brownian
motion W conditioned on W7 = 0. To see this intuitively, note that, for any 0 < s <t < o0,

s s s
Var(We, Wy, Wi)=[s t ¢
st 1

and therefore,
s s s ] s—s% s—st
Var(We, WilW1) = (s t) - (t) (t) 1= (s—st t—t2)
= Cov(W,, W |W7 =0) = s — st.

We also see that Vt € [0,1], W, L W, — tWy. In general, for T = [a,b], for a < b€ R, p(t) =a+ =23
for a, 8 € R, K(s,t) = (b—1t)(s —1)/(b — a), the resulting process {rV[v/t}te[a,b] has the distribution of
{Wi}iela,p) conditioned on W, = o, Wy, = f3.
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(d) Wetake T =R, u =0, K(s,t) = e ls=t1” for s,t € R and denote the process by X. Then the sample
path X(w)(-) : R — R is differentiable for a.e. w € Q.

(e) Wetake T'=R, p =0, K(s,t) = 14,4 for s, € R, and denote the resulting process by X. Then, the
sample path of X is discontinuous.

Definition 8.1.5. For any finite subset S = {t1,...,t,} C T, let Ps be a probability measure on (X, 4%%),
We say that the family {Ps : S C T finite} is Kolmogorov consistent (or projective) if for any S, .S C T where

S C S’, we have that Ps = Pgs ) where ngs Vis a probability measure defined on (X, 4%7) by
VB € 9°5 PT9)(B) = Pg/(r5"(B)) = Ps/(B x X5\5') = Ps:({f : 5’ = X : (f(t))ses € B}).

As an example, let T' = {a,b,c,d}, S = {a,b}, S’ = {a,b,c}, X =R, G = B(R). For B € B(R)®*b =
B(R?), P (B) = Ps/({(34, 2y, 70) € R3 : (24, 73) € B).

Recall that for any probability space (£, F,P) and measurable space (X,G), for any g: Q@ — X, /G-
measurable, we have P(9) is a probability measure on (X, G) such that VB € G, P9 (B) = P({w € Q: g(w) €
B}) = P({g € B}). We call P19 the pushforward measure induced by g or the distribution of g. (See Remark
2.4.1, Thm 2.4.2).

Note that any stochastic process {X; }1er has associated with it a consistent family {Ps : S C T finite }
where Pg is the distribution of the random vector Xg.

Theorem 8.1.1 (Kolmogorov Extension Theorem). Let T be any set, let (X,G) = (R, Z(R)). Let
{Ps : S C T finite} be a consistent family of probability measure. Then, there exists a unique probability
measure P on (R, Z(R)®7T) s.t.

P(™s) = Py VS C T finite,

where again, P("s) is a probability measure on (RS, B(R)®%), s.t. for B € B(R)®°, P("s)(B) = P({f : T —
R : (f(t))tes € B}). In particular, if there exists background probability space (€2,.%,P) and stochastic
process X : @ — RT, then there exists a distribution of X which we write P(X) over (R, 2®T). This
distribution is uniquely specified by the finite dimensional marginal distributions {P(Xs) : S C T finite }.

Remark 8.1.5. It is now easy to show existence of Gaussian process:

Fix aset T, p: T — R, positive semidefinite kernel K : T x T — R (giving a possibly degenerate GP).
Let (Q, #,P) = (RT, B(R)®T, P) where P is the unique probability measure on (RT, 2(R)®T) such that
for any {t1,...,t,} C T, the marginal distribution of P on R{t1:tn} ig

w(ty) K(ti,t1) K(t1,t2)
premn) = Py oy =N : | K(ta,t1) . :
ultn) o K(tty)

Note that {Pg, .+3 : 7 € N{t1,...,t,} € T} is a consistent family of finite dimensional probability
distributions, thus Theorem 8.1.1 applies.

Example 8.1.2. As a concrete example, if T' = [0, 00) and P is the process distribution of standard Brownian
motion, then for any ¢ € [0,00), a,b € R, writing Ay o = {f : [0,00) = R : f(t) € (a,b]} = 7, *((a,b]) €
B(R)®10:)  we have P(Ayqp) = Pno((a,b]). Now, let X : @ — R” be the identity function so that the
distribution of X, P(*)  is equal to P. Then, for any n € N, {t1,...,t,} C T}, writing X;, : @ — R as
7, 0 X, that is Xy, (w) = m, (X (w)) = X(w)(t1), Yw € Q, we have

u(ty) K(ti,t1) K(ti,t2)

. ’ K(t27t1) - .
f(ty) . K(ta,ty)

]P)(th,...,th) _ ]P)(X)(?Ttl,...,ﬂ'tn) — P(?Ttl,...,ﬂ'tn) =N
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Corollary 8.1.1. Let (Q,.7,P) be a probability space, let T be any set and let X,Y : @ — RT be
F | B(R)®T-measurable such that

VteT, P(X,=Y:) =P(fweQ: Xyw) = i)} = L, ()

then we have that P(X) = P(O) ie, X £V. We call Y a modification of X if (*) holds.
Note that (x) is weaker than P({w : Vt € T, X;(w) = Y;(w)}), where the set {w : Vt € T, X;(w) = Yi(w)}
may not be in Z(R)®T.

Proof.
Let n € N, {t1,...,t,} CT. Then

P({w : (th (w)v s ath (w)) # (Y;h (W)a BERE) an (w))}) < ZP(Xt7 7é }/tl) =0,
i=1

which implies P (Te1m) — PO (Teym) - Then P(X) = P(Y) by Kolmogorov extension theorem. O

Corollary 8.1.2. Let X : Q — R” be .Z#/%(R)®T-measurable (stochastic process). Then X is a Gaussian
process (possibly degenerate) iff for all n € N, {¢1,...,t,} C T, (X¢,,..., X, ) is jointly Gaussian.

Proof.

Suppose Vn € N, {t1,...,t,} C T, (X¢,,...,Xs,) is Gaussian. Define, V¢t € T, u(t) = EX; and Vs,t €
T, K(s,t) = Cov(X,, X;). Then p, K are well-defined and K is p.s.d. kernel since {P(Xt1:Xn) 1 pn ¢
N,{t1,...,tn} €T} is a consistent family. O

Example 8.1.3. Fix m € N and functions ¢1,...,¢, : [0,1] = R. Let (Z1,...,Z,) : & = R™ be a
Gaussian random vector and let X = 2111 Z;d;, then X is a degenerate Gaussian process.

8.2 Kolmogorov—Chentsov Continuity

Definition 8.2.1. For a function f : RY — R, we say that, for v € (0, 1], it is y-Hélder-continuous if 3C.,
such that Vz,y € R?,

[f(@) = f)l < Cylle —yll3 - (8.1)

Remark 8.2.1. e If f is v-Holder for any v > 0, f is uniformly continuous, i.e., Ve > 0, 36 > 0 such
that Va,y € R, |z —yl, <d = |f(z) - f(y)| <e.

e The case when v = 1 is Lipschitz continuity.

e If (8.1) holds for v > 1, then f is a constant. If f is differentiable, the notion of Holder-continuity can
be extended for v > 1.

e For v € (0,1], if 3C,, § > 0 such that Vz,y € R? where ||z —y|| < 4, we have |f(z) — f(y)| <
Cy ||z —y||”, then f is y-Holder-continuous.

Theorem 8.2.1 (Kolmogorov-Chentsov Continuity Theorem). Let X : O — RE be a stochastic
process such that, for some «, 3,C > 0, for all s,t € RY, E|X, — X¢|* < C||s — tHg'w. Then X has a
modification X : Q — RE* such that 3B € .% with P(B) = 1 such that, for all w in B,

(1) X(w) is continuous,
d v . . . . . B
(2) For any compact set D C R?, X (w) restricted to D is y-Hélder-continuous for any 0 < < ¢.

(Recall X is a modification of X if V¢ € RY, P(X, = X,) = 1.)



CHAPTER 8. BROWNIAN MOTION 103

Example 8.2.1. For a standard Brownian motion W : Q — RI%*) we have Yk € N, 3C}, > 0 such that
Vs, t € [0,00), E|W,—W;|?* < Cy|s—t|¥. Thus, W has a continuous modification that is y-Hélder-continuous

on any bounded interval for any v < sup,ey 5t = 3.

Proof of Theorem 8.2.1.

We first consider process over [0, 1]¢. Suppose X : Q — RO
any v € (0, 3).

Step 1: Define, for n € N, D,, := {(z1,...,24)27" : &1,...,74 € [2"]}, so that D, is a grid over [0, 1]%.
Define D := U2 1 D,,. For n € N, let &, : Q — [0,00) be a random variable such that, Vw € Q,

]d

satisfy the hypothesis for «, 8, C > 0. Fix

&n(w) = max{| X (w) — X¢(w)| : s,t € Dy, [|s —t||l, =27"}.

(We call such s, ¢ neighbouring pairings). We note that

Eg,ol‘:E{ max |XS—Xt|°‘}
(Sat)eDELv”S—tHz:Q_n

< E Z |Xs - Xt‘a
(s,t)eD2 ||s—t|[,=2—"

ol

= Z ]E{|X5_Xt‘a}

(s;)eDZ,|ls—tll,=2—"

< H{(s,t) e D2 : ||s —t||, =27 "} - ma; E| X, — Xi|*
< |{(s,t) e D7+ || Il } T | ¢
< 2d2inC2~(d+Pn < 9qC . 278",

Therefore,

E

i(wgn)a] = i 2ME[0] < 2d0§: 2(7=Am < oo,
n=1

n=1 n=1

where the first equality by monotone convergence theorem and £ > 0 and the last inequality holds since
ay— <0,

Therefore, since Y. 2 ;(27"&,)* > 0, it is almost surely finite. Hence, 3B € %, P(B) = 1, such that
Vw € B, > 07 (276, (w))* < 0.

So, Vw € B, 3N,, € N such that ¥Yn > N, &, (w)2" <1 <= §,(w) <277,

Step 2: We will show that Vw € B, X (w) restricted to D is v-Hoélder. Fix w € B. Let s,t € D, such that
27l < ||s —t||, < 2™ for some m > N,,. For every n € N, define g, (z) := argmin{||s — z||, : § € D, },
vz € [0,1]%

FACT A: Vz € [0,1]%, ||gn(x) — z|]2 < d'/?27™, and thus,

19n(2) = gnr1(@)lly < lgn(@) = zlly + lgns1 (@) — 2, < 24"/2 - 27" = 4a'/227 (4D

FACT B: Vx € [0,1]¢, since gn(x),gns1(x) € Dpy1 and by FACT A, we have that they are connected
by at most 4d neighbouring pairs in D, 1, because each neighbouring pairs in D41 has distance 2~ (1),
In addition, for each of these connecting neighbouring pairs {(s’,¢')}, by the conclusion of Step 1, we have,
when n > N,

| X o (w) = Xpr(w)| < 27700+,
So, Vn > N, by adding and subtracting these pairs, we can upper-bounded

[ Xg, (@) (W) = X (w)| < 4d - 277(+D),

gnt1(x)
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FACT C: we have that
gm () = gm(®)ly < llgm(s) = sll2 + lgm(t) — tl2 + [|s — tlla < 4d'/?27™ 4 27 < 5d'/227™,

Hence, | Xy (s)(w) — X, 1) (w)] < 5d277™ by same logic as FACT B.
Let m € N be such that s,t € D, and note m > m. We thus have that

|Xs(w) - | < |Xg (s) w) _Xgm(t)(w)‘
[ X g () (@) = X () ()] + [ X () (W) — gm+1<s W)+ X (W) = Xy () (@)
Xy (@) = Xy () @)+ + [ X1y (@) = Xy (w)]
<5d277 +2) 4d .27 (%)
k=1

<8d2TTM(14 Y 277
k=1
L _¢
1—27 ~

< 8d(2™)

Step 3: Define X : Q — RO such that Yw € B,

To(w) Xs(w) ifseD
s(w) == .
lim, 00 Xg, sy (w) if s ¢ D

For w ¢ B, define X arbitrarily. Note that Vw € B, s € [0,1]%, lim,, o Xg,(s)(w) exists since, Ve > 0,
IN € N such that sup,, />y [Xg, (s)(w) = Xgr o) (w)| <€, and so { X, (5)(w)}nen is a Cauchy sequence in R.
By the same logic as (*), we have that, Vs, t € [0, 1],

| Xo(w) = Xi(w)| < Cralls =3

We claim that X is a modification of X. Fix ¢ € [0,1]% and let {t,}5°, € D be a sequence such that
t, — t. Then we have that Ve > 0, P(|X,;, — Xy| > ¢) < C”t%(fugw — 0asn — oco. Thus X; — X; in
probability, which implies there exists a subsequence {ny,nz, ...} such that Xy, — Xy as. as kb — o0 (by
lemma 5.2.2). Since X; — Xt a.s., we have X; = Xt a.s.

To show that X has a contlnuous modification over R¢, note that 3B; 2 By D --- € % such that
for every k € N, P(B;) = 1 and 3X : Q — RIFH” guch that Yw € Bi, X(w)(s) = X(w)(s) for all
s€(D—(3,%,...,3) 2k and X (w) is continuous. Thus, on B = N2, By, we have that X: QR s

27929
continuous. Since P(B¢) < >~ P(Bg) = 0, the conclusion follows as desired. O

Remark 8.2.2. It is necessary to work with modifications. Let X : Q — RI%*) be a continuous process,
ie, Yw € Q, X(w) : [0,00) = R is continuous. Let h : R — {0,1} be such that h(s) = 1if s € Q and
h(s) = 0 otherwise. Let Z : Q — R be a random variable that is N(0,1) distributed. Define Y : @ — RI0:>)
such that Yw € Q, Vs € [0, 00),

Y (w)(s) i= X(w)(s) + h(Z(w) +5).
Then, Y (w) is nowhere continuous on [0, 00). And, Vs € [0, ),
P({w e Q:Y(w)(s) = X(w)(s)}) =P({w e Q: Z(w) +5 ¢ Q}) = 1,

which implies Y is a modification of X.
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Remark 8.2.3. Since the standard Brownian motion {W}}o ) almost surely has a continuous modification
and since this modification is unique, we take {W}¢cjo,00) to be this canonical modification.

Define C[0,1] := {f € RI%! . f is continuous } and for f € C[0,1], let || f|loo := Sup,eo,1) ()] so that
| llso is @ norm on C[0,1]. Then, viewing W : Q — RI®! e see that the image of W lies in C[0,1]. Let
A(C0,1]) be the Borel o-field associated with || - [|c (generated by open sets where openness is defined with
respect to || -||oo). We will show later that 2(R)®l%1 ¢ 2(C0,1]) and that W is .#/%(C|0, 1])-measurable
as well. Therefore, we may view the distribution of Brownian motion P("W) as a probability measure over
(C[0,1], B(C10,1])). This characterization is crucial for defining weak convergence of stochastic processes.
Recall that weak convergence is only defined with respect to Borel probability measures over some metric
space.

8.3 Path of Brownian Motion

Theorem 8.3.1. Let (Q,.%,P) be a probability space and let W : Q — RI%>) be a standard Brownian
motion. Then, 3B € % with P(B) = 1 such that Vw € B, W(w) nowhere differentiable on [0, o).

Proof.

Step 1: Fix K € N arbitrarily and let f : [0, K) — R be a function. Suppose f is differentiable at
to € [0, K) with |f'(t0)] < M for some M € N. Since |f'(to)] = limy;_y, W < M, Iny € N such that
for all ¢t € [0, K) such that ¢ + 7% < K and

t)— f(&
wp MO0y
te[o,K),|t—t0\g% |t - t0|

Let n > ng, and let k € {0,1,2,..., Kn—1} such that % <ty < knil Then, |§L*t0|, |k:1 —tol, |%7t0|,
| B3 — o] < % and thus,

k k+1 k k+1 2
1 =B < rd) - | + ) - D [ < 2o

and k+1 k+2 3 k+3 k+2 5
e R A I | AT

To summarize, if f'(tq) exists for some ty € [0, K), then there exists M € N and ng € N such that Vn > ng,
3k € {0,1,2,..., Kn — 1} such that

kE+2 kE+1

) k+3 E+2

) v [ - s 52| <

n n

10M
o

£ = 1D v | :

Step 2: For n € N, k € NU {0}, define X, := [We — Wass |V [Wreze — Wiza | V [Wits — Wisz|. For
M, K,n € N, define the event / ' / /

Kn—1
10M
AMK) . — U {w €N: X, (w) < 0} € Z.
n
k=0
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Then, we have that, for n > 10M,

1
PAQMS)) < - P(Xn,kgo )
k=0 "
Kn—1 3
1
< ]P’<|W1|<0>
n n
k=0
3
_kn-p (Wi lva 10M3_K ol ey
=Kn |%|n_\/ﬁ—n~ _Mme s

Therefore, for any M, K € N, writing AMK) .= Upo=1 M2 A%M’K), we have

n=no

no—roo n no—roo

P(AME)) = lim PN, AMF)) < lim P(AQK)) =0.
Since
{w e Q: W(w) (o) exists for some ty € [0, K) and [W(w) (to)] < M} € ACLE)
by step 1, and that P(U,en Ugen AM5)) = 0, the conclusion holds as desired.
O

Remark 8.3.1. Let & :={0=1t; <ty <--- <tg =1:K € N} be the set of all partitions of [0,1]. We
say that f :[0,1] — R is of bounded total variation if sup(, ;. )ez Zf;ll |f(te) = ferpn| < o0

It is known that f : [0,1] — R is bounded total variation if and only if there exists monotone g,h :

[0,1] — R such that f = h — g, which implies f is Lebesgue-a.e. differentiable on [0, 1]. Thus, the path of
Brownian motion is of unbounded total variation almost surely.

Theorem 8.3.2. Let W : Q — RI%*) be standard Brownian motion. Let {(t(ln), e ’t(I?T)L) € Plnen be a

sequence of partitions of [0, 1]. If lim,, oo max;e(x, —1] \tgi)l - t§")| =0, then

K,-1
Z |Wt51)1 — thn)‘Q —1 in LQ(P).
i=1

Proof.
Define

K,—1
2
2, = E |[/[/t(n) — [/[/t(n)‘ ,
i+1 i
=1
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then

2
2
E(o@n — { E ’W (n) — t('n) — (tz(i)l — tl(»n))}

2 2
=E Z Z {'W(n) — t(n) (tgi)l—t(n } {’W(n) - t(n)

2
- (% -]

K,—1 2 2

=E Z {’th) W(n) —(t 51)1 En))} (%)
K,—1

=E > (22 - 127, — t)? where Z1,..., Z, -1 ~ N(0,1)
=1 P

SE(ZE =17 e 1060 =071 3 0~ =0

The simplification in the (x) line is because the two terms of the product would be independent for ¢ # j as
Wi = Wy ~ N (023 = 1) L Wyay = Wy ~ N(0,2) — 7). O
Remark 8.3.2. We say W be quadratic variation 1 on [0,1]. More generally, we can show that W has
quadratic variation b — a on [a, b].
Proposition 8.3.1. Let W : Q — RI[%°) be standard Brownian motion. Then,
P (sup Wi = oo, inf Wy = —oo) =1.
t>0 t2>0

Proof.
By proposition 8.1.1 (c), for any a > 0, {aW; 42 }t>0 £ {Wi}. Define Z := sup;>q W; > 0, then, for any
a>0,

Z =sup W, 4 supa - Wi 2 = a (sup Wt) =aZ.
>0 >0 >0

Therefore,

n—oo n—oo n—oo

1
P(Z=0)= lim P(Z€[0,n ")) = lim P (22 € [O,n_l)) = lim P(Z € [0,n)) = P(Z € [0,00))
n
— P(Z € {0,00}) = 1.
We need only show that P(Z = 0) = 0. By Proposition 8.1.1 (b), we have

Z= sup Wi+ Wi +sup(Wes1 — Wi) < sup Wi +W; + Z
te[o,1] t>0 te[0,1]
————
>0

where Z is a random variable that is identically distributed as Z and independent of W; and supyeqo,1) We-
We thus have

P(Z=00)=1-P(Z=0)=P(Z>0)>P(Z+W; >0)
(Z+ Wy >0]|Z =00)P(Z = o0) + P(Wy > 0|Z = 0)P(Z = 0)

Y

P
P(Z = oo) + 51@(2 —0) = P(Z = o0) + %]P’(Z —0),

which implies P(Z = 0) = 0. Thus P(sup,>, W = 00) = 1 and conclusion follows by symmetry. O
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8.4 Strong Markov Property

Definition 8.4.1. (1) We say, for T C [0, 00), that a family of o-field {.%#,; }ier is a filtration if Vs <t € T,
Fs C Fy.

(2) A random variable 7 : & — T U {o0} is a stopping time w.r.t. { %} if, Vt € T, {r <t} € %#.
(3) We say that 7 is a weakly-optional time w.r.t. {Z}if Vt € T, {r <t} € F.
(4) A process X : Q — RT is adapted w.r.t. {#}if, Vt € T, X; : Q — R is .#;/%(R)-measurable.

Remark 8.4.1. Fix filtration {.%;};>¢. If 7 is a stopping time, then it is a weakly-optional time. To see
this, note that Vt > 0, {7 <t} =uUsZ {r <t—1}.

Example 8.4.1. Let (Q,.%,P) be a probability space and W : Q — RI%*) be standard Brownian motion.
Let T = [0,00) and define, for ¢t > 0, B, := c({W, : s < t}), i.e., let B, be smallest o-field such that W; is
By | B(R)-measurable Vs € [0,t]. Then {Z;} is a filtration and W is adapted on {%;}:>0 by definition.

Proposition 8.4.1. Let X : Q — R0 be an adapted continuous process w.r.t. filtration {%#}¢>0. For
A C R, define the hitting time

T4 =inf{t > 0: X, € A},

where inf () := co. If A is closed, then 74 is a stopping time and if A is open, then 7,4 is a weakly-optional
time.

Proof.
Since X (w) : [0,00) — R is continuous, Yw € Q, for any ¢ty > 0, X (w)([0,t0]) C R is a closed interval.
Let A C be closed. For any ty, € [0,00), X(w)([0,t0]) N A # 0 implies that 74(w) < to. Conversely,
X (w)([0,£0]) N A = 0 implies Je > 0 such that X (w)([0, ¢y + €]) N A = 0, which further implies 74 (w) > to.
Thus,
{w:Ta(w) <to} ={w: X(w)([0,t0]) N A # 0}
— {w: X@)@N D)) N A # 0}

= {w :Vn e N,3s € QN [0, o] s.t. <Xs(w) — %,Xs(w) + i) NA# (/)}

-0 U femwens (B)}en

neN se 2n[0,to

Now, let A be open, then V&g > 0, X (w)([0, to])NA # @ implies that Je > 0 such that X (w)([0,tg—¢])NA #

(), which further implies 74(w) < to. Conversely, X (w)([0,%]) NA =0 = 7a(w) > to. By same logic as
before, the claim follows.

O

Remark 8.4.2. (1) If A is open, 74 may not be a stopping time.
For example, for a > 0, let 7 = inf{¢t > 0 : W; > a}. Suppose w € Q is such that Wi(w) = a,
Wi(w) < a, Vs < t. If, for some € > 0, we have W(w)([t,t + €]) N (a,00) # 0, then 7(w) = ¢. On the
other hand, if, for some & > 0, we have that W (w)([t,t + ¢]) C (—o0,al, then 7(w) > t. Thus, %; may
not have enough information to determine whether 7 = ¢.

2) If a filtration {.%;} satisfies the condition that Vt € T, Nyeer s<i1-Fs = F¢, then any weakly-optional
{s€T,s<t}
time is also a stopping time, and we say that {.%;} is right-continuous.
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Definition 8.4.2. Fix T C [0, 00) and filtration {.%#; }scr. For a stopping time 7 : Q@ — T U {00}, define the
“events prior to 77 as F, :={A e F : An{r <t} € F, Vte T}
Proposition 8.4.2. (a) .%; is a o-field and 7 is %, /Z(T)-measurable.

(b) If 7,7 are stopping time and 7 < 7, then .7, C 7.

(¢) If 7,7 are stopping time, 7 + m,7 V 7, 7 A 7 are stopping times.

(d) U :Q— T is F./PB(T)-measurable, and 7 < U, then U is a stopping time.
Proof.

(a) Let Ae Z ,thenVieT, AN{r <t} ={r <t}\(An{r <t}) € %#.

Closure under countable intersection follows similarly.

For any s € T, since {7 < s} € %, it holds that {7 < s} N{r € t} € F s C .%. Hence, for any
seT, {r<s}eF and 7 is .F./PB(T)-measurable.

(b) Let t € T, then A € %, implies

An{r <t}=An{r<t}n{r<t}e F = Ac %
2
S

where the first inequality holds because {w : 7(w) <t} C{w: 7(w) <t} as 7 < 7.

(o) {rvr<t}={r<tju{n<tle #, {rArn <t} ={r <t}n{n <t} € %.

Now, 7+ 7 =7V 7w+ 7Aw. Since 7 A7 is Fryr/PB(T)-measurable by (a) and (b), we have that 7+ 7
is Frvr/P(]0, 00])-measurable. Thus, ¥t > 0,

{r+rn<t}={r+r<t}n{rvnr <t} e F.

(d) Let t € T, {U <t} ={U <t} n{r <t} € # since {U <t} € Z..
O

Remark 8.4.3. Note that for any s > 0, we have Wy, —W, 1L W, Vt > 0 and s’ € [0, s] by the independent
increment property. Using Kolmogorov Extension Theorem, we may show that {W,y; — Wi}licio,00) L

{Ws’}s’e[ms]-
Thus, we say Wii¢ — W is independent of o-field 85 = o({Wy : s’ € [0,5]}) C .# in the sense that
VA € BR)O=) A e B, (any A € B, can be written as {Wjg 4 € A’} for some A’ € B(RZ10*]),

P({Wart = Wabielooo) € A, A) = PUWart = Wikie(o,00) € A)P(A). (%)

If {#}i>0 is a filtration such that (x) holds, we say {W,} is Markovian w.r.t. {%;}. If s is a random
stopping time, then (x) in fact also holds.

Before stating the strong Markov property, we will state a lemma that is used in its proof.

Lemma 8.4.1. Let X, X7, X»,... be random variables such that X,, — X almost surely. Let A € Z(R).
Then,

1. if A is open, then liminf, ., P(X, € A) > P(X € A) and

2. if A is closed, then limsup,,_, . P(X,, € A) <P(X € A).
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Proof.

Suppose A is open. Then, z — 1{z € A} is lower semi-continuous and thus, liminf, ., 1{X,, € A} >
1{X € A}. The conclusion thus follows by Fatou’s lemma. If A is closed, we may obtain the desired
conclusion by analyzing A°€. O

Theorem 8.4.1 (Strong Markov Property). Let W : Q — RI%%) be a standard Brownian motion and
let {#:}i>0 be any filtration for which W is adapted and Markovian. Let 7 : Q — [0, oo] be an almost surely
finite stopping time.

(1) Let Wy : @ — R where W (w) = W;(,)(w), Yw € Q (where we define W (w) := 0). Then W is
T | B(R)-measurable.

(2) {Wt}tzo = {Wips - W-}i>o0 is a standard Brownian motion and independent of %, in the sense
VA € B(R)®10:>®) VA € F,,
P{W € A} N A) = P(W € A)P(A).
o

In particular, W is independent of 7, W, or any %, /%(R)-measurable random variable.

Note that Ya > 0, with 7, := inf{t > 0: W} = a}, we have P(74 < c0) = 1 by Proposition 8.3.1.

Proof.
Let B € .% such that P(B) =1 and 7(w) < o0, Yw € B.
To prove the first claim, fix n € N arbitrarily. We have that B = 20:0{% <7< %} Define

Tn + © — [0,00) by the following: for w € B, define 7,(w) = £ where k € N satisfies £ < 7(w) < £ for
w ¢ B, define 7, (w) = oo (this value does not matter). Note that 7, is not necessarily a stopping time.
We claim that W, is %, /% (R)-measurable. To see this, observe that for all a € R, for all ¢t > 0,

W, sapnir st} = G{anga}m{Tgt}ﬂ{Tnzg}
k=0

k+1
<7
1

€F, since T is F;/%B([0, 00))—meas.

:G {Win < a} m{rgt}ﬁ{ﬁgr
———— n

k=0
€F; since W is adapted

Therefore, {W, < a}N{r <t} € % and W, is %, /%(]0,00))-measurable. Since for all w € B, we have
lim;, 00 Tn(w) = 7(w) and thus, By continuity of W, it holds that lim, . W, (w) = W;(w). Thus, W, is
Fr | B(R)-measurable.

For the second claim, we first show that for any ¢t > 0, the random variable Wy, — W, is independent
of #.. For n € N, redefine 7, : Q — [0,00) by

k. k-1
Yw € B, Tp(w) = — if <

k
—forkeN, V B, 1, 1= 00.
- - T(w) < - or k € N, w ¢ B, T, (w) 00

Then, 7, is .%, /2(]0, 00))-measurable and a stopping time by Proposition 8.4.2(d). Hence, if A € .%,, then

Eﬂ{rn:k}:ﬁm{7<k}m {Tn:k} € F.
n n n

€F . since Zeﬂf €F ) b/cy
n n
" is stopping time

3
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Since W is Markovian on {.%; }¢>0, we have VA € B(R), A € Z,, Vt > 0,

P({Wiyr. — W, € A} ﬂg) - IP({WHT" — W, € A}n Eﬂ {u,;“il{rn = :})

-y P({Wppsx — We GA}“‘ZQ{T"ZS}J

k=0 —_—
eF

3=

0
= P(W, € A)P(A). (%)

Now take A = (a,b) for a < b € R. Since for almost all w € Q, 7,,(w) — 7(w) and thus, by continuity of
W, Wipr, (W) = W, (w) = Wigr(w) — Wi (w). By Lemma 8.4.1, we have that , VA € %,

P({a < Wi1r — W, <b}NA) < liminf P({a < Wesr, — W, <0} A)

<limsupP({a < Wiy, — W, <b}N g)

n—oo

<P({a < Wipr — W, < b} N A).
Note by (%),

liminf P({a < Wigr, — W,, <b}NA) = P(A) - liminf P(a < W; < b) = P(A)P(a < W; < b),

n— oo n—oo

so we obtain
P({a < Wiyr — W, NA) < P(A)P(a < Wy < b) <P({a < Wyyr — W, < b} N A).
For any a € R, for ¢ > 0,

PWipr — Wy =a) <liminfPla —e < Wiy, — W, <a+e)

n—oo

<Pla—e<W;<a+e) (by (x) with 4 = Q)

Letting & — 0 shows that P(Wy4, — W, = a) = 0. Thus, we have that P({a < Wi, — W, < b}NA) = P(a <
W, < b)P(A).
Similarly, one may show that for any finite {t1,...,t,} C [0,00), (Wi, qpr — Wy oo ;W 4r — W) s

independent of .#;. By Kolmogorov extension theorem, we have that {W;, — W, };>0 L %, as desired. 0

Theorem 8.4.2 (Reflection Principle). Let W be a standard Brownian Motion. For any ¢ > 0, a > 0,

P( sup Wi > a) =2P(W; > a).
s€0,t]

d
= |

As an immediate consequence, sup,cjg ) W Wy|.

Proof.

Define 7 := inf{t > 0 : W; > a}. We know 7 < oo a.s. since P(sups>qWs = 00) = 1. The claim is
trivially true for ¢ = 0. We offer two different proofs.

First proof. Define the stochastic process W such that Wy = W, s — W,. Then, by the Strong Markov

property, W is a standard Brownian motion independent of 7. Hence, we have that (=W, 1) 4 (W, 7).
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Therefore, we obtain

1 1
= ip(WT_t Z O,T S t) + QP(*WT_t Z O, T S t)

1 1
= -P(r <t)==P( sup Ws > a).
2 2 s€0,t]

Second proof. Fix t > 0, we have

P(Wt2a>:P(Wt2a,T§t):/

P(W; > alr = 5)dP((s) = / P(W; > alr = s)dP'") (s)
[0,¢]

[0,%)

since P(({t}) = P(r =t) = P(W; = a) = 0.
By property of regular conditional distribution, we have that for P("-a.e. s € [0,1),

P(W; > alr = s) = P(W,4 sy —a > 07 = s)

= ]P)(WT"r(t—S) — Wil =s) (Wr =a)
=P(W,_s >0) = % (Strong Markov Property)

The first equality for the reason as follows. For fixed s < t, define f(W,7) = Lew, 4 (s .y—a>0}s SO that
f(w,s) = Lyw,—q>0y for w e R”. We have then

BIfW,n)lr =) = [ £ 5)dP(Ir = 9)(w) = BOWi 2 alr = ).
C
Hence, 2P(W; > a) = P(1 <) = P(1 < t) = P(supy¢jo,q Ws = a). O

Corollary 8.4.1. For any a > 0, 7, := inf{¢t > 0 : W; > a} has the density

dPp(Te) 0 a - a2 for >0
= X _— T .
dLeb Voa TP T ort=

In particular, E7, = cc.

Proof.
For any ¢t > 0, we have
1 a
Plry <t)=2P(W; > a) =2P| —=W; > —t Reflection Principle
(ra < 0) = 220, 2 ) = 2P oW > ) ( ple)
> 1 x? Vi1 x?
=2 exps —— dr =2(1— exp < — dr | .
/\“ﬁ V2T p{ 2} ( —oo V2T p{ 2} >

dP(r< _ a’\ _a
Thus, 7(&;” = (2m)"1/2 exp{—%;} 773

O

Remark 8.4.4. To intuitively see that, for any a > 0, Er = oo, we define 7 := inf{t > 0: W} < —a}. Then
d . d
m =7 since —W = W. Thus,

1 1 1
Er = 5(ET+E7T):§ET/\7T+§ET\/7T.
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Now,

TVr=inft>0:supWs > a, igﬁng—a}
s_

s<t

L inf {t >0:supW, > 3a} (Reflection Principle)
s<t

£ 3T, (Strong Markov Property)

which implies ET = %ET AT+ %Er. So ET > %ET implies ET = oo.

Remark 8.4.5. Define 7y := inf{t > 0 : |[Wy| > 1}, 7o := inf{t > 0 : |Wyyr, — Wr | > 1}, ... By strong
Markov property, {71, 72,...} are i.i.d. One may show, through an argument similar to Proposition 8.4.1,
that

Tt r=if{t>n:|W,—W,|>1}

is a stopping time.
Let {X1, X2,...} be iid binary random variables such that X; = 1 with probability 1/2 and X; = —1
with probability 1/2. Let S, = Z?zl X;. Then, by Strong Markov property and reflection principle,

We Wiy, .) 2 (81,5, ...).
We observe that for any n € N,
P(ri > n) <P(Wh] <2,[Wy — Wa| <2,|Wo — W[ <2,..., [W, = W;_1] < 2)
— B[ <2)" = e
for some ¢ > 0.

We will later show that E7; = 1, which implies (3°)_, 7:)/n == 1. This is known as the Skorokhod
embedding of S,,.

Theorem 8.4.3 (Skorokhod Embedding). Let W : Q — R[> be a standard Brownian motion and
let P be a distribution on (R, 2(R)) with mean 0 and variance 0> < oo. There exists a stopping time
7 :Q — [0, 00] such that

(a) W, has distribution P, i.e., PW7) = P,

(b) Er =02 Er? < [, 2*dP ().

Proof.
See, e.g. Billingsley Theorem 37.6. [
Corollary 8.4.2. Let X7, X5,... be independent random variables with mean 0 and finite variance. Let

Sp = Z?Zl X, for n € N. There exist stopping times 7y, 72, ... such that
d
(a) {Sn}nGN = {Wﬂ'n }nGN
(b) {m,m —m, 73 — ma,...} are mutually independent.

(c) Vn € N, E(my, — mp—1) = EX2, E(my, — mn—1)? < EX2. (with mp = 0).

8.5 Law of Iterated Logarithm

Lemma 8.5.1 (Mill’s Ratio). Let X ~ N(0,1). For all > 2, it holds that

1 1.2 1.2
—e 2% <P(X >zx)<e 27
27T:Ue < T)<e
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Theorem 8.5.1 (Law of Iterated Logarithm). Let W be a standard Brownian motion. We have

lim sup Wi =1 and liminf _ W =—1as.

t—oo /2tloglogt t—oo 4/2tloglogt

Moreover, we have

lim sup ————— ! =1 and liminf —————— = —1 a.s.
=0 /2tloglog 1 =0 /2tloglog L :

An equivalent way to interpret the limsup part of the theorem is that, almost surely, two things occur:
(1) there exists n(t) — 0 as t — oo such that Wi < (1+n(t))+/2¢tloglogt and (2) there exists points 1, ta, . ..
such that Wy, > +/2t;loglogt;.

Proof.
To obtain the latter claim, observe that ﬁ//t = tW% is also a standard Brownian motion. To see this,
note that for t > s > 0, 4
E(W; — Wo)? = E(tWs — sWi + sW1 — sW1)?
= (t —)’E(W1)? + ’E(W1 — W1)?

(t—s?2 L, 1 1
= S =t—s.
t +S(s t) s

Hence,

H

lim sup = lim sup —————— where we set 5 := —

t—00 2t log logt 50 25loglog *

We thus need only prove the first claim.
Since W £ —W, we need only show that limsup,_, ., ﬁ =1as.

Define 9(t) = +/2tloglogt. Let us first prove limn_>Oc SUD; >, % < 1 as. To that end, fix ¢ > 0 and
q > 1 arbitrarily. We claim that P(lim,, ;o SUp;>,, w(t) > (14 ¢)q) = 0. To show this, define, for n € N,

Agqu) = { sup W, > (1 —|—5)1/1(q”)} and A9 .= noo_  Upe . ASf'q).
0<t<q"

Then,
P(AED) = 2P (Wyn > (1 +€)¥(q"™)) (by Reflection principle)
1
=2P Wen > (1 4+€)+/21og(nlo )
( TV (1+¢)y/2log(nlogq)

S 267(1+5)210g(n log q) _ 2(TL log q)7(1+5)2,

so that > 7, P(A$?) < oo. Therefore,
€ Q) < (e Q)
PATT) < liy, Z
Let w ¢ A9 then there exists ng € N such that for all n > ng,

sup Wy < (1+e)(q").
t€[0,q7]
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Therefore, for any t € [¢" 1, ¢"] for any n large enough such that n > ng + 1 and logk()i E1) < g, we have that
Wilw) _ Wiw) ¥(¢") _ <(1+9) ¥(q")
(t)  w(g) W) ~ P(g")

1
logn + loglogq 2
(1 < (1 .
+e) ( g(n — 1) + loglog g s (I+e)g

This implies that

lim sup Wi(w)
t—o0 w(t)
Since w ¢ A(©9 was arbitrary, we further conclude that

{hmsu Wi
LTI

Noting that P(US2, US_, AG-1+5)) = 0 finishes proof of the ﬁrst part.
For the second part ﬁx q > 2. We claim that P(lim,, SUD;>, w(t) >1-— 7) = 1. To that end, define

B := {liminf, o = w(q ) > 1} and note P(B) =1 by the first part.
Define, for n € N, D, := {Wgn — Wyn-1 > (g™ — ¢" 1)}, and D :=N%_, U2, D,,. Since

Won = Wen—s > V(g —q" )

\/qn _ qn—l - \/qn _ qn—l
—_——
<y/2log{nlogq}

P(N(0,1) > v/2log(nlogq))

> 1 e log{nlogq}

~ 27(2log{nlogq}):

< (1+¢)g.

> (1+¢)q } C AED,

P(D,) = ]P’(

{nloggq}—"

Thus, >.>7 | P(D,,) = co. Since {D1, Ds, ...} are mutually independent,

n=1

B(D) = B(Ugizy M DG) = lim H (1~ PB(D,))

. 7P(Dn) — 3 7220:117 P(Dn) =
<nh£go H e = lim e 0

- m=—oo
= P(D)=1.
Now, let w € D N B, then for infinitely many n € N, we have that
~Won 2 0(q")  Wen — Wenar 2 4(q" — g™ 7).
Therefore, for any ng € N, there exists n > ng such that
Wor(w) _ Won(w) = Wyn-1(w) = (=Wgn-1(w))

Ylgm) Y(g™)
O S B |
P(qm) ()
(¢ — 1) log{(n — 1) logq + log(q — 1)}) <log{<n - 1)10gq}>%
qlog{nlogq} qlog{nlogq}

1/2

-1 1

> (q (1 - q)) —(1/q)'? (by choosing n large enough)
1
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where the last inequality follows by the sub-additivity of the square root function. Hence, we have that

lim sup,,_, VY;{;&‘)}) >1- %. Therefore,

AW = {limsup qun >1- 3} o>DNB = IP’(A(q)) =1.
n—oo

(@)~ Va
Hence, P{limsup,_, ., % > 1} =P(N2,A@) = 1. 0
Lemma 8.5.2. Let 71,72,73,---: 2 — [0, 00] be random variable such that 7, — oo and "> =1 a.s. Then,
lim sup ki 1 a.s.

n—oo V2nloglogn -

Proof.
See note by Choi.

The following is a direct corollary of the above lemma and Skorokhod embedding.

Theorem 8.5.2 (Hartman-Wintner L.I.LL.). For n € N, let S, : & — R be random variable such that
{81,855 — 51,83 — Sa,...} are independent and E(S,, —S,_1) = 0 and E(S,, — S,_1)? = 1. We have

Sn
li —_— =1
17an_>solip v2nloglogn
Theorem 8.5.3 (Levy’s Arcsine Law). Let Z := sin®(2nU) for U ~ Unif[0,1] so that P(Z < t) =
2 arcsin v/t for ¢ € [0,1], with density z — ————. Let W be standard B.M., we have

my/z(1—2)

Leb(t € [0,1] : W, > 0) iinf{te 0,1]: W, = sup WS} Lsup{te0,1]: W, =0} < Z.
s€[0,1]

Let W° be a Brownian bridge on [0, 1]. Then

4

Leb(t € [0,1] : WP > 0) £ inf {t €[0,1]: WP = sup WS} U.

s€[0,1]

Proof.
See Kallenberg Thm 11.16. O

Theorem 8.5.4 (Erdé and Kac Arcsine Law). For n € N, let S,, : @ — R be random variables such
that {S1,S2 — S1,593 — Sa,... } are independent and E(S,, — S,,_1) = 0 and E(S,, — S,_1)? = 1. Let

n

1
TTIL = 5 Z ]]'{Sk>0}
=1

1
2::7 i k>0'S == S
T nmln{ > & Jné?ﬁ it
- 1
73 = Zmax{k >0: 5,5, <0}.
n

We have that 71, 72,73 4 Z where Z := (sin 27U)? for U ~ Unif|0, 1].

n»'n’'n

Proof.
See Kallenberg Thm 12.11. O
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8.6 Continuous Martingales

Definition 8.6.1. Let 7 C [0,00) and let {.%;};e7 be a filtration. Let X : @ — R” be an adapted process
such that E|X;| < oo, Vt € T. We say

(1) X is a martingale if E[X¢|.%;] = X, Vs <t eT.

(2) X is a sub-martingale if E[X;|.%,] > X, Vs <t e T.

(3) X is a super-martingale if —X is a sub-martingale.
Note that if T = N, this reverts to discrete time martingale.

Remark 8.6.1. Let (Q2,.%,P) be a probability space, let X : Q@ — R be .#/Z(R)-measurable. Let G C .#
be a o-field. Recall that

EX|G]: Q=R
is the P-a.e. unique G/%(R)-measurable such that VB € G, [, E[X|G]dP = [, XdP.
If E|X|? < oo, then E(X —E[X|G])? <E(X — Z)? for all Z: Q — R that is G/%(R)-measurable.
If Y : Q — R is random variable, then E[X|Y] := E[X|o(Y)] where o(Y) := {Y~}(B) : B € Z(R)}.
Note that, if ¢ : R — R is convex (and hence %(R)/%(R)-measurable), then Vw € Q,
E[¢(X)|G])(w) — ¢(E[X]|G](w)) > 0 for P — a.e.,w € Q.

In particular, E[| X||G] > [E[X|]].

Lemma 8.6.1. If {X;, % }icr is a martingale and ¢ : R — R is convex, then {¢(X}), % }ier is a sub-
martingale.

Proof.
Apply the conclusion in the previous remark to obtain, for s <t € T,

E[p(X:)|Fs] 2 H(E[X:|F]) = o(X5)
where the last equality holds since {X;} is a martingale. O

Remark 8.6.2. Recall, when T" = N, the martingale convergence theorems: let {X,},en be a sub-
martingale. If sup, nyE(X,)+ < oo, then there exists random variable X, : @ — R, E|X| < oo, and
X, — X a.s.

Moreover, recall that {X,,} is uniformly integrable (U.I.) if

lim sup/ | X, |dP = 0.
| Xn|>K

K—00 peN

Uniform integrable (U.L.) is an important condition. Let Z1, Zs,...,Z : Q@ — R be random variable such
that Z,, — Z a.s. Then, E|Z,, — Z| — 0 if and only if {Z,,} is uniformly integrable. Hence, if sub-martingale
X, — X as., then E|X,, — Xo| — 0 if and only if {X,,} is U.L

Moreover, if {X,,} is a martingale and {X,,} is U.I,, then X,, = E[X|#,]. Conversely, if we take some
random variable Y and define X,, = E[Y |.%,], then {X,,} is U.I. martingale.
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Lemma 8.6.2. If a set of random variable { X }er is U.IL, then sup, . E[ X, | < co. Let ¢ : [0,00) — [0, 00)
be a measurable function such that lim,_, @ = o0. If sup, cr Ed(]X,]) < oo, then {X,} is U.L

Proof.
For the first claim, 3K, € N such that

sup/ | X, |dP < 1.
yel' J|X5 > Ko

Thus, for any v € I, we have

IE|XV|:/ \Xﬂdm/ X |dP < Ko +1 < o
IX’YISKO ‘Xw|>K0

. . xT g
Fort the second claim, fix ¢ > 0. There exists K € N s.t. 3@ < (e Vx > K. Then, for

any v €T,

| X5 Eo(1X51)
X, |dP = X)) - dP < <
/|X7|>K ol /|XW|>K XD (1 X5]) 7 supyer ¢(‘X'y|)€ =°
O

Example 8.6.1. Let Z be a random variable satisfying IE|Z | < oo, then one may always find a convex
¢ : [0,00) — [0,00) such that E¢(|Z|) < 0o and limg_, o @ = oo. Thus, if {Z,}nen is a collection of
random variables such that |Z,| < |Z| a.s. Vn € N, then {Z, }nen is UL

To construct such a ¢, we first note that

/¢|Z|d}P’ // &' (H)1{|Z| > t} dt dP = /qs P(|Z] > t)dt

Thus, the problem reduces to the following: given a function H 00) — [0,00) such that A :=

[0,
JoS H(t)dt < oo, construct an increasing function g : [0,00) — [ o0) such that g( ) > o0 as t — oo
and [~ g(t)H(t)dt < co. To this end, fix a € (0,1) and define g(t) = { [~ H(t)dt} . Since H > 0, the
function g is increasing. Since fo (t)dt < oo, we have that hrnt_>OO g(t) = Moreover defining, for any
keN, tp=inf{t >0 : [~ H(t)dt < A27*}, we have
=] > te41
[ wnma=3" [ gwmne
0 k=0"tk
0 tht1
<) 9(tkt1) H(t)dt
k=0 tk
< A Z galk+1)—k

Remark 8.6.3. Recall the discrete time optional sampling theorem. Let {X,, L%l}neN
and let 7,7 : Q — N be stopping times such that 7 < 7. If 7 is a.s. bounded, i.e., there exists Ny € N such
that P (w < Ny) = 1, then

be a sub-martingale

E[X,| %] > X,.

Note X, is always %, /2(R)-measurable in discrete time.
As a consequence, for any stopping time 7,

{Xnnr, Fn} is a sub-martingale. (%)

Equivalent statement hold for Martingales.
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The statement () may be directly proved. Note that

n—1

Xnar = X1+ Z Lirsp—13(Xp — Xp-1).
k=2

To see this, if w € Q is such that 7(w) = m < n, then RHS becomes
(X (@) = X1 (@) + (Xm-1(w) = Xim2(w)) + -+ = Xin (W)

This is an example of martingale transform: let {(A-X),} be a process where (A-X),, := Xo+>_p_; Ax(Xp—
Xi—1) and where {Ay} is a predictable process in that Ay is F,_1/%(R)-measurable. We may show that if
X is a sub-martingale and if {A} is non-negative and bounded, then (A - X) is a sub-martingale.

To prove (), first note that if w €  is such that 7(w) > n, then RHS is X,,(w). Now, because 1{;<,_1}
is #,,_1-measurable and hence 1{;-,_1} is also .#, _;-measurable, we have

n—2

E[Xpnr| Fn1] = Xo+ > Lrsry (Xer1 — Xx) + Lrsno1y (B[Xn]Fn1] — Xn1)
k=0

> X(nfl)/\r since E[Xn|yn71] > Xn-o1.

Theorem 8.6.1 (Doob Stopping Theorem). Let {X;, .%; }+>0 be a continuous martingale. Let 7 : Q — [0, 00]
be a stopping time, let X; := X;a, (Stopped process). Then {X;, F;};>0 is also a continuous martingale.
Note Xinr is Finr/B(R)-measurable and hence %;/Z(R)-measurable.

Proof.
Step 1: first we verify that E|Xa-| < 00, Vt € [0, 00).
Fix ¢t € [0,00) and define S,, := {2% :k=0,1,2,... } U {¢t}. Define 7, : @ = S,, as 7, (w) := inf{u € S, :
u > 7(w)}, Yw such that 7(w) < oco. Define 7, (w) = co else. Note then that Yw € Q, limy, o0 7 (w) = 7(w)
and thus, by continuity,
lim Xt/\'rn(w) (OJ) = Xt/\r(w) (OJ)

n—oQ

Note also {X., %y }ues, is a discrete martingale and 7, is a stopping time (Proposition 8.4.2) taking value
in S,,. We have by Remark 8.6.3 (with # =t and 7 = t A 7,,) that E[X;|-%iar,] = Xiar, and hence,

E[|Xt|| Finr,] = [Xinr,

- o0 > E|Xt| > ]E|Xt/\7'n

By Fatou’s lemma, E|X;n,| < liminf, o E|Xiar, | < E|X:| < o0
Step2: Let s <t € [0,00), we claim that E[Xar|-%s] = Xsar. Redefine

Sh ::{;:k:(),l,Q,...}U{s,t}

and define 7,, as before. Then
E[Xt/\TnLgs] — Xs/\Tn' (82)
On the RHS of (8.2), we have Yw € Q,

lim Xs/\Tn(w)(w) = Xs/\T(w)(w)‘

n—oo

To analyze the LHS of (8.2), we first show that {X;ar, }nen is U.L To see this, note by Example 8.6.1 that
there exists ¢ : [0,00) — [0, 00) convex and satisfying lim, @ = oo such that E¢(|X;|) < c0. Fixn e N
arbitrarily. Since ¢ and t A 7, are stopping times 2 — S,

E[¢(|Xt|)|ytmn] > ¢(| Xinr,|) = Eo(|X:]) > Ed(| Xinr, |)s
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which implies {Xiar, }nen is U.L since n is arbitrary.
Since Xiar, = Xinr, by Theorem 5.2.3, we have

E|Xt/\'r - Xt/\Tn‘ -0 = E|]E[Xt/\7'|§9] - }E[Xt/\'rnLgZSH — 07

— E[Xinr, | F] 25" E

Xinr|Fs| by Markov inequality,
which further implies there exists a subsequence {nj, ns, ...} such that
E[Xinr,, | Fs] = E[Xinr| -
Thus, (8.2) implies that E[Xinr|Zs] = Xsar. O

Example 8.6.2. Let W be a standard B.M. with induced filtration {%;}. We have that {W? —t};>¢ is a
martingale. To see this, note that for s <t € [0, 00),

E[W? — t|.Z,] = E[(W;, — W, + W,)? — t|.7,]
= E[(W; — Wo)? + 2(W, — W)W, + W2 — t|.7,]
=t—s+0-E[W2|Z]-t=W2?—s.

Define 7 := inf{t > 0 : |[W;| > 1}, then, for all ¢ > 0, E[W2, —t A 7] = 0 by Theorem 8.6.1. Since

lim, o n AT = 7 everywhere, we have lim, ., En A 7 = ET by monotone convergence theorem. Similarly,

lim,, 0 W2,, = W2 = 1 by continuity and since W;2,, < 1 by definition of 7, we have lim,_,.. EW?2, =

EW?2 = 1 by dominated convergenc theorem. We may conclude then that Er = 1.

Theorem 8.6.2 (Doob’s Maximal Inequality). Let {X;,.%#};>0 be a continuous sub-martingale. For
any t >0, A >0,

1 1
P sup X, >A) < f/ X,dP < ~E|X,].
s€[0,t] A {sup,cio,4) Xs>A} A
Proof.

First consider finite discrete time sub-martingale {X,,, %, }"_;. Define the event

A= {max X, > A}.

we[m]

Define, for all w € €,

min{u € [m] : X, (w) > A} fweA
T(w) :=
m else
Note that for any u € [m — 1], we have {7 <u} =U}_, {Xy > A} € %, which implies 7 is a stopping time.
Then, we have that

E[X, 1 4
keiml by N Lac]

P(max Xj > A) < %E[XTILA] = lIEXT 1
(a) 1 1
= Ny

where inequality (a) follows by optional stopping theorem and also because X, = X,,, on the event A°.
For the continuous time setting, fix ¢t € [0,00) and define Q; = QN [0,¢]U{t}. Let [; C I, C--- C Q

be finite sets such that U2 I, = Q. It holds that U2 {maxycs, X\, > A} = {maxyecq, Xy, > A}. Thus,
P(sup,cg, Xu > A) = limg 00 P(maxyer, Xy > A) < limg 00 % f{maxuezk XusA} X dP. And, since E|X;| <

o0, the set function B — || p X¢dP on .Z; is a finite signed measure. Therefore,

1 1
k—oo A {maxyer, Xu>A} A {SuPuth Xu>A}

Since X is continuous, we have sup,cq, Xu = sup,¢[g 4 Xu and the desired conclusion follows. O

1
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Theorem 8.6.3 (Doob’s maximal norm inequality). Let {X;, % }:>0 be a continuous martingale. If
EX? < oo, Vt > 0, we have

2
EX?2 < IE< sup XS) < 4EX?Z.
s€0,t]

Proof.
Let Y} := sup,<, | X,| for ¢ € [0,00). Since {|X;|} is a sub-martingale, by Theorem 8.6.1, we have VA > 0,

1
P> N <5 [l
A Yi>A

Since we do not know whether EY;> < oo, define Y; ,, :== n AY; for n € N. Note that {V;, > A} = {V; > A}
if A <nand {Y,,; > A} =0 else. Thus,

1
P(Y,: > A) < f/ | X |dP.
Ay, >A

From the fact that s2 = fos 2)\d\ for s > 0, we have

EY?, = / s2dPYen) (5) = / / 2AdAAPYen) (s)
0 0 0

= / 2AAP(#) (5)dA
{s,Ais>A}

:/ 2/\/ dPYen) (5)d\
0 A

= / 2AP(Yy > A)dA
0 o0
<2 / / X2 (@) Ly, o oy dP(@)dA
0 Q

:2/9“-<t(w)|/ Il{ytyn(w)>)\}d)\d]fb(w)

0

:2/ WY (w)dP < 24/EX?2 Ey2n7
Q‘Xt( )NYn(w) \/T\/it

which implies , /IEY;Qn < 2y/EX?. Since n is arbitrary, the desired result follows. O

Definition 8.6.2. Let (2,.%,P) be a probability space. Let {.%; };>¢ be a filtration where .7, C .Z, Vt > 0.
Let € = {A€.F :P(A) =0} and let N := {BC A: A€ €}. Define .7, := o(F, N) and .7 = o(F,N)
and extend P to Z by defining P(A) = 0, VA € N. Recall that this gives the completion of P.

We call {%}Qo the complete filtration. One may show that if {#,};>¢ is the filtration induced by
standard Brownian motion, then {@t}tzo is also right-continuous. A filtration that is complete and right-
continuous is said to satisfy the usual conditions.

A consequence is that if X : © — RI%>) is a process adapted to a complete filtration {Zihi>oandY =X

a.s., then Y is also adapted.

Theorem 8.6.4. Let {#,}1>0 be a complete filtration and, for a > 0, define M, as the set of all continuous
martingale {X;}c(0,q) adapted w.r.t. {F;}icp0,q such that Xo = 0 and EX? < oo. It holds that M, is a
Hilbert space.

Remark 8.6.4. Technically, M, is a set of equivalence classes where 2 processes X, Y are equivalent if they
equal almost surely.
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Proof.
For X, Y € M,, define (X,Y) :=EX,Y,. It is easy to verify that M, is a vector space and that (-,-) is
bilinear.
Suppose EX2 = 0, then E(sup;«, X¢)2 = 0 = sup;<, X} = 0 as. = X = 0 as. since X is
continuous. Hence, || X|| := (z,z)2 is a norm.
Now we show that M, is complete. Let {X (™}, cx be a Cauchy sequence in M, so that
lim E{X{" — x{™12 = .

n,m—oo

By taking subsequence if necessary, we may assume that Vn € N, IE{X(S") — ‘5('L57l'~_1)}~2 <273n,

Define A(™ = {sup,, \Xt(n) - Xt(n+1)| > 27"}, Since {\Xt(n) - Xt(n+1)|2}t€[0,a] is a sub-martingale, we
have by Theorem 8.6.2 that

n n _ 2
P(A™) = P{sup | X" — X" V|2 > 272y < T
t<a 2—an

Write A = N22, U_ A then P(A) = 0. Suppose w € A° = U2, N°_, A then 3n, € N such that
| <2

<

Vn > ny, sup;<, |Xt(n)( ) — "+1)( ) ™. It implies Vn > n,,, Vk € N,
k-1 4
sup [ X" (w) = X[ ()] < Fo 27 < om,
t<a =0
Thus, limy, m—e || X ™ (w) }|Oo = 0 Since (C[0,d],|||..) is complete, 3X (w) : [0,a] — R that is
continuous and that hmn_>C>O ||X ”) (w) — H =0. If w € A, define X(w) =0.

We claim that (a) X is adapted, (b) X is a martingale, and (c) E(X{™ — X,)% = 0.
To see (a), note that for any ¢ € [0, a], Vw €
— (n) ‘
Xi(w) = nli)n;oX (W) {weaey
where Xt(n) is .7,/ %(R)-measurable since X is adapted and Liueacy is also #; /% (R)-measurable since

A e ./ and {%,} is complete. Thus X is adapted.
For claim (b), fix s <t € [0,a]. For any n € N, we have

E[x{"|Z] = x(". (*)

On the RHS of (), we have that lim,_,o X\ = X, a.s. For the LHS of (), we first show that {X{™ }nen
2 2 2 2
is UL Since, for all n € N, {X" }te[0,a] is a sub-martingale, EX™" <EEX™ %] =EX{". Thus,

2
sup EXt(”) <sup IEX((I”)2 < 00
neN neN

where the latter inequality follows because lim;, ;- 00 ]E(Xén) — X,gm))2 = 0 and, since Lo(P) is complete,
there exists Z € Lo(IP) such that

lim E(X{™ — 2)2 =0.

n—oo
So lim,,_, o EX,gn) IEZ2 Thus, {X } is U.I. and by an argument very similar to that of Theorem 8.6.1,
we have that E[X;|.%;] =

For claim (c), note that since lim, o0 E(Xén) — Z)? = 0, we have that X" - Z in probability and

hence, there is a subsequence {ni,na,...} such that X™) 5 7 as. as k — oco. However, X\V — X, a.s.
by definition. So X, = Z a.s. and lim, . E(X{” — X,)? = 0. O



Chapter 9

Stochastic Integral

9.1 Stochastic Integral Definition

Remark 9.1.1. Let f:[0,1] — R be a continuous function. For n € N, let 0 = t(ln) < tgn) <<t =1
be a sequence of partitions of [0, 1] such that max;ep,—1) |t§i)1 - tgn)| — 0 as n — co. We omit superscript
index to mate the notation simpler. It hold that fol f)dt = lim, o0 Z?;ll f(t:)(tix1 —t;) for any sequence
of partitions.

Similarly, if G : [0,1] — R is a continuous non-decreasing function, then G defines a measure by
P%((a,b]) = G(b) — G(a). Then, we have the Lebesgue-Stieljes integral

1 n—1
/0 fOMGO) = | S0P = lim 3 £(6)(Gltin) - Gle)

]

for any sequence of partitions. If H : [0, 1] — R is a continuous function of bounded total variation, we may
write H = G; — G for non-decreasing G, G and define fol f(¢)dH (t) analogously.

Let W be standard Brownian motion on [0,1]. For a.e. w € Q, W(w) is continuous but has unbounded
total variation and thus, the limit

Jggo i f(ti) (Wt7‘,+1 (w) - Wti (w))
i=1

may not exists. Thus, we need a new notation of integration.

Definition 9.1.1. Let a > 0 and let {#;}4c[o,q) be the standard Brownian motion filtration. We say
F : Q — R[4 i a simple process if In € N and

D 0=t1 <ta<---<ty,=a,

(2) ¢o : @ — R which is %y/%B(R)-measurable and ¢1, Pa,...¢p—1 : & — R where ¢; is .F,/B(R)-
measurable and E¢? < oo Vi =0,1,...,n — 1,

such that

n—1
F(w,t) = ¢o(w) Loy + Y $i(w) et tisly- (9.1)

i=1

Let Z, denote the set of all simple process on [0,a]. Note that F' € Z, is adapted w.r.t. {%;}ic(0,q-

123
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Definition 9.1.2. For F € Z,, define F- W : Q — RI%4 as a process such that
n—1
(F-W)(w,t) =Y ¢i(w) (Wipyne(w) = Wi, me(w)) - (9.2)
i=1

Equivalently, let i(t) :== max{i € [n — 1] : ¢; < ¢},
i(t)—1
(F-W)( Z 6i(w) Wei11(w) = We, (@) + Gy (@) (Wa(w) = Wiy, (@) -
Theorem 9.1.1. Let F' € Z, be a simple process.
(1) F-W is well-defined (does not depend on representation of F').
(2) For F,G € Z,, o, 8 € R,

(aF + BG)-W = oF - W + BF - W.

(3) F-WeM,
(4) E{(F-W),}* =E [ F2dt. (Ito Isometry).
Proof.

(1) Suppose F € Z, has 2 representations, i.e., Vt € [0,a], w €

F(w,t) = ¢o(w)Lit=0y + Z@ ]l{te(t tiva]}
i=1

m—1

= Yo(W) L=y + Y Yi(w)Lite(s, 5010}

=1

By definition 0 = r1 < r9 < --- < rpy = a such that {t1,...,t,}, {s1,.-,8m} C {r1,...,rm} and
writing F' as a simple process over {r1,...,ry}, we may verify that F - W is well-defined.

(2) Let F,G € Z,. Write F(w,t) = ¢o(w)l—oy + Z?;ll Gi(W) gt tiya]y and Fw,t) = Yo(w)lgy—oy +
ZZZ_II Vi(W)Lire(si 50411y We may again find 0 = ry < 79 < -+ < 1y, = a such that {t;,...,1,},
{s1,.--y8m} C{r1,...,rm}. The claim is straightforward.

(3) Suppose F € Z,, is of the form
F(w,t) = ¢(w) L {te(u,)y for u,v € [0,a] where ¢ is .7, /%(R)-measurable.

It is clear then that (F - W)(w,t) = ¢(w) {Wyat(w) — Wyat(w)} is continuous. We will show that
E(F-W)2 < oo in claim (4).

Fix s <t € [0,a]:
o If s < wu, then

E. o | Fs ¢( VAt T Wu/\t) = E-L% [¢ {E~|ﬂ‘u (WvAt - WuAt)H
=0= ¢(WUAS - Wu/\s) .

o If s € (u,v], then ¢ is .F#;/PB(R)—measurable as well and

E. | Fs ¢( vAt T Wu/\t) =¢E. |.Fs (Wv/\t - Wu/\t)
- ¢( VAS T Wu/\s)-
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Thus, F' - W is a martingale. The general case follows from claim (2) since M, is a vector space.

(4) Let F € Z, be of the form F(w,t) = do(w)Lymoy + Sory ¢i(w)Lite(titiin}s

E{(F - W), {Z@ Wiy = W, i)}

- Z E¢? (Ws,,, — Wi,)?
i=1

n—1

= Z E¢Z2E‘|§f1 (Wti+1 - Wti)2
i=1

n—1 n—1 tig1
=SBt -t = [ Yo dHw) [ 1
i=1 @iz Li

(Ln 1
// l{te(t t7+1]}dth( )

O

Definition 9.1.3. Let (2,.#,P) be a probability space, let a > 0 and let {%;}¢c(0,q) be the standard
Brownian motion filtration. Let F : Q — RI%? be a process. We say F is measurable if (w,t) — F(w,t) as
a function from Q x [0,a] — R is (Z @ %([0, a]))/%B(R)-measurable. Note that if F is measurable, then

E / F2dt = / / F(w,t)?dtdw = / EFZ2dt.
0 QJo 0

H, = {F process on [0,a| : F' is measurable, adapted, ]E/ F2dt < oo} . (9.3)
0

We write

Note that if F' € Z,, then F' is of the form

n—1

F(w7t) = ¢0( ]l{t o} + Z ¢z ]l{te (tirtir]} € Ha

=1

where ¢;(w) is F-measurable and 1y, ¢
space with

o0} 18 ([0, a])-measurable, and that #H, is an inner product

(F,G) Ly(PxLeb0,a]) = / / F(w,t)G(w, t)dP(w)dt for F,G € H,.
Q J[0,a]

Proposition 9.1.1. If a process X : Q — R%4 is right-continuous, then it is measurable.

Proof.
Without loss of generality, assume a = 1. Define, for n € N, w € ),

k k-1 k
XM (w,t) = X(w, —) where <t < —for k€ [n].
n n

Note that

X™(w,1) = Xo(w) L 0}+ZX% Wizt vy
k=1

is measurable. Since lim,, o, X (™ (w,t) = X (w,t) by right-continuous, X is also measurable. O
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Theorem 9.1.2. For any H € H,, 3F, Fy,--- € I, s.t.

lim E/ (1) — Fo(-, )2t = 0.
0

n—oo
In other words, Z, = H, where the closure is taken w.r.t. Lo(P x Leb|0, a]).

Proof.
See Lemma 2.4 in Shreve and Karatzas. O

Remark 9.1.2. Another commonly occurring definition is that of progressive measurability. We say that
a process X : Q x [0,a] — R is progressively measurable if for all ¢ € [0, 7], we have that X restricted to
Qx[0,t] is F ® Z(]0, t])—measurable. It holds that every measurable adapted process X has a progressively
measurable modification (Lemma 1.1.12 in Shreve and Karatzas). Hence, any continuous measurable adapted
process is also progressively measurable.

Definition 9.1.4 (Ito Integral I). Let H € H, and let Fy, F5,--- € Z, such that

lim E [ |H(-,t) — F,(-,t)|*dt = 0.

Thus, {F,,}22, is a Cauchy sequence with respect to Lo (PP x Leb[0, a]). By Ito isometry, { M (™ = F,,- W},
is a Cauchy sequence in M, with respect to || M ™| = \/E(Mén))Q. Since M, is complete (Theorem 8.6.4),
IM e M, st E{M™ — M,}2 — 0. We define

t
/ H, AW, = M,, ¥t € [0, dl. (9.4)
0

Remark 9.1.3. We need to check that the definition does not depend on the limiting sequence. Indeed,
suppose Fi, Fs,... and ﬁl, Fy,--- € I, are simple process sequences such that for H € H,, ]Efoa |H(-,t) —
Fo(-,t)?dt — 0 and E [ |[H(-,t) — F,(-,t)]?dt — 0. Then E [} |[F,(-,t) — Fo(-,t)|?dt — 0 by triangle
inequality. Hence, E{(F,,- W), — (F},-W)4}? — 0 by linearity and Ito isometry, which implies they converge
to the same M € M,.

Example 9.1.1. As an example, we claim that, for a.e. w € Q,
15 1
M(w,t) := WsdWs | (w,t) = §W (w,t) — §t vt > 0.

Note the Ito integral differs from Lebesgue Integral in the extra %t factor. As a sanity check, we have
EM; = 0 since M € M, and E(AW? — 1) = 0. Moreover, by Ito isometry, Var(M;) = fot EW2ds = 3t2.

1 1 1
E(5W7 = 5)* = (B =207 -t +47] =

1
(32 — 22 +82) = 242,
2 ( +t9) 2

| =

Fix a > 0. For n € N, define tz(-n) = Lq for i € [n] U {0}. We omit superscript for simplicity. Define
FM(w,t) = ZZ:Ol Wi, (W) L{tet, tiya]y SO that F( ¢ T,. First, note that

a n—1 tit1
E / FOV ) — W12t = 3 / E[FM (1) — W(-t)dt
0 i=0 ti

n—1 tit1
_ Z/ E(W;, — W;)%dt
i=0 v ti
n—1

n—1 tit1 1 1(12
- t—tidt = “(tig1 — 1) = - — = 0.
;/t ZQ( i ) 2n

=0



CHAPTER 9. STOCHASTIC INTEGRAL 127

Now, define M = (F(") . W) so that M = Yo Wi (Wi ne — Wine)-

We will show that E{Mén) — (3W2 — 1a)*} — 0. To see this, note that

n—1 n—1
. 1 1
Mé ) = Z Wti (Wti+1 - Wti) = Z {Q(Wtzprl - Wt%) - §(Wti+1 - Wti)2}

=0 =0
1 1 n—1
=g W =) = 5 2 Wy = W2’
=0
1 1 n—1
= §W<12 - 5 Z(Wti+1 - Wti)z'
1=0

Hence, by Theorem 8.3.2,

2 n—1 2
1 1 1
E <Mc(bn)2 - §W5 + 2a> - EE {Z(Wti+l - Wti)Q - a} — 0.
=0

Proposition 9.1.2. Let a > 0. For H € H,, let fHSdVVs € M, be the Ito integral.
(a) For a, BER, G, H € Ho, a [ GdW, + B [ HdW, = [(aGs + BH)dW,.
(b) E [ H(-,t)2dt = E( [, H,dW,)2

Proof.

Immediate since Z, = H.,. O

Remark 9.1.4. Let @ > a > 0 so that Hz C H,. We claim that, for H € Hg, the definition of fot H,dW,,
for ¢t € [0, a], does not depend on whether we view H as an element of H, or of H;.

To see this, let Fy, Fy,--- € Z; and that limnﬁooEfoa(Fn(-,t) — H(-,t))?dt = 0. Then, Fy,Fy,--- € I,
and E [/(F,(-,t) — H(-,t))?dt — 0 as well. By definition, Yw € Q, (F,, - W)(w,) defined over [0,a] is the
restriction of (F, - W)(w, -) defined over [0,d]. Let M € Mz and M € M, such that

E{(F, - W)a — M3}?> — 0 and E{(F, - W), — M,}?> — 0.
Then,

E{(Fy - W)a — My}? < Esup |(F, - W) — M,|* < 4E{(F,, - W)5 — M;}* — 0.
s<a
It implies E(M, — M,)? = 0. Thus, there exists B € 7, P(B) = 1, such that Yw € B, M(w,t) = M (w, t) for
all t € [0,a]. So M (w,-) is the restriction of M(w,-) to [0, a]. In particular, M, = E[M;|-%,] a.s.

Definition 9.1.5 (Ito Integral II). Define
H = {F process on [0, 00) : measurable, adapted, and ]E/ F2dt < co,Va > O} (9.5)
0

so that H C H,, Va > 0. For H € H, let M® e M,, for n € N be the integral of H viewed as an element
of H,.

Define a process M : Qx[0,00) — R by M (w,t) = M (w,t) forw € Qandt € [n—1,n). Forn < m € N,
let B, € .Z be the event such that P(B,,,,) = 1 and Yw € B,, ,,,, we have M ™ (w,t) = M ™) (w, t) for all
t€[0,n]. Let B =N Nim>n Brm, then P(B) =1 and M(w,-) is continuous on [0, c0), Yw € B.

For s < t € [0,00), suppose s € [m —1,m) and t € [n — 1,n) for m < n € N, then M, = M =
E[M™|Z,] = E[M,|.Z,]. So M is a martingale. We then define

t
/ H.dW, = M,, ¥t > 0. (9.6)
0
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9.2 Localization

Remark 9.2.1. In the definition of H,, the restriction that E foa F?2dt < oo is restrictive and often difficult
to verify. For instance, let f(z) = ¢ for z € R and let F(w,t) = f(W(w,t)) for (w,t) € Q x [0,a], then
fol EF?dt = fol Ee2W! dt = oo.

A much easier class of integrand is
Loc = {F process on [0,a] : measurable, adapted, P (/ F2dt < oo) = 1} . (9.7)
0

Observe that if f : R — R is continuous, then Vw € Q, ¢ — f(W(w,t)) is bounded on [0, a] since W(w,t) is
bounded for ¢ € [0,a]. Hence f oW € Z,0c[0,al.

Theorem 9.2.1. Let a > 0 and let H € H,. Let 7 : Q — [0,00] be a stopping time. It holds that
Hl ) € Hq and writing M = [ HdW, and M = [ H1{;<1dW, € M,, we have that for a.e. w € Q,
M(w,t AT(w)) = M(w,t), Vt € [0,a].

Proof.

Note that, Vt > 0, w = Lyi<rw)y = (1 = Lirw)<ty) is F/ZB(R)-measurable and thus H1jg ;) is adapted.
Also, (w,t) = L<r(w)y = Lit—r(w)<o} is F ® A([0,a])/%(R)-measurable and hence H1[ ;) is measurable.
Since (H1jp ,)? < H?, we have that H1 ;] € Ha.

Step 1: First suppose 7 : Q — [0, 00] takes a finite set of values. Let H € H, and Fy, Fy,--- € Z, such
that E [ [F,(-,t) — H(:,t)|*dt — 0.

Fix arbitrary n € N and suppose F;, has the form

m—1
Fo(w,t) =Y ¢i(w)Lve(t, tiia])-
i=1
By increasing m if necessary, we may assume range(r) C {t1,...,tn}, so that for any w € Q, Ty< ()} is
constant on intervals (¢;,¢;41]’s. Thus,
m—1
Fulppr(w,t) = Fo(w,))Li<r@)y = O 6i(w) Litcr@)) Lite(ti i)}
i=1 —

=Lt <r (@)}

Note that

a 7(w)
| [ 1B D o — B0 perapPatdBe) = [ [ 1F(ent) - w0 dtdB) - o
QJo QJO

and that

3
L

(Fn]]-[O,T] : W) (wa t) = ¢i (w)]]'{ti+1 <7(w)} (W(w7 Lit1 A\ t) - W(wa ti A t))

i

3
L

di(W){W(w,tip1 ANEAT(W)) = W(w, t; At AT(w))}

@
Il
—

= (F, - W)(w,t A7(w))

Denote M™ = F, - W, M™) = F, 1, -W, M = [ HdW,, and M = [ H,1{,<,ydW,. Recall that
{Mirr}iejo,a) € Ma by Doob’s optional stopping theorem. We have that

E(Ma/\r - Ma)Q S E(Ma/\‘r - MtgrAlzr)Z + E(Mtgr/er - MG)Q
< Esup(M, — M™)? + E(M{™ — M,)?

s<a

< AE(M, — M{™M)? £ E(M™ — M,)>.
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By taking limit n — oo, we have that for a.e. w € Q, M(w,t A (w)) = M(w,t), ¥t € [0,

Step 2: Let 7 :  — [0, 00] be a general stopping time. For n € N, define 7, (w) = % for k € N such that
Al < 7r(w) < £ s0 that 7, (w) = 7(w), Yw € Q.

Observe that

| [ G0 s, ) = 0 i PtaP) <
QJ0

w

Tn (WA
/ H(w, £)2dtdP(w) — 0.
T(w)

Thus, [ H 1<, dWs = [ Hil{s<-dW, in M,-norm by Ito isometry.
Define M = [ H,dW, € M, and define M = J Hil{s<- dW,. Then, for any n € N,
E(Mal\f - Ma)Q § E(Ma/\‘r - ]\4¢1/\‘r”)2 +E(Ma/\‘rn, - Ma)Q .

term 1 term 2

First, since Myar, = foa Hlo<r ydWs, term 2 — 0 as n — oo. In addition, for term 1, note that the
sequence of functions

W Mopr(w) (W) — Mgar, (w)(w), indexed by n € N,

converges to 0 a.s. by continuity of M. Since E(Manr, — Monr)? < 2EMZ,, +2EMZ, < AEM? < oo, we

a
have that term 1 — 0 as n — oo by dominated convergence theorem.

O

Corollary 9.2.1. Let G,H € H, and let 7 : @ — [0,00] be a stopping time. Suppose, for a.e. w € Q,
G(w,t) = H(w,t), Vt € [0,a A 7(w)], and let X,V € M, such that X; = [} G,dW, and V; = [, H,dW,.
Then, for a.e. w € Q, X(w,t) =Y (w,t), ¥t € [0,a A T(w)].

Proof.
By Theorem 9.2.1, for a.e. w € Q, Vt € [0,a],

X(w,t A7(w)) = (/ Gsll{ng}dWS) (w,1)
([ Hteana®.) ) = Yot A7)

Thus, for a.e. w € Q, for t € [0,a A 7(w)], we have that
X(w,t) = X(w, t AT(w)) =Y (w,t AT(w)) =Y (w,t).
O

Definition 9.2.1. Let H € A,0¢[0, a], we say that a sequence of stopping times 71 < 75 < -+ : Q — [0, 0]
is a localizing sequence for H if

(a) Hlyr,) € Ha, ¥n €N,
(b) P(UpLi{m 2 a}) = 1.

For example, we may define 7, (w) = inf{s > 0: [ H(w,t)?dt > n}. Note that (w,s) — [, H(w,t)?dt is
a continuous process (use the fact that 3Fy, Fs,--- € Z, such that F,, — H in Lo(P x Leb|0,a]) and hence,
T, 18 a stopping time.

Define M () = st]l{ngn}dWs € M, and let By, ,, € .F for n < m € N be defined as

Bpm i={we Q: MM (w,t) = M™ (w,t) for t € [0, 7,(w)]}.

By Corollary 9.2.1, P(Bp,,) = 1 since Hily<, y = Hlgy<, 3 for t € [0,7,(w)]. In addition, writing
B = N, Nim>n Brm, P(B) = 1 by union bound. For w € BN (U {7, > a}), for ¢t € (0,a], define
M(w,t) = M™(w,t) where n € N is such that 7,,_1(w) < t < 7,(w). (Define 79 = 0). For other w, define
M (w,t) = 0. We then define ([ HydW,) (w,t) = M(w,t).
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Remark 9.2.2. (a) For H € A,0c(0,4a], [ H;dW; is not necessarily a martingale, but if 4 <7 < ... is
a localizing sequence for H, then {Minr, }+>0 € M, for all n € N since {Myar, >0 = [ Hsl{s<r, 1 dWs
and Hl(,<;,1 € Hoo Thus, M is called a local martingale.

b)Ifrn <71 < ...and 7y < 75 < ... are 2 localizing sequences for H € A 0c¢0,a], then so is
{mn =T AT 302

Writing M (™) := stll{ngn}dWs and M™ = stll{Sgwn}dWS, we have that for a.e. w € Q,
MM (w,t) = M™(w,t) Vt € [0,m(w)].

Therefore, writing M = [ H,dWj, we have that M (w,t) = M(”)(w,t), Vt € [0, m,(w)]. Tt implies M
does not depend on the choice of localizing sequence.

(¢) We may define
Loc = {F process on [0,00) : measurable, adapted Va > 0,P </ F2dt < oo) = 1}
0

and extend the definition of Ito integral to £ oc.

9.3 Ito’s Lemma

Remark 9.3.1. Let W be the standard Brownian motion and let f : R — R be twice continuously differ-
entiable. Let t >0 and let 0 =¢; <ty <--- <t, =t be a partition. Then

n—1
FW) — Z FWei) = F(Wa,)
1 n—1
= Z f/(Wti)(Wt'H—l - Wtz) + 5 Z f”(WSi)(WtH—l - Wti)Qv
i=1 1=1
term 1 term 2

where s; is a random variable taking value in [t;, ;41].
Term 1 “converges” to fo f'(Wg)dWy as n — oo. Term 1 resembles the Ito integral of a simple function
but we do not know if, for all i € [n —1], Ef'(Wy,)? < co. Since > i) (thﬂ — W,)? = tin Ly(P), we

expect term 2 to “converge” to i fo 1" (Ws)ds. This is the intuition for Ito’s lemma.

Theorem 9.3.1 (Ito’s lemma). Let W be a standard Brownian Motion and let f : R — R be twice
continuously differentiable. Then, for a.e. w € Q, Vt > 0,

FO ) = 1 w0 = ([ 770w, ) @)+ 5 [ 707w, 9)as 9.9

This is informally expressed as Vt > 0,

W) — F(Wo) = /f dW+/f”

Example 9.3.1. (a) If f(z) = x is the identity, then f/(x) =1 and f”(x) = 0. We have, for a.e. w € Q,
Vi >0,

f(W(w,t)) — f(W(w,0)) = (/ 1dW> (w,t) = W(w,t) as expected.
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(b) If f(z) = 22, then f’(z) = 2z and f”(x) = 2. We have, for a.e. w € Q, Vt >0,

PV - 10V (w0) = ([ 2wam,) .o+ 5 [ 2as

which implies 2( [ W,dW,)(w,t) = W(w,t)? — t as expected from Example 9.1.1.

Proof of Theorem 9.3.1 (Ito’s lemma).

For simplicity, we write fW(w,t) := f(W(w,1)).

First, we note that {f'W,;}+>0 is a continuous and adapted process. Moreover, Ya > 0, Vw € Q, we have
that [i'(f'W(w,t))?dt < oo since ¢ — W(w,t) is continuous and thus maps [0,a] to some interval. Thus,
['W e Loc and [ f'WdW, is well-defined.

Now, Yw € Q, t — f"W(w,t) is continuous and hence Yw € €, fg f"W(w, s)ds is well-defined as a
Lebesgue-Riemann integral.

Now, fix any a > 0 and let 0 = tgn) < tén) < e < t%") = a be a sequence of partitions such that
limy, s 0o MaX;cn_1] |t§i)1 tgn)| = 0. We omit superscript for simplicity.

For m € N, define stopping times 7, (w) = inf{t > 0 : [W(w,t)| > m}. Note that P(Upen{rm > a}) =1
and that 7 < 75 <.... We will prove, for any m € N, for a.e. w € Q, Vt € [0, ],

FWV (@, b AT (@) — W (w, 0) (/dew> (@, A T (w ))+;/0Wm(w) FIW (w, 5)ds.

Since, for a.e. w € 2, Im € N such that 7,,(w) > a, this proves the theorem.
Fix m e N, Vw € Q, Vt € [0,a], 3s1(w) € [t1,¢2],- .., Sn—1(w) € [tn—1,tn] such that

W (w, t AT (w)) — fW(w,0)
n—1
= Z fW(w, tiz1 ANEATR(W)) — fIW(w,t; At AT (w))
=1
n—1
= FW(w, t){W (W, tig1 At ATy (w)) = W(w, t; At A T (w))}—Terml

i=1

+ % S W 5 HW i1 A A Tin () = W (@, AEA T ()}~ Term?

We will show that Term1(w,-) = ([ f/W,dW) (w,-) and Term2(w, -) — %f(;AT""(w) J"W(w,s)dsin |||, as
n — oo for a.e. w € . Since the LHS does not depend on n, the theorem follows.
We first analyse Term1. We claim that Vn € N, the processes

n—1
U™ (w,t) Zf W(w, t){W (w, tiz1 ANtA T (w)) — W(w, t; At A Tm(w))}

i=1

Viw,t) : (/deW)(wt/\Tm( )

are in M, and that lim, . E(U" — V,)? = 0 (%). This means that limn%mEsupte[o,a](Ufn) -V)? =
Define, Vn € N, the process F(™) : Q x [0,a] — R such that Yw € Q, t € [0, al,

n—1

F™(w,1) Zf W(w, ti) L, < ()} Lt tit1]}
=1

Note that F(™) € Z, since for all i € [n — 1],

]E[(fIWt ) ]]-{t <Tm(w)}} < sup sup |f/W(wat)|2 < sup |f/(u)| = Cm < o0.

weQ <7 (w) u€[—m,m]
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Likewise, f'Wljo -] € Ha. Note that

U™ (w Z FW(w,t) Lt <rm (@} AW (W i1 AEA TR (W) = W(w, t; At AT (W)}
i=1

= (/ F§n>dWS) (w,t AT (w))
= </ Eg(")]l{sgrmw)}dwe) (w,t).

We will show that F(™ 1 — f'Wlj, | in Ly(P x Leb[0,a]). First, observe that

sup sup IfW(w,t;) — fW(w,t)|> <sup sup |[f'W(w,t)]*(tir1 — t:)?
WEQLE[t; AT (W), tig 1 ATm (w)] weR <7, (W)

S (ti+1 — ti)Q . sup f"(u)Q = (ti+1 — t1)25m

uwE[—m,m]

Thus,

/Q / IF(n) (w7 7f)]l{tg‘rm(w)} - f/W(w7 t)]l{tg‘rm (w)} |2dth(W)
0

Tm(w)
=[P ) = W) Parap)

tit1 ATm (W)
/ / [F W (w,t;) — f’W(w,t)|2dth(w)
t

ATm (w)
tit1 AT, (w)
< Z / / Con(tiv1 — t;)*dtdP(w)
ti AT, (w)
<Om Z +1 = t
N n—1
<Cyp max (tigq — )%y (tiz1 —t;) — 0as n — oo,

i€[n—1]

i=1

which implies F™ 1o . 1 — f'Wl,. | in Lo(P x Leb[0,a]). Our claim (%) thus follows by Ito isometry.

For Term2, we write

= Z F"W(w, si ()W (W, tis1 AA T (w)) = W(w, t; At ATy (W)}

n—1

1 1 1
=5 Term2A(w, 1) + S Term2B(w, 1) + o W (w, ti){tigr At ATm(w) =t At ATm (W)}

Term2C(w,t)

where

n—1
Term2A (w, t) Zf”W (w,t;) [{W Wy tig1 ANEA T (w)) — W(w, t; /\t/\Tm(w)}2
i=1
—{tigt At AT (W) =t ATA Tm(w)}}

n—1

— Z "W (w, t) Lt <r (@) {{W(w,tiﬂ AEA T (W) — W(w, t; AtA Tm(w))}2
=1

— {ti+1 AR AN Tm(W) U RAYZA Tm(w)}:|
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and

Term2B(w, t) := i(f”W(w, si(w)) = f'W(w, t )W (W, tis1 At AT (W) — W(w, t; AtA Tm(w))}2.

i=1

Consider Term2C first. We note that, for any w € Q, the function ¢ — "W (w,t) is continuous on [0, a
and therefore is uniformly continuous.

Recall that ¢ : [0,a] — R is continuous if Yz, the modulus of continuity

Wy 0 (0) := sup{[)(z) — P(z0)] : © € [0, a], [z — wo| < 0}

satisfy lims_,o My 4, (6) = 0.
The function ¢ is uniformly continuous if

my(0) 1= S‘?(I)) ]mw,wo(5) = sup{[y(z) — (wo)| : 7,20 € [0,a], |z — 20| < 0}
zro€|0,a

satisfy lims_,omq(d) = 0.

Therefore, for any fixed w € €,

n—1 EATm (W)
sup F"W(w, t;)(tiz1 AtAT(W) =t AtA T (w)) 7/ "W (w,s)ds
tel0,a] |, 5 0
n—1 tit i ANEATm (w)
< sup Z/ "W (w,t;) — f"W(w,s)|ds
t€[0,a] ;27 JtiAtAt, (W)

n—1
< Z(ti+1 —t;) sup |f'W(w,t;) — f"W(w,s)]|
i=1

s€E[tiv1,ti

<a- max sup ‘fHW(wa tz) - fNW(w7 5)|

T i€n=1] sefty tiga)

J"W(w,s) — f'"W(w,s)|

<a - sup

s,8":|s—s"|<én

where 6, := max;c[n,—1) [tit1 — ti]. Since §,, — 0 as n — 0o, we have that, Vw € €,

sup — 0.

AT (W)
Term2C(w, t) — / "W (w, s)ds
te(0,a] 0

We will show that Term2A and Term2B both converge to 0 in the sense that

for a.e. w €, sup |Term2A(w,t)] — 0 (for a subsequence)
t€[0,a]

and likewise for Term2B.
Consider Term2A, we claim Term2A € M, because:

L] (w,t) — {Wti+1/\t — Wti/\t}Q — (ti+1 ANt — tz A t) S Ma,
e T, is a stopping time,
o wi f'W(w,ti) Ly, <r(w) i Ft, /B (R)-measurable,

e we will show that ETerm2A(-,a)? < cc.



CHAPTER 9. STOCHASTIC INTEGRAL 134

Thus, we need only show that lim,, o, ETerm2A(-,t)? = 0. Then Doob’s Maximal norm inequality (Theorem
8.6.3) yields that lim,, o Esup,ec(g o) Term2A(:,¢)* = 0, and thus sup,¢( o Term2A(-,#)* — 0 in probability
and a subsequence converge a.s.

Now, note that

]ETcerA(-,a)2:/Tcrm2A(w,a)2dP(w)
Q

n—1
< sup max |1 (w, 1) (; [{W(w,tiﬂ AT (@) = W (w, ti A T () }2

{1 ATi(w) — £ A Tm(w)}])z
n—2 n—1
<EZV2+2EZ > Vvl) : (%)

=1 1=i+1
where V;(w) := {W(w, tiz1 A T (w)) — W (w, t; ATy (W)} — (ti01 A Ton (W) — i A T (w). For each i € [n— 1],

E{(Wti+1/\‘rm - Wti/\Tm)2 - (ti+1 NTm —ti A Tm)}2 <E sup {(WS - Wti)2 - (S - ti)}Q

sE[ti,tit]
<UE{(Weyy, — We)? — (tign — fi)}Q
< A(tig —t)°E{Z% -1}
< 8(tis1 — ti)?,

where Z ~ N(0,1) is an independent standard normal. Therefore

n—1 n—1
EZ\QQSSZ(ti+1—t <8 max |tl+1 t|(Ztl+1 )—)Oasn—)oo.

i=1

For the cross terms, we have, for i <! € [n — 1],
]E‘/Z‘/l = ]E[‘/Z E[‘/l|yti+l/\7'm]] =0.
—_———
=0
Thus, ETerm2A(-,a)? — 0 as desired.
Consider Term 2B. For w € Q,t € [0, a],

|Term2B(w, )|

z_: F'W(w, 5i(w)) — "W (w, )W (W, tisy At ATm(w)) = W(w, t; At ATy (w))}?

n—1

2 [{W(w’ti“ NEA Ty (W) = W(w,ti ATA rm(w))}2

i=1

< sup |FW(w, (@) — FW (s8] - (

1€[n—1]

— (tigr AEATi(w) — t AEA Tm(w))} + i(ti+1 AEA T (@) — 5 A A Tm(w))

tATm (W)

Therefore, we have that

sup |Term2B(w,t)| < sup  sup |f"W(w,s) — f"W(w,t)|- ( sup M™(w,t) + a) (xx %)
te[0,a] i€n—1] s€[ti,tit1] te(0,a]
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where M (w, t) := S W (w, tigr At) — W(w, s AE)YE = (figy At —t; ATL).
For every w € Q, t — f"W(w,t) is uniformly continuous on [0,a]. By similar logic that we applied to
analyse Term2C, we have that

lim sup sup |f"W(w,s) — f"W(w,t;)| = 0.

N0 ien—1] s€[ti,tit1]

Moreover, in the proof of Theorem 8.3.2, we showed that lim,,_, IE(Mé"))2 = 0. Since M € M,, we
have that lim,, o Esup;¢jg 4 (Mt("))2 = 0 and that for a subsequence ni,no, ...,

lim  sup M) (w,t) =0 for a.e. we Q.

k=0 ¢c[0,a)

Hence, for a.e. w € Q, (x*x) — 0 as ny — oo. Thus,

lim sup =0 for a.e. w e (L

k=0 ¢c[0,a]

1 EATm (W)
Term2(w, t) — 5/ "W (w,s)ds
0

The following enhancement of Ito’s lemma will be useful:

Theorem 9.3.2 (Ito’s lemma II). Let f : [0,00) — R be a bivariate function and suppose fi(t,z) :=
%(t,ac)7 fult,z) = %(tw), and f.(t,x) := %(t,x) exists V¢t > 0 and = € R. Let {W;}4~¢ be the standard
Brownian motion. We have that, for a.e. w € Q,

FEW(w,8)) — F(0, W (w,0)) = (/fx(s,Ws)dWS) (w,t)+/0 ft(s,W(w,s))ds—&—%/o Faa(s, W (w, 5))ds.
(9.9)

As shorthand, we write

f(t,Wt)—f(O,O):/O fw(s,Ws)dWs—#/O ft(s,Ws)dt+%/O Fanls, W) ds.

Proof Sketch.
The proof closely follows that of Theorem 9.3.1. Letting a > 0 and writing 0 =¢; <ty <---<t, =a as
a partition of [0, a], we have that

f(CL, W(w’ a)) - f(ov W(w’ O)) = 2_: f(ti+17 W(w, ti+1)) - f(ti7 W(wr ti))

n—1

= > Fulte, W(w, ti) AW (w, ti41) = W (w, )} D

i=1
+ fi(ts, W (w, t)) (tip1 — ) @
b 5 alr0), W, i)W (o 1i12) = W (e 1) B
+ far(ri(W), W(w, si(@){W (w, tiz1) = W(w, ti) }(tiyr —t:) @
5 hulr(@), W, 5:(0) (i1 — 1)° ®,
where 7;(w), s;(w) € [t;, ti+1], and where fr: (¢, z) = %(t,a@)7 fr(t,x) = %(t,x).

Term D), @), @ can be analyzed in a way similar to the proof of Theorem 9.3.1. Term @), ® are both of
lower order and “converge” to 0. O
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Corollary 9.3.1. Let f:[0,00) x R — R be a function that satisfy

of 19%f

In addition, suppose that, for some a > 0, Efa of (t,W;)?dt < oo. Then, we have that {f(t, Wi)}eeo,q) 1s @
martingale.

Proof.
By Theorem 9.3.2, for a.e. w € §2, Vt > 0,

£t W (w, ) - £(0,0) :/g—f(s, W,)dwW,.
x
If, for some a > 0, E [ &2 91 (s,W,)2ds < oo, then the function (w,t) — g—i(LW(w,t)) € H, implies

[ 2L (s, Wy)dW, € M, is a martmgale. o

Example 9.3.2 (Gambler’s Ruin). Define X; = ut + cW; for ¢t > 0 as Brownian motion with drift. For
a, > 0, define stopping time 7 :=inf{t > 0: X; = a or X; = —f} . We want to compute P(X, = «).

Suppose there exists continuous h : R — [0, 1] such that h(a) = 1, h(—8) = 0, and {h(X;)}>0 is a
martingale, then

P(X; = o) = Eh(X;)
= lim EA(X nn) (By DCT and continuity of {h(X;)}i>0)

n—oo

= Eh(X,) = h(0).

To find a function h, write f(t,z) := h(ut + ox). We require %{(x,t) = f%g%(t,x), vt > 0,z € R by
Corollary 9.3.1. It implies

1
ph!(pt + ox) = —§a2h”(ut + o)
= ——h’( ) =h"(").

We also have boundary condition h(a) =1, h(—3) = 0. Solving the ODE, we get

) exp(=2%) — exp()
7 ) — el

We may check that E [ 92 (1, W;)2dt = E [ 020/ (X;)2dt < 0o, Ya > 0, so that {h(X;)}+>0 is a martingale.
So we have

P(X ) = h(0) 1- exp(%ﬁ‘—f) exp(—ﬂ) 1
T = o) = = = .
exp(—25) —exp(2)  exp(— 2oty
Note, if we take limit u — 0, we get
im exp(—w) L _ im _2‘%6 __f
=0 exp(—QM(?jﬂ)) _1 w0 _2M(:;‘16) Ca+j

Now suppose 1 < 0 and define 7, := inf{t > 0: X; = o or X; = —n}.
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Note that Upen{w : X7, (w) = a} = {w :sup;>0 X(w,t) > a}. Also {w: X, (w) =a} CH{w: X, () =
a}. Hence
P(sup Xy > ) = lim P(X,, = «)
t>0 n— oo

) exp(—%ﬁ—zn) -1
= lim

n—00 exp(izﬂ(:ja)) -1

2|ula
= exp(— ‘02| ).

In other word, Y := sup;»o X¢ ~ Exp(—iﬁ').

o

9.4 Stochastic Differential Equations

Definition 9.4.1 (Stochastic Differential Equation). Let {W,},>¢ be standard Brownian motion. We
say that a process {X,}1>0 satisfy the Stochastic Differential Equation (SDE)

AX; = (t, X,)dt + 9 (t, X,)dW, (9.11)
for some ¢, : [0,00) x R — R if {X;}:>0 satisfies the integral equation for a.e. w € Q,
t
X(w,t) — X(w,0) = / 6(5, X (w, 5))ds + (/w(s,xs)dws> (w.t) V> 0. (9.12)
0
Shorthand: X, — X = fot o(s, Xs)ds + fg (s, Xs)dWs. Note that Xy can be arbitrary.

Note that we require (w, s) — ¥(s, X(w, s)) € Hoc and s — ¢(s, X(w, s)) to be integrable a.e. w € Q.
(That is, for a.e. w € Q, ¥t >0, [/ 9(s, X (w,s))2ds < oo and [} [¢(s, X (w, 5))|ds < 00.)

Example 9.4.1. (a) Consider the SDE
dXt = [,Ldt + O'th.
This implies

t t
Xt—XO:/ uds+/ cdWs =tu+ oWy — Wy) = tu+ oWy
0 0

is Brownian motion with drift. X is the random start location.

(b) Consider the SDE
dXt = [LXtdt + O'Xtth‘
This implies
t t
X — X :/ ,quds—l—/ o X, dWs.
0 0

To solve the SDE, we guess that X; = Xof (¢, W;) for some f : [0,00) x R — R twice differentiable
such that f(0,0) = 1. By Ito’s lemma, we have

t t t
Xo=Xo = Xo [ Ll WOAW. + X [ AilsWds 4 D [ fuas,Wds
0 0 0

X
= dX; = Xofo(t, We)dW; + Xo fi(t, Wy)dt + TOfIx(tu Wy)dt.
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By matching terms, we have
Xofe(t, We) = 0 Xy = o Xof(t, W)
and
Xo
Xofi(t, We) + waw(ta Wi) = pXy = pXof(t, Wy).
Thus, we solve the deterministic PDE
1
fm(ta .’E) = O—f(tvx) and ft(tax) + §faca:(tax) = ,LLf(t,iL’) vt Z va eR
with boundary condition f(0,0) = 1, and we obtain f(t,z) = exp((u — 202)t + o). Hence,

1
X = Xoexp{(pn — iaz)t + oWy}

We will see later that the solution is unique.

Definition 9.4.2 (Geometric Bronian Motion). Let the process {X;}:>0 be

2
X = Xoexp{(p — %)t+0’Wt} (9.13)

for some random variable X, and scalars p € R and o > 0 so that {X;} satisfy SDE
dXt = /LXtdt + O'Xtth. (914)

The process {X;} is known as geometric Brownian motion.

Remark 9.4.1. We call (9.13) geometric Brownian motion because for s < t € [0, 00), we have

X o?
log ft = (=)t —s) + (W, = W)
so that {X;} exhibits geometric/exponential growth with variance.
2
Suppose p > 0 but u < %, then we have that

02
EX; = EXo - E. gz e~ 2" = (EX,) - e — 0o as t — 0o

but for a.e. w € Q,

X¢(w) = Xo(w) exp {t ((u %2)+ UWE(QJ))} =0 ast— o0

. W,
since #

Thus, if the growth rate p is too small compared to volatility %2, there is no possibility of long term gain.
This is called risk without possibility of reward.

— 0 as t — oo by Law of iterated logarithm.

Remark 9.4.2. Suppose process {X;};>o satisfies dX; = pX,dt + 0 X;dW;, then for a.e. w € §, for all
t>0, At >0,

t+At t+At
X(w,t+ At) — X(w,t) = / uX (w, s)ds + (/ O'XSdWS> (w).
¢ ¢
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t+At
t

(/JXdeS> (w,t+ At) — (/oXdeS> (w,t) = (/ UXS]l{szt}dWS) (w,t + At).

Fixwe Q,t>0. If s —» X(w,s) is continuous on [0, 00), then

Note we regard ( O'XSdWS) (w) as a shorthand of

t+At t+At
/ pX (w, s)ds — pX (w, t)At| < u/ | X (w, s) — X (w, t)|ds
t t

<p-At- sup | X(w,s)— X(w,t)] = 0as At — 0.
sE[t,t+At]

Additionally, if E fH_At

t

AL 2 AL 2
E{/ O'XSdWS—O'Xt(Wt+At—Wt)} _E{/ O'(XS—Xt)dWS}
t t

t+At
:E/ o|Xs — X¢|?ds — 0 as At — 0.
t

| X, — X;|?ds — 0 as At — 0, then by Ito isometry,

Also, by Jensen’s inequality or Cauchy-Schwarz inequality,

t+AL
E / uXsds — uX At
t

Therefore, for any ¢ > 0, 3 sequence At — 0 such that for a.e. w € Q,

2 t+AL
SEuAt-/ | X, — Xi|?ds = 0 as At — 0.
t

| X (w,t + At) — X(w,t) — {p- At - X(w,t) + 0 - X(w,t) (W(w, t + At) — W(w, t))} — 0.
and
E|Xiiar — Xi — {pXiAr 4+ 0 Xe(Wisae — W)} — 0.
Intuitively, we have that for small At
Xionar — Xe = Xo - {p- At + oc(Wiepnr — Wi}
Example 9.4.2 (Uhlenbeck-Ornstein Process). Consider SDE
dX; = —aX,dt + odW; for a,c > 0.

We see that {X;};>0 is mean-reverting in that —aX; > 0 if X; <0 and —aX; <0if X, > 0.
We will see that the solution to this SDE is

X(w,t) = X(w,0)e " + 0 </ ea<t5>dws> (w,1).

Note:

o If X is Gaussian or a constant, then {X;};>¢ is a Gaussian process. Note that for a deterministic
f:[0,00) — R such that foa f(s)%ds < oo, Va > 0, the process (w,t) — fg fsdW, is a Gaussian process.

e This process {X;}>0 is not of the form f (¢, W;) for some function f. Thus, we need another extension
of Ito’s lemma to handle a larger class of processes.
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9.5 Ito Process

Definition 9.5.1 (Ito Process). Let process {F,};>0, {Gi}i>0 satisfy for a.e. w € Q, Vit > 0,
t t
/ |F'(w, s)|ds < oo and / |G(w,s)?ds < 00 (G € Loc).
0 0

We say a process {X;},>0 is an Ito process if

X(w,t) — X(w,0) = /Ot F(w,s)ds + (/ GSdWS> (w, ). (9.15)

(Note that if f :[0,00) x R — R is continuously twice differentiable, then {f (¢, W;) — f(0,0)}:>0 is an Ito
process by Theorem 9.3.2.)
For a process {H,};>o satisfying for a.e. w € Q, ¥t > 0,

¢ ¢
/ |F(w, s)H (w, s)|ds < co and / G(w,s)*H(w,s)%ds < oo,
0 0

we define f Hy dX; as a process such that

</ Hsts> (w, 1) == /OtF(w,s)H(w,s)ds+ (/ GsHdes) (w, 1)

Theorem 9.5.1 (Ito’s lemma III). Let {X,};>¢ be an Ito process with representation

t
X(w,t) = / F(w, 8)ds + (/ GSdW8> (w, 1),
0
and let f:[0,00) x R — R be continuously twice differentiable. Then, for a.e. w € Q, Vt > 0,

t t 92
0 X(w0) = £0,0) = [ S5 X Nds 4 5 [ 56X (w6970

+ ( / gi(s,Xs)dXs) (@, 1). (9.16)
Note the term (f %(S,XS)dXS> (w,t) is in fact

tof of
; %(S,X(w,s))F(w,s)ds + <ax(s,Xs)Gde§) (w, t).

Note that if FF =0 and G = 1, then X (w,t) = W(w,t) and we obtain Theorem 9.3.2.

Proof Sketch.
We take similar approach as before. Let a > 0 and let 0 = t; < t3 < --- < t, = a be as sequence of
partitions. Then,

0, X(0,0) = F0,0) = Y St X(e,ti2)) — (1 X(,10)

-y %(ti, X (w, )X (@, tip1) — X (w,:)} D
=1
+ X @ )~ 1) @
43 2 i), X (@ s @K @) — X, 1) @

+ lower order terms for s;(w), r;(w) € [ti, tit1].
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For term (D), note that

7+1 tit1
X(w,tiy1) — / F(w,s)ds + < Gdes) (w)

~ Fw, ti)(tivr — i) + G(w, t)(W(w, tiy1) — W(w, t;)).

For term @), we have the similarly that

(X (W, tis1) = X (w, 1)) = Fw, ;) (tisr — 1) + 2F (w, ) G(w, t3) (tir1 — t:) (W (w, tig1) — W (w, 1))
+ G(w, ti)Q(W(w, ti—i—l) — W(w, ti))Q.

Example 9.5.1. Consider again the SDE
dUt = —O[Utdt + O'th.

Suppose Uy = zp € R. We assume that {U;} is of the form {f(¢, X;)} for some continuously twice
differentiable f : [0,00) x R — R and Ito process {X;}. In addition, we will in particular guess that
ft,z) = a(®){zo + z} and X; = fo s)dWy for some a,b : [0,00) — 0. We require a(0) = 1, a be
continuously twice differentiable and b be square integrable.

By Theorem 9.5.1, we have

8f
Up — Uy = f(t, X:) — £(0, Xo) = )d )2ds X,)
t 0 f(t t) f( 0) 0 a s+ - /a +/8 S,

:/Ota()(xo—FX / b(s)dW,

:/Ot () (0 + X, ds+/

aa{( ) = a/(S)(IO +$)a %(S,I’) = Q(S), @ _

since

By coefficient matching, with SDE dU; = —aUdt + cdW;, we have

a'(s)(xg + X,) = —alUs = —aa(s)(zg + Xy),
a(s)b(s) =0 s>0.

By first equation, we get a’(s) = —aa(s), Vs > 0 and using boundary condition a(0) = 1, we get unique
solution a(s) = e~*%. Thus, b(s) = ca(s)~! = ge**, which implies

¢ ¢
Uy =e o (xo + / aeades) =e %o+ J/ e~ =8 qw,.
0 0

Note:
(1) Uy is a Gaussian process (assuming Uy is fixed or Gaussian).

(2) EU; = e 'z since fot e~22(t=9)ds < 0o and so stochastic integral is a martingale and has mean 0
(EMy = My = [} e=*O=*)dW, = 0).
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(3) Assume t >t € [0, 00),
t t ,
Cov(Uy, Uy = UQE/ e—alt=5)quy, / == quy,
0 0

t/
:/ e—a(t—s)e—a(t'—s)ds (*)
0
tl
_ 67a(t+t')/ e2asds
0

_ 1 (o=t emoter).
2a

The () holds by Ito Isometry, that is, for H,G € H,, we have

JE/HSdVVS/GSdWS =(H,G)m, = (H,G),(pxLeb) = IE/ H,Gds.

0
Thus, UO process is not stationary but becomes stationary as ¢ — co. (Stationary here means the
covariance {Usts,, Utys,, Ustsy } does not depend on t.

Remark 9.5.1. Let a > 0 and zg € R and consider the SDE
dX; = ¢(t, X)dt + ¢ (t, X3 )dW, for t € [0, d]

with initial condition Xg = xg.
Suppose 3K > 0 such that V¢ € [0,qa] and 2,y € R,

lo(t, ) — o(t, y)|* + [v(t, @) — (L, y)]> < K|z —y* and [¢(t, 2)[* + [ (L, 2)]* < K(1+ |2]?).

Then, 3 solution {X;};>0 continuous, adapted, and sup,cg , EX7 < 0o (%).

Moreover, if {Y;}+>0 is another solution satisfy (x), then for a.e. w € Q, sup,¢(g ) [X (w,?) —Y(w,t)| =0,
See Steele (Theorem 9.1).

Thus, the solution of SDE exists and is unique.

9.6 Black-Scholes-Merton Theory

Definition 9.6.1. Let {.%; },>¢ be a filtration and let the prices of commodities be represented as an adapted
multivariate process State :  : x[0,00) — R9.
For simplicity, we assume d = 2 and write

State; = (Stock:, Bond;) = (S, 5t).

(The names don’t matter yet; we can also have State; = (Bitcoiny, Gold).)

For T > 0, define a contract/option with maturity time T' as hr : R?> — R where hr(St,8r) is the
payout contract hp.

For adapted process a,b : Q2 x [0,00) — R, we define portfolio

V(w,t) = a(w,t)S(w,t) + bw,t)B(w,1).

a(w,t) and b(w, t) are interpreted as amounts of stocks and bonds. We allow a(w, t), b(w, t) to be negative to
reflect short-selling.

Example 9.6.1. Suppose ¢ € {0,1}.
At time t = 0, S = $2 and Sy = $1.
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At time t = 1, S; = $4 with probability p and S; = $1 otherwise. And S; = $1.
Define contract with maturity time T'=1 as

h(4,1) =$3, h(1,1) = $1.

At time ¢ = 0, how much should we pay to purchase this contract? Before 1970s, we would estimate
p:=P(S; = $4) and pay expected value 4p 4+ 1(1 — p). This turns out to be the wrong approach.

Consider a portfolio with a(w,t) = 1 and b(w,t) = —1 for all t € {0,1}, w € Q. The value of this portfolio
at time ¢t = 1 is, Yw € ),

V1) $3 if S(w,1) =4
w,1) = .
$0 if S(w,1) =1

It implies Yw € Q, Vi = h(S1,p1). This is known as replicating portfolio. At time ¢ = 0 it takes only
Vo = $1 to acquire this portfolio, which implies the arbitrage-free price of contract h should be $1, regardless
of P(S; =4).

If someone is willing to buy contract h at price higher than Vj, then one can get risk-free profit (arbitrage)
by buying portfolio V' and selling contract h. Likewise, if someone is selling contract h at a price lower than
Vo, than there is arbitrage opportunity by buying h and selling V.

Consider example contract h:

h(4,1) = =3, h(1,1)=1.

We compute a,b € R such that aS; +b8; = h(S1,81) a.s. It implies 4a+b = —3W, a+b = 1. And therefore
a= f%, b= % Thus, the arbitrage-free price of h is Vo = aSy + b8y = %
Example 9.6.2. Now suppose t € [0,00) and assume that dS; = pSidt + 0S:dW; (Geometric Brownian
Motion) and dB; = rB;dt (deterministic: 3; = Bge™) where Sp, 8o > 0 and o, 7 > 0.

Let h be a contract with maturity time 7' > 0 depending only on S;. For example, we may take
h(St) := max(St — K,0) for some K > 0. (European call option).

How should we price h?

We construct a portfolio V(w,t) = a(w,t)S(w,t) + b(w, t)S; with 2 conditions:

(1) (Replicating) For a.e. w € Q, V(w,t) = h(S(w, 1), B:), Vt € [0,T]

(2) (Self-financing) dV; = a;dS; +b:dS; (Note increase in stock share a; must be offset by decrease in bond
share b;.)

Using the fact that {S;} is an Ito process with the representation,

t t
Sy — S = / wSsds +/ oSdWs,
0 0

we have that
t

t
2) — vtfvoz/ anStJr/ bydB,
0 0

t t t
= / asuSsds +/ as0SdW, +/ bsrBsds
0 0 0
— d‘/t = (uatSt + Tbtﬁt)dt =+ aatStth.

To solve this SDE we guess {V;} is of the form {f(¢,S:)} for f : [0,00) x R — R twice continuously-
differentiable and obtain by Theorem 9.5.1 that

_(Of 10%f 2.a2 of
av; = (ata,st) by o hns002s?) dr+ 2 s)as,

of 19%f of of
= <8t(t, St) + 5@(@ St)O'QSE + %(t, St)/,LSt dt + g(t St)O'Stth.
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By coefficient matching, we get a; = %(t, S¢) and hence

i af
e

192f of

2qQ2
(t St)St +7’st,¢ (t St) Qﬁ(t St)O' St + %(t, St)uSt

2
— b ;t{af@ 50+ 3 ga 500752 |

Since, by (1), we have that almost surely, Vt € [0,T], V; = h(S¢, 8:) = f(t, St), it implies

2
F(t,5)) = arS + byfs = gf (t, 50 + ; (Z{(t S)+ 28£(t,5})£5§) 8, as.

Thus, f must satisfy PDE, Vo € Rt € [0, T,

of of

2
f(t,m)z%(t,x)m—i- <8t Lo°f

(t,z) + 5@(@ ,1:)0'23,‘2> (Black-Scholes equation)

with boundary condition f(T,z) = h(z), Va € R.
Once we find a solution, we get the arbitrage free price of contract h at time ¢t = 0 in Vo = £(0, Sp).
A few notes:

e For h(St) = max(St — K, 0), we obtain

Vs (log(St/K) +(r+ L0?)(T - t)) Ko=) g <1og(St/K) (r— Lo?)(T - t)>

oVT —1 N

where @ is the err function.
e Black-Scholes equation does not depend on .

e For other contract/options, Black-Scholes may be solved by numerical techniques such as Feynman-Kac
theorem.

Note (Informal Overview). Ito’s lemma IT (Theorem 9.3.2):

FE W) = (0, W) = gf(s W, )ds+ g2£(s W,)ds + gs (s, Wy)dW,
0
2
= df(t,W;) = (g{(t Wy) + %8—];@ Wt)> dt + %(t, W,)dWs.

Now, X; is Ito process if dX; = Fidt + G,dW,. If

t t t
Y; = / H.dX, = / H,F.ds +/ H,G.dW,,
0 0 0
then
d}/t == thXt = HtFtdt + Hthth.
Ito’s lemma III (Theorem 9.5.1): suppose dX; = Fidt + G dW4,

g{ (t, X¢) + ly—f(t Xt)G2> dt + gf (t, X¢)d X,

df(taXt):( 2 Ox 2

0 0? 7] 7]
~{Zwxo+ 55t e+ Loxonfas Lexcam.



Chapter 10

Uniform Central Limit Theorem

10.1 Donsker’s Theorem

Definition 10.1.1. Let C := C[0,1] = {f € RI%! : f continuous} and let (C, || - ||) be the resulting complete
and separable metric space. Define ¢ := %(C[0,1]) C 2¢ as the Borel o-field w.r.t ||-||. For f € C and
r > 0, define the open ball B(f,r):={ge C:|f—gl, <7}

Proposition 10.1.1. Define Ghan := o{B(f,r) : f € C,r > 0} as the ball o-field. Then we have € = Ghan-

Proof.

It is clear that %,.u € %. To show the other direction, we claim that if A C % is open, then A is
countable union of open balls.

Since (C, || -||) is separable, there exists countable I" and { f, },er € C such that {f,},cr =C. Let AC C
be open and for each f., € A, define r., := sup{r > 0: B(f,,r) C A}. (Note B(f,ry) C A).

We claim that A = Uy caB(fy,7y). To see this, let g € A and r > 0 such that B(g,r) C A. There exists
fy € B(g, ) and thus, B(f,,5) € B(g,r) C A = ry > 5. Hence, g € B(f,,5) C B(fy,ry). Since g is
arbitrary, the claim follows. O

Corollary 10.1.1. C N Z(R)®0H =7,

Proof.
Since evaluation functional is continuous in (C, || - || ), it is ¥’/ %(R)-measurable and hence, CN%(R)®:1 C
%.
To show the other direction, observe that Vf € C, v > 0,

B(f,v)={9€C: sup |g(z)— f(z)] <~}
z€QNI0,1]
= ng@ﬁ[o,u{g eC: g(l’) € (f(.’l?) - 77.]0(:5) + ’Y))}
= Negnion) & ((F(@) =7, f(z) +7)).
eCNB(R)®0:1]

Combining the result of the proposition, it implies € C C' N Z(R)®0:1. O

Definition 10.1.2. Let (Q,.%#,P) be a probability space. For n € N, let Xy,..., X, : 2 — R be iid random
variables. Define the scaled random walk F), : Q — C as, Yw € Q, Vt € [0, 1],

Fp(w,t) = — . Xi(w) + (t - nl) X (w)vn (10.1)
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‘?T:\w

where k = [tn] so that 221 <t <
Note that F,(w,0) =0, F(w, ) =
F [€-measurable.
m} C[0,1], (Fn(-,t1),- ..,

Note that for any {t1,t2,...,t
F, is .7 /C N B(R)®O_measurable, which implies .7 /% -measurable

Remark 10.1.1. For a matrix space (X, d) with Borel o-field Z(X), define
) := {probability measures on (X, Z(X))}.

X) if

f Zl 1 Xi(w), Vk € [n]. F, is continuous, and we show that it is

F.(tn)) : Q@ = R™ is a random vector and thus

P(X
We say a sequence {P,}nen in P(X) converges weakly to P € P(

/ fdP, — / fdP, Vf:X — R continuous and bounded. (Equivalently, Lipschitz and bounded)

We say a sequence of random objects X, : 0 — X converges in distribution to random object X : Q) — X

if PXn) B PX) e
Ef(X,) - Ef(X) Vf:X — R continuous and bounded.
X,, as mean-zero, unit-variance

Donsker’s Theorem states that with (X', 2(X)) = (C,¥), with Xy, ...,
iid random variables, we have F,, % W where {Wi}tiepo,1) is the standard Brownian Motion. In particular

since evaluation functional is 1-Lipschitz,

F(otm) S (Weyy o We ) Yt .. tm} C[0,1]

(Fn(st1), ...,
by continuous mapping Theorem (Theorem 5.1.2)

Thus, by CLT, we see that if P») has a weak limit, the limit has to be standard Brownian motion
The challenge is to establish the limit. As another example, the max-functional ¢(f) = sup,¢jo.q) |f(2)] is
continuous, which implies
sup [F(, )|_> sup Wy = |Wl|
tel0,1] tef0,1]

X,, be iid N(0,1) random variable. Define process F}, : Q@ — C[0, 1] such

Example 10.1.1. Let X1, Xo, ...,

that
Fp(w,t) =n <fl - t) Xy 1(w)+n <t - knl> X (w)

where k = [nt] and where we define X, = 0.

X
N ,),(f’ o
A * s ,'.\ "
"2 v 3/
{L - —

Figure 10.1: Scaled-random walk with iid Normals

Then {P(ﬁ“)}neN does not have a weak limit
(+,8), Fn(-,t)) — L{s—y. One may think of F;, as “tending” to

In particular, for s,t € [0, 1], Cov(
Gaussian white noise, but Gaussian white noise is not continuous (¢ P(C))
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Definition 10.1.3. Let (X, d) be a metric space with Borel o-field Z(X) We say K C X' is compact if for
any sequence {p neny C K, there exists a subsequence {z,, }ren and a & € K such that d(z,,,z) — 0 as
k — oo.

Equivalently, K is compact if and only if K is complete and totally bounded (i.e. Ve > 0 3x1,...,2, € X
st. K C UM, B(x,¢)).

Let { P, }nen be a sequence in P(X'). We say that { P, },en is tight if Ve > 0, 3K C X compact such that
infpen Po(K) > 1 —e. Note by Theorem 4.4.2 that any finite subset @ C P(X) is tight if X' is complete
and separable.

Theorem 10.1.1 (Prokhorov). Let (X, d) be a separable space. If a sequence {P,}neny C P(X) is tight,
then 3 a subsequence {ny,ny,...} and P € P(X) such that P, % P as k — oc.

Suppose (X, d) be complete and separable metric space. Define the Levy-Prokhorov metric
dp(P,Q) :=inf{e > 0: P(A) < Q(A*) + ¢ and Q(A) < P(A®) +¢,VA € B(X)},
where A° := {z € X : d(x, A) < e}. Then we have that
(1) (P(X),dip) is a metric space,
(2) P, = P iff dpp(P,, P) = 0,
(3) Q C P(X) is compact iff it is tight.

Proof.
The proof of the Theorem 10.1.1 requires more advanced functional analysis. See note by Van Gaans. [

Theorem 10.1.2 (Arzela-Ascoli). Let A C C[0,1]. Then A is compact with respect to [-||  metric if
and only if

(a) supseq |f(0)] < oo and,

(b) (Uniform equicontinuity) lims_,osupse4 w(f,6) = 0, where w(f,d) = sup{|f(s) — f(t)] : s,t €
[0,1],]|s — t| < 0} is the modulus of continuity.

Proof.

We will prove one direction by showing that, for any sequence {f,} in A, there exists {ny,no,...} and
f € A such that || f,, — f|l,, — 0 as k — oc.

Step 0.5: Assume that A C C[0,1] satisfy (a) + (b). Choose k € N such that sup;c 4 w(f, 1) := C < o0.
Then, for any f € A, for any ¢ € [0, 1],

701 <I170) — FO)] + 170)
k .
<350 = 1) + 0
<4C 4150}

Thus, sup e 4 sup;cpo,1) |f(8)] < kC 4 supje 4 | f(0)] < oo
Step 1: Let {&p, }men be an enumeration of Q N [0 1]. The sequence {f1(z1), fo(z1),...} is bounded
by Step 0.5 and thus, there exists subsequence {ngl ,nél),...,} and y; € R such that f (1)(961) = Y.

Since {f o) (z2), f @ (w2),...} is bounded, there exists subsequence {ng ,néz s C () n2 ,...} and
1 2
y2 € R such that f @ (z2) — y2 and f, @ (1) — y1. Thus, for any m € N, there exists subsequence
{nlm),n( ..} and y,, € R such that f <m>(x1) = Yty ooy from (Tm) = Ym. Define gy := f &). Then,
k k

Ym € N hmk_mo gk(xm) = Ym-
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Step 2: We will show that {gi}ren is Cauchy w.r.t. |||, i.e., limy m—soo [|[gn — gml|lo, = 0. Theorem
follows since C' is complete. To this end, let € > 0, let 6 > 0 be such that sup;c,4 W(f,6) < 5. Let
0<ty <ty <--- <ty <1besuch that t; € Q N [0, 1] and max;e(m) |ti+1 — ti| <.

There exists ng € N such that Vn,m > ng, we have

[SCRNO)

. nax |gn(ti) _gm(ti)| <
1=0,...,m

Then, for any x € [0, 1], Vn,m > ng,

19(2) = g ()] < |gn(t:) = gn(@)] + |gim (t:) = G ()] + | () = gon (1) (where x € [t;, ti1])
§§+£+§:5, (bySUPfeAw(fva)S%)
3 3 3
S0 ||gn — gmll., = 0 as n,m — oco. Since (C[0,1], ||-||.,) is complete, the claim follows.

For the other direction, suppose A C C' such that A is compact. Since ey := f — f(0) is continuous,
supse 4 leo(f)| = supea [f(0)] < co. Now, let {d1,02,...} be such that d; — 0. Define ¢y := f = w(f, ).
Then, the facts that

(i) Vf € A, ér(f) =0,
(i) ¢1>¢2> ...,
(iii) ¢ : C[0,1] — [0, 00) is a continuous functional,
implies limy— o0 SUp ¢ 4 #x(f) = 0 by Dini’s Theorem. O

Corollary 10.1.2. Let Gq,G3,... be random processes taking value in C[0,1] (ie. G, : Q — C[0,1)),
{P(Gn)Y, cy is tight iff the following two conditions (i) and (ii) hold:

(1) ¥n >0, Ja > 0,n9 € N such that

sup P(|Gn (- 0)] > a) <,

n>ngo

(2) ¥n > 0,e > 0,30 > 0,n9 € N such that

sup P(w(Gy,0) >¢e) <.

n>ng

Proof.
— : Suppose {P(C)}, cy is tight. Fix n > 0 and let K C C[0,1] be a compact set such that
inf,enP(Gr, € K) > 1 —n. By Theorem 10.1.2, 3a > 0 such that |f(0)| < a, Vf € K. So Vn € N,

P(IGn(0)] > a) <P(Gn ¢ K) <.
Similarly, fix e > 0, 3§ > 0 such that w(f,d) <e, Vf € K by Theorem 10.1.2. So Vn € N,
P(w(G,,0) >¢) <P(G, ¢ K) <n.

<= Now suppose {P(Gn)}, oy satisfy (1) and (2).

Since any finite set of probability measures is tight, we may increase a and decrease § if necessary to
assume that ng = 1 in conditions (1) and (2). Fix n > 0, then there exists a > 0 such that writing
B:={f € C:|f(0)] <a}, it holds that inf,exyP(G, € B) > 1—1/2 by (1).

Also, for any k € N, there exists 6, > 0 such that, writing By := {f € C[0,1] : w(f,d;) < £}, we have
inf,enP(G,, € B) > 1 — 227 by (2).

Define A := B N (NgenBk). Since A satisfy (a), (b) in Theorem 10.1.2, A is compact. Note that
sup, ey P(Gn ¢ A) < 2+ 5272, 227F < . It implies {P(%")} is tight. O
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Lemma 10.1.1. Let 0 =ty <t; <tz <...tr =1 such that min;cz [t; — ti—1| > 6. Then, Vf € C,

w(f,0) <3max sup |f(s) = f(ti-1)l-

iE[L] se(tiflati]

Proof.
Let s,t € [0,1] be such that |s —t| < §. Then either s,t are in the same bin or in adjacent bins. If
3i € [L] such that s,t € (t;—1,1;], then

[f(s) = FOI < [f(8) = FE) [+ [f(#) = f(tim)[ <2 sup () = f(tia)l-

SG(ti,_l,ti]
The other cases follows similarly. O

Theorem 10.1.3 (Donsker). Let X1, X, ... be iid random variables with EX; = 0 and EX? = 1. Define,
for n € N, F,, be the scaled random walk, that is, define F,, : Q — C as, Yw € Q, V¢t € [0, 1],

1 k—
Fo(w,t) := - Xi(w) + (t - ) Xi(w)vn
i=1
where k = [tn] so that £=1 < ¢ < % Then F, % W, (i.e., PUn) & pOV)),

Proof.
Stepl: Define, for k € N, such that S, = Zle X;. Assume

hm lim sup )\QIE”(max |Sk| > A/m) = 0. (%)

A—=00 m—o00
We will show that {P(UFn)}, c is tight. Since F},(-,0) = 0, we need only show that, Ve > 0,

lim lim sup P(w(F,, d) > ¢) = 0. (Corollary 10.1.2)

=0 n—oo

To that end, fix € > 0. For any ¢ > 0, integer n > let m € N be such that

26’

1 n
< —:=L<
25 = m -

SN

so that ™ > 4. ( For any fixed §, n — co <= m — 00).
Define ty := ¢ for £ =0,1,..., L. By Lemma 10.1.1,

P(w(F,,d) >¢e) <P|max sup |F,(,$)— Fn(-,te—1)| > <
LE[L] se(ty_1,te) 3

L
1 €
SZ ( sup Fn(-,S)—S(e—l)m|>>
=1 \/ﬁ 3

SE(te—1,te]

<LP (max |Sk| > c n)
ke

3
1 e /m .
< gﬂj’ (glel?x |Sk| > 3 25) (write A := =)
18

)\2IP’(max |Sk| > Av/m).
Thus,

lim lim sup P(w(F,,,d) > ) < lim limsup 6—8)\2 (gn?x} |Sk| > A\/m) = 0.
€lm

=0 n—oco A—=00 m—o0
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So {PU)}, cy is tight.
Step 2: we prove (x). By Etemadi’s inequality (Lemma 10.1.2), for any m € N, A > 0, we have

P(max |Se| > \Wim) < 3 max P(1S| > 2v/m). (5)
ke[m] k€[m] 3

For each k € [m], we have P(|Si| > %\/ﬁ) < Xf Also, since ﬁSk 47~ N(0,1) as k — oo, we have

.
Portmanteau theorem that

limsup P(IS| > 2VE) < P(Z] = 2) < e~ 5.

It implies for any A > 0, there exists kx € N such that Vk > k),
A A 12
P(|Sy| > gm) < P(|Sk| > g\/%) < 207N
We then have that

k 142
(%) < 3;2% (/\Qm]l{kdm} +2e7 7 ]l{kzkx}> ‘

Bound(\,m)
(%) follows, because

lim limsup A\? - Bound(\, m) = 0.

—00 m—oo

Step 3: Suppose P(™) 712 PM™). Then 3¢ : C[0,1] — R Lipschitz such that E¢(F,) + E@(W). Then
3 subsequence {n;,ng,...} and € > 0 such that [E¢(F,,) — Ep(W)| > ¢, Vk € N. But {PUn) oy is

tight implies 3 a further subsequence {n},nj,...} and P € P(C) such that P % P, P must be POV),
Contradiction. Tt must be P(¥») 5 p(W), O

Lemma 10.1.2. (Etemadi’s Inequality)
Let Xi,...,X, be independent random variables. Write S} := Zle X;. Then, for any ¢t > 0, we have that

IP’(max [Sk| > t) < 3maxP(|Sk| > t/3).
ke[n] ke(n]

Proof.
For any k € [n], define the event

A= {k = ningj € ] s15] 2 ).

where the minimum over an empty set is defined to be infinity. It is clear that A;y,... A, are disjoint and
that A := Uj_ Ay = { maxyep,) [Sk| > t}.

Therefore, we have that
P(A) = P(AN{[Sn| = t/3}) + P(AN{]Sn] <1/3})

= P(|S,| 2t/3)+zn:]P’(Akm{|Sn| <t/3}) (10.2)

k=1
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Let us focus on the second term:

P(Ax N {|Sy — Sk| > 2t/3})

M:

> P(A N {ISa] < t/3}) <

k=1

™
Il
-

P(Ag)P({|Sn — Sk| > 2t/3})

I
M:

=~
Il
_

P(Ar){P(ISk| > t/3) + P(|Sn| > t/3)}

IN
vl

< (|Sk\ >1/3) + P(|Sn]| > t/3),

e

€n

where the first equality follows because Ay and S, — Sk are independent. Combining this with (10.2), we
obtain the desired conclusion. O

10.2 Generalizing Donsker’s Theorem

Definition 10.2.1. We say a function f : [0,1] — R is RCLL (Right-Continuous Left-Limit) or cadlag (con-
tinu & drolte, limit & gauche) if for all ¢ € [0,1],

ligtf(tn) = f(t) (Right-continuous) and “%f(t") = f(t7) € R (Left limit).

n n

Define D = D[0,1] = {f € RI®! : f cadlag}. One can show that | f||,, < oo, Vf € D and that (D, ||| ) is
a non-separable metric space.

Example 10.2.1. Let X1, ..., X, be iid random variable taking value on [0, 1] with F'(t) := P(X; < t),Vt €
[0,1]. Define F,,G,, : Q — D by

Fp(w,t) = Z]l{X (wy<t}> and Gp(w,t) = Vn(Fy(w,t) — F(t)).

i=1
Note that Vt € [0,1], EG,,(-,t) = 0. Also, for all s < ¢ € [0,1],
Cov(Gn(-5),Gn(- 1)) = (f Z ]l{X <t} — Z ]l{X <s} — )))
1< N
= ZIE (Lix,<ty — F() - (Lixi<sy — F(5)) (X; are iid)

Note that if X; ~ Unif[0, 1], then Cov(G,
bridge {W¢ }1ep0,1]- By CLT,

,8), G-, t)) = s(1 —t) = Cov(Wg, W) for standard Brownian

(G t1)s ey Glostm)) B (WE . W),

A natural guess is that G,, converge to W° as n — oco. For a general random variable X7, we guess that G,
converges to {W;(t)}te[o,l] where F(-) :=P(X; < -). But, can we get weak convergence in functional space?

Remark 10.2.1. (D, |-||,) is not separable. Letting 4 C 2 be the Borel o-field w.r.t. -], we find that
G, is not .Z /9-measurable. Also, Prokhorov’s theorem does not apply.
One solution by A.V. Skorohod is to define a new metric on D. Let

A:={)\:[0,1] = [0,1] : X Strictly increasing, continuous bijection}. “wiggle in time”
Define ds(f, g) = infaea ||X = Id|| . V|| f — g o Al| .- Then:
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e (D,ds) is a separable metric space. If we define 2 C 2P as the Borel o-field with respect to ds, then
G, is ¥ /P-measurable.

o If {fn}, f€C,then | fn, — fll = 0iff ds(fn, f) = 0.

e We may extend the Arzela-Ascoli theorem to (D, dy).
o G, 5 W° on (D, 9).

Another solution by R. Dudley is to abandon Borel o-field and use ball o-field, generated by open balls.

We will study the solution by Hoffman-Jorgensen, summarized in Van der Vaart & Wellner 2000,
(Vdv&W).

Main idea: define a notation G,, ~» W° without requiring GG,, to be measurable. “Convergence in law
without laws being defined.”

10.3 Outer Integral

Definition 10.3.1. Let (Q2,.%,P) be a probability space and let Y :  — R be arbitrary. Define outer
integral

EY :=inf{EX : X > Y, X is .%# /% (R)-measurable}. (10.3)
For B C 2% (not necessarily in .%), define outer measure
P*(B) :=inf{P(A) : A€ .%,A D B}.

One may similarly define inner integral E,Y and inner probability P, (B).
Note that YV is .# /% (R)-measurable and EY exists iff E*Y = E,Y =EY.

Remark 10.3.1. (a) We have E*(Y] + Y2) < E*Y; + E*Y; since Xy > Yy, X5 > Y5 implies X + Xo >
Y1 + Ys. Reverse is not true in general.
(b) One still have, Vt > 0,

Y

EXY
P*(|Y| > t) < —— from regular Markov inequality.

(¢) Lemma 1.2.1 in VAV & W:
For any Y : Q = R, 3Y* : Q — R, .# /%(R)-measurable such that
e Y <Y*and U >Y"*, for any U : Q — R, .%#/%(R)-measurable with U > Y;
o If E*Y < o0, then EY* = E*Y.
We say Y* is the minimal measurable majorant of Y.

Definition 10.3.2. Let (2, #,P) be a probability space and (D, d) be a metric space with Borel o-field
9. Write Cy(D) := {f € RP : f continuous and bounded}. Let G,, : @ — D be maps and let P € P(D)
(probability measure on (D, 2)).

We say G,, converges weakly to P, written G,, ~ P if

E*¢(Gr) — /D ¢dP Vo € Cy(D). (10.4)

If G:Q — D is % /P-measurable and has law P, then we say G,, ~ G.
Note: “P(¢n)” is not defined since G,, is not .% /Z-measurable.
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Theorem 10.3.1 (Continuous Mapping Theorem [Thm. 1.3.6. of VAV&W]). Let E be a metric
space and let ¢ : D — E be continuous. If G,, ~» G, then ¢(G,) ~» ¢g(G). (Note ¢g(G) : @ — E is
F | B(E)-measurable.)

Definition 10.3.3. Let (D, d) be a metric space. We say that a sequence of mappings G,, : Q@ — D is
asymptotically measurable if

E*6(Gn) ~Eu$(Gn) + 0 Vo€ Cy(D). (10.5)

We say that {G,, }nen is asymptotically tight if Ve > 0, 3 compact set K C D such that V6 > 0,

liminf P*(G,, € K°)>1—¢ (10.6)

n—oo

where K? := {z € D : d(z, K) < 6}.
Note: If D is complete and separable (Polish) and if G,, is .% /Z-measurable, then (10.6) is equivalent to
tightness.

Remark 10.3.2 (Lemma 1.3.8 in VAV & W). Let G : Q@ — D be %/ Z-measurable.

(1) If G, ~ G, then V¢ € Cyp(D), E*¢(Gr) — E@(G) and E,é(Gy) = —E*[—¢(G,)] = E¢(G,,), which
implies {G,, }nen is asymptotic measurable.

(2) If G, ~ G, then {G,}nen is asymptotic tight iff G is tight. (Note G is not guaranteed to be tight
since D is not polish)

Theorem 10.3.2 (Prokhorov; Thm 1.3.9. in VdV& W). If {G, },.en is asymptotic tight and asymp-
totic measurable, then 3 subsequence {ni,ns, ...} and tight P € P(D) such that G,, ~ P.

Note: VAV&W often use the concept of a “net”. A “net” is a generalization of a sequence. Let A be a
partially ordered set, let z, € D, Va € A. We say x4 — « iff for any € > 0, oy € A such that d(z,,z) < &,
Va = ag.

10.4 Space (>(T)

Definition 10.4.1. Let T be a set and define
(T :={f € R" : || fllo < o0} where [|f], := fgITJ\f(t)l-

Note that (¢°(T), ||||...) is a metric space; let B(¢>°(T)) be the Borel o-field. Note also ¢>°(T) N B(R)®T C
PB(L>=(T)) since the evaluation functionals e; : ¢>°(T) — R are still continuous. In particular, if G :
QO — £°(T) is F/PB(L>(T))-measurable, then V¢ € T, G(-,t) : @ — R is a random variable. Because
G(-,t) = e; 0 G, then VS € Z(R), we obtain G(-,t)~1(S) = G~ (e; }(9)) € .F since e; }(S) € B(L>(T)).

Lemma 10.4.1 (Lem 1.5.2 in VAV&W). Let G,, : Q — ¢>°(T) be a sequence of maps. If {G,}nen is
asymptotic tight, then it is asymptotic measurable iff Vt € T, {G,,(-,t) }nen is asymptotic measurable.

Lemma 10.4.2 (Lem 1.5.3 in VAV&W). Let G, F : Q — (°°(T) be F /(£ (T))-measurable and suppose
P, PU) are tight. Then P() = PUF) iff V{ty,...,t,,} C T,

(Glstr)s o, GCotn)) E (F(ot)s o, Fy b))

In other words, tight Borel probability measures on ¢°°(T') is uniquely specified by finite-dimensional
marginals. Needed because Z(¢>°(T)) # ¢>=(T) N B(R)*T.
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Theorem 10.4.1 (Thm. 1.5.4 in VAV&W). Let G, : Q — £>°(T) be a sequence of maps. There exists a
tight P € P(¢>°(T)) such that G,, ~ P iff

(a) {G,} is asymptotic tight and
(b) Y{t1,...,tm} C T, 3P, 41, € P(R™) such that

(Gn('vtl)a ) Gn(;tm)) ~ Ptl,...,tm~

Proof.

= : If 3P € P({>(T)) tight such that G, ~» P, then (a) and (b) follow from Remark 10.3.2b and
continuous mapping theorem.

<= Now, suppose (a) and (b) hold. From (b) and Remark 10.3.2a, we have that vVt € T, {G,,(-,t)} is
asymptotic measurable and thus, {G,} is asymptotic measurable. Thus, by (a) and Prokhorov’s theorem,
there 3 subsequence {ni,no,...} and tight P € P(¢>°(T)) such that G, ~» P. By continuous mapping
theorem and (b), it must be that for any {t,...,t,} C T, Ptm) = P, .

Now suppose G,, v P, then 3¢ € C,(¢>°(T)), subsequence {n},n, ...}, and € > 0 such that

E*¢(Gry) — / ¢dP| > ¢,k € N.
D

But since {Gn;c tren is asymptotic tight and measurable, 3 tight Q € P(£°°(T)) and a further subsequence
{n{,ng,...} such that Gny ~ Q. Since Qetrrftm) = Plensweim) we have P = @Q by Lemma 10.4.2.
Contradiction.

Thus, G,, ~» P as desired. O

Remark 10.4.1 (Example 1.5.10 in VdV&W). Recall that any collection {P;, ;. € P(R™)}y, .., that
are Kolmogorov-consistent, there is a unique probability measure on (R”, Z(R)®T) such that P(¢t1:€tm) =
,,,,, t,,- lf each P, . is Gaussian, then P is called Gaussian.

If there 3 maps {G,, : Q = £°°(T) }nen asymptotic tight and

Stm tm

(G’I’L('7t1)) ey Gn(»tm)) ~ Ptl,...,tm7

then P is also a tight probability measure on (¢*°(T"), B(¢>°(T))), i.e., P(A) is defined for all A € B((>°(T))
and P(¢>(T)) = 1.

Note: Gaussian white noise for example, is on (R, Z(R)®T) but not on (¢>°(T'), Z(¢>°(T))) and definitely
not tight.

Let G : Q — R” be a Gaussian process. Define semi-metric, for p > 0,

pp(s,t) = (E|G(-, s) — G(-,t)|") 77 for s,t € T.

Then P(©) is tight probability in (¢>°(T)), 2(¢>(T))) iff Vp > 0, for a.e. w € Q, lims_ow,, (G(w,"),d) =0
(uniform p,-continuity a.e.) where

wp, (G, 8) :=sup{|G(-,5) — G(-,t)] : 5,t € T, py(s,t) < }.

Theorem 10.4.2. [Theorem 1.5.7 in VdV&W] First, we say that p: T x T — [0, 00) is a semi-metric on T
if it satisfies that p(s,t) = 0 iff s =t and p(s,t) = p(t, s).

Let {Gp}nen be a sequence of maps. {G,} is asymptotic tight iff V& € T, {G,(-,t)}nen is asymptotic
tight and there exists semi-metric p such that

(1) (T, p) is totally bounded (Ve > 0, 3{t1,...,tm} C T such that T C U, B(t;,¢)).

(2) Ve >0, lims_o limsup,,_, .o P*(w,(Gy,6) > €) = 0 (Asymptotically uniformly p-equicontinuity, where,
for f: T — R, wy(f,0) :=sup{|f(s) — f(t)| : s,t € T,p(s,t) <} is the modulus of continuity.)
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Moreover, if G,, ~» G, then for a.e. w € Q, lims_,ow,(G(w,),d) = 0. (x) (Uniform p-continuity).
Also, if G, ~ G and p is a semi-metric such that for a.e. w € Q, lims_,o w(G(w,-),d) = 0, then {G,} is
asymptotic uniform p-equicontinuity.

Proof (partial).
We prove only (x). First, note that for any semi-metric p : T x T — [0,00), for f,g € RT, ¥§ > 0,
w,(f +9,0) <w,(f,0) +wy(g,d). It implies

|wp(f75) - wp(955)| § wp(f - 975) S 2 Hf - g”oo )
So w,(+,0) is 2-Lipschitz.
Assume now G,, ~» G, then w,(G,,0) ~ w,(G, ). Note that for any closed F' C £>°(T),

limsupP*(G,, € F) <P(G € F). (Thm 1.3.4(iii) in VAV&W)

n—0o0

Therefore, Ve > 0, § > 0,

lim inf P*(w, (G, 0) > €) > 1 — limsup P*(w,(Gp,d) <€)

n—oo n—00

>1—-P(w,(G,0) <e) =Pw,(G,0) >e),

where the first inequality holds since P*(A) + P*(A°) > 1. So lims_,o P(w,(G,d) > ¢) = 0. O

10.5 Empirical Process

Definition 10.5.1. Let (X, .A) be a measurable space and let X1,...,X,, : @ = X be iid random objects.
Let P :=P(X1) and let P, : Q@ — P(X,.A) be the empirical measurable, i.e. P,(w, A) := I Lx, (w)eA}-
Let F C R? be a set of A/%(R)-measurable functions and suppose that

F(z):=sup|f(zx) —Epf(x)| <cc Vxedl. (x) (Envelope condtion)
fer

Define empirical process G, : Q — €°(F), £°(F) = {¢: F = R:sup;cr [6(f)] < oo}, by

1

Gn(w, f) = Vn(Ep,w[(X) -Epf(X)) = —= > (f(Xi(w)) —Ef(X)).

3M§

=1

Note that G,, is a map into £°°(F) by (x). We have that EG, (-, f) = 0 and that Cov(G,(-, ), Gn(-,9)) =
Ef(X)g(X) —Ef(X)Eg(X).

o
Il

Example 10.5.1. Let (X, A) be (R, Z(R)) and let F := {z + l{,<4 : t € [0,1]}. Then we have that

1 n
Gn(w,t) = /n Z(l{xi(w)gt} —-P(X1 <1t)).
=1

Note that the envelope condition is satisfied since |f| < 1, Vf € F.

For (X,.A) = (Rd,%(Rd)), we may replace ]]-{Xi(w)gt} = ]]-{Xi(w)E[O,t]} by ]]-{Xi(w)ER} for R € R where
R is a set of geometric sets such as hyper-rectangles, spheres, etc.

Now let (X,A) be (R?, Z(R?)), let {psloco be a class of densities on R? parametrized by © and let
F :={z —logpg(z): 0 € ©} and assume that envelope condition holds.

Then we have G, (w, f) = —= 31" (log pe(X;) — E, log pa(X)).

Remark 10.5.1. Since f : X — R is A/ZA(R)-measurable Vf € F, we have G,(-,f) : @ - Ris a

random variable. Since G, (-, f) A N(0,Varf(X)), {Gn(:, f)}nen is tight. Thus, to verify that {G), }nen is
asymptotic tight, by Theorem 10.4.2 , we must show that for a semi-metric p,
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(a) (F,p) is totally bounded and
(b) Ve > 0, lims_,o limsup,, ., P*(w,(Gr,0) >¢) = 0.

First, let G: Q — RE" be the Gaussian process with mean-zero and

Cov(G(+ f),G(,9)) = Ef(X)g(X) — Ef(X)Eg(X).

Then we may take

p(f.9) = (BIG(-, f) - < 9P
= (EG(.. f)? = 2BG(-, /)G(-,g) + EG(-,9)*)*
= {E(f(X) — us — 9(X) — 1g)*}? (where juy :=Ef(X), pg := Eg(X))
<{E(f(X) = 9(X))*}2 = If = gll L)

Nl=

) -
) =

Now, for § > 0,

wy(G,0) = sup{|Gn(-, f) — Gn(,9)| : f.9 € F,|If = 9gllp,py < 0}
sup{|Gn (- f = 9): f,9 € F,|If = gllp,py < 0}
= sup{|G,(-,h)| : h € Fs}

where Fs :={h € RY : h=f — g for f,g € F and Il 1, (p) < 0} Therefore, (b) reduces to Ve >0

lim lim sup P*(sup |G, (-, h)| > ¢) = 0.

=0 n—oo heFs

Definition 10.5.2. For a set F C R? of A/%(R)-measurable functions, for ¢ > 0, for a metric d : F x F —
[0,00), define an e-covering as any finite set {fi,..., fm} € F such that F C U™, By(fi,€). Further define
N(e,F,d):==min{m € N: 3f1,..., fr, € F s.t. F C U™, By(fi,€)} as the covering number of (F,d).

Theorem 10.5.1. (Donsker’s theorem; Thm 2.5.2 in VAV&W) Let X5,..., X, : @ — X be iid random
objects with P :=P(X1), Let F C RY be a set of A/%(R)-measurable function such that

(1) F(z) :==supscr |f(X) — pg| < oo and E*F(X)? < oo,
(2) and that fo M2 (g)de < oo, where we define

M(e) := sup{log N (e [|[F[| 1, @) » F L2(Q)) : Q discrete prob. meas. on (X,.A)}.

Then, we have that

G, ~ G
where G : Q — (°(F) is F /B (> (F))-measurable and a tight Gaussian process such that EG(-, f) = 0 and
Example 10.5.2. Let (X, A) = (R, %(R)) and let F := {z + l,<4 : t € R}. Then, F(x) = 1 for all
x € R. We claim that for any probability measure @ on (R, Z(R)), there exists a universal C' > 0 such that,
for any € > 0,

N(e, F, L2(Q)) <

To see this, define t; < t5 < ...ty € R such that

(10.7)

t; == inf{t € R: Q((—o0,t]) > &%}
ty = inf{t > t1 : Q((t1,t2]) > €%}
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Then, we have that if Q({t}) > &2, then t € {t1,...,tr}. Moreover, we have that Q((ts,t,+1)) < €2 and that
L<e 2

Define fy =  +— 1{y<¢,3. We claim that {0, fi, f2,..., fr} is an e-covering of F. Indeed, let g := x —
ﬂ{zgs}' If s < t1, then

/O;(g(x) —0)2dQ(x) < Q((—o0, s]) < &2.

If s € {t1,t2,...,tL}, then g is obviously covered. Let t;, be the largest point such that ¢, < s. Then,
/0:0(9(93) — fe(@))?dQ(z) < Q((te, s]) < &°.

Hence, (10.7) follows. We then have that M(e) = 210%% and fol M2 (g)de < oo.

Proof Sketch of Theorem 10.5.1.
Assume F satisfies (1) and (2). By Remark 10.5.1, we need only to show that (F, Ly(P)) is totally
bounded and that

Ve > 0, hm lim sup P*(sup |Gy (-, f)| >¢€) =0,
n—oo feFs

where Fs := {f € F — F : Ef(X)? < §?}. Fix ¢ > 0, and let d,, be any sequence going to 0, then

P* ( sup |Gn(-, f)] >E> < E* sup |Gy (-, f)l-
f

feFs,

Let )?1.)?2, . )N(n be iid where X’Z 4 X; and X; 1L )?2 Let €1,...,&, be independent Rademacher random
variables. Informally, we have

E* sup [Gyn(-, f)| =E" S f(X X)
FEFs, \fz
1 n
<EYE% sup f(Xi) = f(X5)
f€.7:5n \/ﬁ;
=EXELEL sup el f X;
|7 L ”‘
1 -
<EXE! sup e f(X +IE* EX sup |—=&if(X5)
fE€Fs, Z ' rers, VR
= 2EXEX sup e f(X
X feFs, \/>Z

Now, fix (condition on) Xi,..., Xp. Let F:= {( (X1),.., f(Xp)eR™: fe Fs,}
Define process ¥ : Q — RF by U(@, f) = f S ei(@) f(X;). Note, ¥ is continuous on F w.r.t ﬁ (B[

where ﬁ £l == 1/L 3" f(X;)2. Then, for every f,g € F,

1 22
P(U(,f) = ¥(9)| > ) < Zexp <_21|f—gH2> ‘
n 2
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So
E.sup¥(-, f) < /mlog% N(e,F, —= |[I,)de
fEF 0 Vn
_ / log? N(e, Fs, , Lo(Py))de
0

On 1
:/ log? N(e, Fs. , Lo(Py))de
0
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(where 6, := Supser, f||L2(p,,L))

Qn,/HF”LQ(P”) 1
= /O log? N (e ||F||L2(p) , F = F, Ly(Py))de ||F||L2(Pn)

On/I1Fxll Ly (Pp) 1 €
— /0 sup  V2log? N (5 10 @) F LQ(Q)) e Fl i, -

Q discrete

M(e)?

We finish the proof by showing 6,, := supcr, {13, f(X:)*}? — 0 in probability as n — co. We may

similarly show that (F, La(P)) is totally bounded.

O

Remark 10.5.2. The following argument is due to Van de Geer 2000: Let ¥ : Q — R be .7 /2B(R)*T-

measurable and assume

(a) dis a metric on T such that D = diamT = sup, ;e d(s,t) < 00,

(b) [ log? N(e, T, d)de < oo,

(¢) 3to € T such that ¥(-,ty) =0 a.s. and t — U(-,¢) is continuous a.s.,

(d) Vs,t € T, P([B(-,s) — (-, 1)| > t) < 2 2007,

Then, Vo > max (\/2log 2,D fOD log% N(e, T, d)da),

P(sup [ (-, )] > ) < de™ 3%

teT

Proof.

For j € N, let T} := D2 J-covering of T so that |Tj| < N(D279,T,d). Set Ty = {to}. For any w € Q, for
any ¢t € T, 3 a chain g, t1,t2,--- € T such that t; € T}, and d(t;,tj41) < D2-U+D and lim; o0 d(t;,t) = 0.

We have, for a.e. w € Q. for any J € N,

J
(1) = W) + ¥, O] < |30 Wty

Taking J — oo, we have

[W(w, )] < Z (W (w, ) = W(w, tj-1)|

by a.s. continuity. We note also that

) - \I/(w,tj_l) .

d(tj tj_1) < d(tj,t) +d(tj_1,t) <4D27.
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Let z1,z2,--- > 0 be such that Z;’il zj < x, then |¥(w,t)| > x implies there exists j € N such that
|\I/(w,tj) — \I/(w,tj_l)| > Tj. Thus

P(sup |\I/(,t)| > (E) S P(sup{|\ll(w,tj) - \Il(w,tj_1)| : tj S ijtj—l S Tj—17d(tjatj—1) S 4D27j} > l’j)
teT )

<

> 1 o iy
<QZeXp{—2$§(4D2 72 4 21log N(D2 j,T,d)}. (%)
j=1
Set z; such that —Sx?D_QQ_Zj +1log2N (D279, T,d) = —%xz and it implies

1
1 . . 1 2
z; = gD27 {QIOg N(D279,T,d) + % 2}
and, using the fact that e — log N (¢, T, d) is a decreasing function,

oo} D 1 T 1 l]-
ijgD ; log? N(s,T,d)d€+§ ; log? gdsgx

j=1

as required. So

10.6 Kolmogorov-Smirnov Test

Recall Donsker’s theorem for scaled empirical d.f. Let Xi,...,X, be iid random variables. Define F :=
{2 = 1{z<y : t € R}, define Gy, : Q — £°(F) as

Gole ) = <= S (X) = BF(X) = 2= Y Ly = F(0)
i=1 i=1

where F(t) = P(X; <t). Then G,, ~ G where G : Q — {>°(F) is a Gaussian Process with EG(-, f) = 0 and
EG(, /)G(,9) = Ef(X)g(X) — Ef (X)Eg(X)
= F(s)— F(s)F(t) = F(s)(1 = F(t)) (for step functions with s < ¢t € R)
For the class F, we write G(-,t) = W(, F(t)) where W is the standard Brownian bridge.

Example 10.6.1 (Goodness of Fit Testing). Now suppose we have data X, ..., X,, iid random variables.
We wish to test Hy : X7 ~ F where F' is a known probability measure on R. We use F' to also denote the
distribution function.

The KS test statistics is

1 n
S(X1, o0 Xn) = [P = Fllg =sup |~ > Lyx,<pp — F(1)] = sup [Ep, f(X) - Ef(X)].
teR | T —] fer
Let Fy be the true d.f. of X7. Then
Vi |[Fo = Foll o ~>sup [W (-, Fo(t))]
teR
= sup [W(,1). (assume Fj is continuous)

tefo,1]

does not depend on Fy
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So ¢ = |[Fn—Fo— (F—Fo)ll,, ~ 0if and only if Fo = F. Also, under the null, /n(F, — F) ~
{W (., F(t))}ter which implies \/n¢ ~~ sup,cjo 17 [W(-,?)|, assuming F' is continuous. The distribution of
SUP4eo,1] |W(7 t)| is known as the Kolmogorov distribution. It is then straightforward to derive the critical

values by using the density of the Kolmogorov distribution.

Example 10.6.2 (Two-sample Test). Now consider iidr.v. X = (X3,...,X,,) ~PandY = (Y1,...,Y,,) ~
Q. We consider Hy : P = Q. The KS test statistics is

H(X,Y) = |F.p— Fm,QH = 5UP

Z Iix,<ey — — Z Livi<ny

Let Fp, F denote the cdf of P, Q respectively, then we have ||F,, p — Fp — (Fin, — Fg) + Fp — Fgl|, — 0
as n,m — oo iff Fip = Fg. Under the null, we have

nm m
Fop—F, ol = F,p—F)— o= F)|| .
Vi Ve = Pl = |\ ViFur = F) = oo Vi = F)|

(0,1), then, writing W and W° as two independent standard

Brownian bridge, we have

m n —~
e i(Fup = F) = | Vil(Fng = F) /T = MV, F(0) e = VAV ( F(0) e
d (5 d (5
={W(, F(t) hrer = {Witicio,1-
Thus, /725 0(X,Y) ~ supye(o 1 |W( t)]. One may also obtain critical values by permutation test.

Remark 10.6.1. The KS test can be inverted to form an asymptotically valid confidence band around
the empirical CDF F;,. To obtain a non-asymptotic confidence band, one may use the Dvoretzky—Kiefer—
Wolfowitz (DKW) inequality, which states that for iid random variables X1, ..., X,, from any distribution,
we have that
P(sup Vn|F(t) — F(t)] > e) < 2e72,
teR

where the leading constant 2 is sharp due to work by P. Massart.

Example 10.6.3 (Multivariate KS test). Now let X1, ..., X,, be iid random vectors taking values in R?.
Let F = {2 = l{se(—oo,a]x(—o0]} : @0 € R}. Then, G, : Q — £>°(F) becomes

1 &
Gn( nz ]l{X €(—o0,a]x (— oob]}_F(a7b))
z:l

where F'(a,b) := P(X € (—o0,a] X (—00,b]) and G,, ~ G where G : Q — £>°(F) is a Gaussian process with
mean-zero and covariance K ((a,b), (¢,d)) = F(a A ¢,b A d) — F(a,b)F(c,d). G has no easy expression and
critical values must be determined by simulation.

Remark 10.6.2. An alternative approach toward determining critical values is to use the bootstrap. Let
X = (Xi,...,X,) be iid random vectors in 2~ C R? with distribution P = PX1). Let P, := P,(X) be the
empirical measure of X and let X7{,..., X} be iid samples from P,.

For clarity, we let X1,..., X, : @ = R% and X7,..., X} : Q x Q — R% where X} (-,w) is the random
value of X7 conditioned on X;(w),..., X, (w).

Let .# C R# be a class of bounded measurable functions and define the bootstrap process G? : OxQ—

(*(F) as
Gh(6. )= = 3 (FXE @) — £ 3 ) ).
i=1 =1
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For example, in the case of empirical CDF, we have that, for ¢t € R,
Go (1) = Vn(F(t) — Fu(t))

where F? is the empirical CDF computed from the bootstrapped sample X7, ..., X}

We have the following remarkable theorem from E. Gine and J. Zinn (1990): let G : @ — ¢>°(%#) be the
centered Gaussian process with covariance K (f,g) = Ef(X)g(X) — (Ef(X))(Eg(X)). Let G : Q — (>°(F)
be a centered Gaussian process with the same covariance as G but independent of X7, Xs,... and G. Then,
when .Z has envelope F that satisfies E*F(X)? < oo, we have

G (-,w) ~ G on (*(F) for P-a.e. w if and only if G, ~ G on £>°(.F).

Hence, we may use many bootstrap samples to approximate G.



Chapter 11

Concentration of Measure

11.1 Outline

Remark 11.1.1. In its generic form, concentration inequalities say that, with random objects (X1, ..., X,)
taking value in X” and with Z := f(X;,...,X,) in R, under assumptions on f and P&X1-X») there exist
C > 0 and v, > 0 such that V¢ > 0,
P(Z—EZ >t) < Ce """ (or Ce ™). (11.1)
The simplest example is if X1, ..., X, 24 N(0,02) and f(X1, ..., X,) = S Xy, then P(%) = N(0,n0?)
and we have by Mill’s inequality,

1 1 12
P(Z-EZ >t) < ————€ 2no?.
( )< Vono?t
Hoeffding inequality extends this to the setting where X7, Xs,...,X,, are independent random variables

taking value in a bounded interval [a,b]. Then, with Z = >"" | X, we have
2

P(Z -EZ>t)<e o7,

What is remarkable is that if X;,...X,, are independent (not always necessary) then concentration holds
for a large class of “smooth” f.
Example 11.1.1. Let X™ = R” and let P(X1-+X») be uniform distribution on S*~1 := {z € R : ||z| = 1}.
We will show that (11.1) holds if f is Lipschitz. Let u : Z(R")NS"~! — [0, 1] denote the uniform probability
measure on S~ 1. (Recall that p = P for YV~ N(0,1,).)

We have the following facts:

(A) (Levy’s isoperimetric inequality). Define a half-cap A = {x € S"! : 27u < 0} for an arbitrary
uw € S"7!, and for t > 0, (note u(A) = 3) define 4; := {x € S"7! : dgeo(x, A) < t} where dgeo =
arccos #"y (geodesic distance) for ,y € S*~*. Then, if B € Z(R")NS"~* and pu(B) > 3, then, Vt > 0,
1(Be) > p(Ar). If p(B) = %, then we have u(B; \ B) > (A4 \ A).

(B) We have that p(A§) < e (=1 Intuitively, since cos(§ — t) > 2¢, Vt € [0, Z],
Af = {x € S" !t dgeo(z,u) < g - t}
= {x eSS gy > cos(g — t)}

2
- {xeS”‘l cxTu > t}.
T

162
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Taking u = ﬁ(l,l,...,l), and using the fact that if Y ~ N(0,1,), then ||V = (31, Y?)/?

“concentrates” around +/n, we have, for n > 2,

Y 1 K Y 2 2
u(AC):IP(eAC) <P|—=Y L >Z¢) <e O
AN T e 7Y
for some universal C' > 0.

Now, let f : R® — R be L-Lipschitz w.r.t. |-||,. Since ||z —y|, < dgeo(z,y),Va,y € S"71, [ is
L-Lipschitz w.r.t. dgeo.

Let M; := median f(X) where X = (Xj,...,X,,) is uniform on S"~! and let B := {z € S"7! :
f(x) — My < 0}. Then, u(B) = P(f(X) — M; < 0) > L and Vt > 0, Vo € S"1, dgeo(x, B) < t
implies 3y € B such that dgeo(z,y) < t. Hence f(z) — My = f(z) — f(y) + f(y) — My < L¢. So
B% - {xES”_lzf(:L‘)—Mf <t}

Hence, Vt > 0,

P(f(X) = Mg >t)=p{eeS"": f(z) - My >t}

n—1 2
<u{By} <p{Ag)<e T

By taking B := {z € S"~!: f(x) — My > 0}, we also obtain

2

7, (11.2)

n—1

Pf(X) =My < —t)<e =

Remark 11.1.2. Let (X™,d) be a metric space and let f : X — R be 1-Lipschitz w.r.t d(-,-). Write
X :=(X1,...,X,) and define Vt > 0,

a(t) :=sup {P(d(X,A) >t):=ACA"P(X €A > ;}

1
=sup {]P’(X)(At) :AC X",}P’(X)(A) = 2},

Then P(|f(X) — My| > t) < 2a(t). The a(-) is called concentration function.

As another example, take X = R", ||-||,-metric, and P(X) = N(0,1,,). Then, by Gaussian isoperimetric
inequality, V¢t > 0, the supremum in «(t) is attained for half-space A = {& € R™ : 2"u < 0} for any u € R™,
u # 0.

Since A C {z e R": e > t}, we have that

alt) <P(XTe; >t) < Ll6_%.
< S Vi

Another important example: let X™ be arbitrary and for x,y € X™, define the convex distance

d*(m,y) ‘= sup {Zaiﬂ{zi;ﬁyi} e [O,oo)”, ||04H2 < 1} .

i=1

Then, for any product measure P(X)| we have

2
at) < 2T, (Talagrand’s convex distance inequality)

To see why this is useful, let X" = {—1,+1}" and let Xy,...,X,, be iild Rademacher. Let A C R™ be
countable and define

f(z) =sup {Z a;T;:a € .A} Ve e {—1,+1}™

i=1
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Then, for any x,y € {—1,+1}", writing v := sup,c 4 ||al|5,
[f(z) = f(y)| < sup {Z ai(z; —yi) sa € A} < vd*(z,y).
i=1

So B(|f(x) — My > t) < 4e™ .

Remark 11.1.3. Let Z,, C {g € [a,b]*} and let f(z) = SUPge 7., Doy 9(x) for z € X" We will show
that if (Xy,..., X,,) are independent, then write Z := sup ez, > iy 9(x:),

2¢2

P(Z -EZ >t) <e -

The magnitude of EZ = Esup ¢z, >, 9(X;i) depends on the complexity of .%,,. This concentration (weak
version of Talagrand’s Empirical Process Inequality) requires a different proof technique from isoperimetry.
It uses the so-called entropy method: log-Sobolev inequality and Herbst argument.

11.2 Chernoff Bounds

Definition 11.2.1. For a random variable Z, define 1z : R — (—o00, o] as
Yz (N\) = log Ee*Z.
Note that 9z (0) = 0. Define also ¢5 : R — [0, 00] by

W () = sup M — 5 ().
A>0

Proposition 11.2.1. (a) vz is convex on R. In particular, if 3A > 0 such that 1z (\) < oo, then ¥z < oo
on [0,b) where b := sup{A > 0: ¢¥z()\) < co0}.

(b) If 3X > 0 such that 1z(\) < oo, then 9z is continuous differentiable on [0, ) and ¥, (A\) = E]EZ:CZZ for
any A € R. In particular, if EZ = 0, then ¢4 (0+) = 0.

(c¢) If E|Z| < o0, then ¥z(\) = ¥z_gz(A\) + AEZ for all A € R.
(d) We have 9% (t) > 0 for all t € R. For all t <EZ, ¢%(t) = 0.
(e) VEER, P(Z >1t) < e ¥z,

(f)

f) If Zy,...,Z, are independent, then ¢z, .17, (A) = > p_; ¥z, (A), VA € R. Also, if Zy,...,Z, are

iid., then Vt € R, ¥3 ., () =niy, (%) In particular, for any ¢t € R, we have that P(Z, +... Z, >
nt) < e ™Wan®,

Proof.
(a) Let p € [0,1], and let Ay, A2 € R, then
Yz (ph + (1 = p)ha) = log Rerr1Ze(1=p)A22
<log {E(emz)i }p {E(e“*P)A?Z)%p }

= pz (M) + (1 — p)oz(\2)

1-p

So 1z is convex.
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(b) Let A € (0,b). There exists € > 0 such that U := [A — e, A+ ¢] C (0,b). Note that

86AZ

oA

(A) =Esup 72eM < E|Z|eM 71 550y + E|Z|1{z<0) < o0,
revu

E sup

XeU

where the last inequality follows because A 4+ ¢ < b and hence, there exists b’ € (A +¢,b) and C > 0
such that |z|e? )% < e’ for all 2 > C.

Therefore, by dominated convergence theorem,

0 0
—_E )\Z:]Ei )\Z:]EZ )\Z.
o oA ‘

Hence, ¥/, (\) = E]EZC";AZZ, which is continuous on (0, b).

If A =0, then we proceed in the same way except we only take right derivatives.
(¢) Follows by algebra.

(d) Note that ¢%(t) > —1z(0) = 0 for all t € R. By Jensen’s inequality, we have 1z (\) = logEe*? > \EZ.
Therefore, if t <EZ, then At —z(A\) < A\t —-EZ) <0.

(e) ¥t € R, WA >0,

]E/\Z
m2>wzpww>mﬂy;i%f:mm—m+¢dmy

Taking infimum over A yields desire conclusion.

() Yz, 4tz,(N) =log[[1_, Ee*s =37 ¥z, (N). Now, for t € R,

* t * t
¢Zl+m+zn (t) =sup M —npz(X) = nsup A— — Pz(A) = nYz(-).
A>0 A>0 T n

O

Remark 11.2.1. Let Z be a r.v. such that ¢z(\),¢_z(\) < oo for some A > 0. Then EeM?! < oo and
hence

= N\FE|Z|
Azl
Ee _1+k§ TR
=1

For t > 0, define M*(t) := infrey ]E‘tzklk so that P(|Z| > t) < infrenP(|Z|* > t¥) < M*(t). Then, for any
t > 0, for any A > 0.

\FE|Z|*
EQMZ‘ _ 1+ 220:1 k‘! | > M*(t)
et L+, /\Z!tk ;

since Vk € N, ]E‘tzklk > M*(t). Thus, infysoREeM?I=2 > M*(t), which implies that Chernoff bound is no

better than the best moment bound. We prefer Chernoff bound for convenience however.

Remark 11.2.2. Let Z31, Zs, ..., Z, be iid random variables, supported on R, such that ¥z, (A\) < oo for all
A > 0. Then, Chernoff’s bound is optimal for S,, := >""" ;| Z;. We will later show Cramér’s theorem, which
implies that for all ¢t > EZq,

1
lim —logP(S, > nt) = =7 ().

n—oo N

Equivalently,
P(Sn = nt) = exp{—n(¢7, (t) + o(1))},

where the o(1) sequence depends on t.
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Example 11.2.1. (a) Let Z ~ N(0,02), then ¢z(\) , VA e R. To compute Y3 (t) for t > 0, we
write \ = arg max,q tA —1z(A) and observe that t = )\a and hence A = 4. So % (t) = f;; - % =
142
202"

Let Y ~ Poisson(v) for v > 0. Define Z :=Y — v. Then, VA € R

© k,—v
Eer = ve

o0 Ak
Ak—v) _ —vA—v (Ve ) _ —wv—v et
—7 ¢ =e Z 7 e e
k=0 k=0
So P(A) = —Av — v +ver. Let t >0, solving t = —v + ver, we get \ = log(1+ £). So
X t t t
Yy (t) = tlog(1 + ;) +vlog(l+ ;) +v—v(l+ ;)
t t t t
=1+ ) log(l+ —) — = o= vh(~
vfas Dogu+ 1) - Lo,
where h(z) = (1 + z)log(l + z) — z, Vo > 0. Note that h(x) L; - % + % % + O(z9)
(¢c) Let Y ~ Ber(p) for pe (0,1),and let Z=Y —p. VAR

EeZ — pe(1-7)

+(1- p)eﬂ\p =P

—Ap+ log(peX + (1 -p)).

Let t € [0,1—p] so that 1 — (p+¢t) > 0, setting t = —p+
a:=p-+t, we have

(pe* + (1 —p))

5, we obtain A = log 052UER Write

1-p a (1-pla 1-p a
£(t) = (a—p)] v i 2T 1
Yz (t) = (a —p)log P — 0g< = T(1-p))+plog T a
a 1—-a
—alog +(1-a)l
aogp+( a)log 1—

= KL(Ber(p + t)||Ber(p)).

(d) Recall that for a,b > 0, X is Gamma(a,b) if X has density
1 a—1_—%
f(l’) F(a)b“x e’ ]]-{xZO}v

where I'(a) := [ 2" *e~"dxz. Note that Gammal(1

,b) is Exponential(b). Note also that EX = ab and
Var(X) = ab2 Define Z = X —ab. For all A € [0, }), we have

NZ __ 1 > A(x—ab) .a—1_—%Z
Ee?” = Tla)b e 4 e vde
a)b? 0

—Aab

e 1  ab 1
ST Wiy ¢ T
Thus, ¥z(\) = —alog(l — bA) —

Aab. To get a more tractable upper bound on the tail probability, we
will take an upper bound of 9z(A). Note that if 1z(A\) > ¢z () for all A > 0, then for all t € R

A= z(N) > tA =1z (N)
and hence, 9% (t) > % (t).
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Note that Vu € [0,1), by Taylor expansion,
u?
—(1—u)log(l —u)—u< 5
2

= —(1—u)log(1—u)—u+u2§%
w2

= —log(l—u)—ugm.

Thus, for A € [0, §) define 1;()\) = 2?{’2‘;) = 2(3?:)\) where v := ab?, ¢ := b; note that (\) > ().

By differentiation, one may check that 1) is convex on [0, %) We may thus solve the supy>q At —1(A).
For ¢t > 0, one may set

22v(2 — Ac)

t - 7
4(1 —cX)?

— 1 PAREE
= m{41/)\(1 — C)\) + 21/0}\ } =

to obtain A = 1(1— (1 + 251&)‘5) (Hint: set s = 1 — ¢\ to get t = 5 2%(1 — s?)) and that

1
452 ¢

- Ay v c / c v, oc

where hy(u) :=1+u—+/14 2u, Yu > 0. So Vt > 0,
v c
< ——hi (=) .
IP’(X>t)_eXp( thl(z/t))

Note further that

(1) hi(u) =% — % +O(u?)

(2) hi(u) > gy YU =0 (Hint: Consider u — hq(u) — 2(1U7«|2»u) and differentiate) and thus

2
£4)2 2 - <
P(X >t) <exp 71(1/7) — exp ot < e"w ift<
2 2(1+ 7t) 2(v + ct) -t ifts

(3) hq is invertible on [O,Qoo) — [0,00) and hyH(w) = w + v2w,Vw € [0,00) (Hint: set s = /1 + 2u

and solve s? — 5 — (551) = w).

oIR olR

P(X >V2vw+ cw) <e ™ Yw > 0.
Definition 11.2.2. Let X be a random variable. We say that

(a) X is sub-Gasussian with variance-factor v > 0 if

2
Px(\) = logEe*™ < % VA eR.

Denote sG(v) := {all centered sub-Gaussian r.v.}.

(b) X is right-sub-Gamma with variance-factor v > 0 and scale ¢ > 0 if

v 1
Px(A) < m VA € [0, E)

and left-sub-Gamma if —X is right-sub-Gamma, or, equivalently,

A\? 1
Y wae(--,0.

wX(/\)Sm c

Denote sI'y (v,¢) and sI'_ (v, c) as the set of all right and left sub-Gamma random variables. Write
sT'(v,¢) := sy (v,c) N sT_(v, ).
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(c) Wesay X is sub-Exponential with variance-factor v > 0 if X € sI'(v,/v). Note that sI'(v,0) = sG(v).

Remark 11.2.3. We do not require a random variable X to be centered in order to characterize it as
sub-Gaussian or sub-Exponential. In most applications where we have to apply tail bounds, we consider
only centered random variables.

Proposition 11.2.2. Let X be a random variable.
Tail Characterization:

(1a) Let v > 0. If X € sG(v) , then
P(X > t)VE(X < —t)<e % V>0 (11.3)
If on the other hand (11.3) holds, then X € sG(Cv) for a universal C' > 0.
(Ib) Let v > 0,¢ > 0. If X € sI'(v, ¢), then

2
Mx>ﬂvmx<—ﬂgwd}ﬂxﬂﬁ)‘wzo (11.4)
MX>ﬂvMX<—ﬂ§w%}FAt> Wt > 0 (11.5)

v 4c
P(X > V2ut+ct) VP(X < V2wt —ct) <e ! Yt >0. (11.6)

If on the other hand any one of (11.4), (11.5), (11.6) holds, then X € sT'(Cv,(C’c) for universal
C,C" > 0.

Moment Characterization:
(2a) If X € sG(v), then Vq € N, we have EX?7 < ¢!(4r)?, which implies by Stirling’s formula that
XN, @) < CVVVaE
for an universal C' > 0. (Note that E|X|?¢~1 < (IEXQ‘?)%.) Conversely, if 34 > 0 such that Vg € N,
EX?7 < ¢glAY, then X € sG(44).
(2b) If X € s['(v,¢), then Vg € N, we have EX?7 < ¢!(8v)7 + (2¢)!(4¢)??, which implies
1X1lL,, @) < C(Vra+cq)

for an universal C' > 0. Conversely, if 3A, B > 0 such that Vg € N, EX27 < qlA? + (2¢)!B??, then
X € sT'(4(A+ B?),2B).

Proof.
We prove the results for sub-Gaussian.

(1a) Since ¥x(A) < %, for all t € R, Y% (t) > % The desired conclusion follows from Proposition 11.2.1.

Conversely, let us assume (11.3). Then, for any A > 0, we have
E&X:Awméx>wﬁ
Amwszlmymt
= /000 P(X > s)\eds

oo 52
< / e A\ ds
0

2U
<V2rvde T,

The conclusion then follows from the fact that for all ze® < e2*” for all x > 1.
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(2a) Assume X € sG(v) and is centered. Then V¢ > 0, P(|X| > t) < 2e~ %5 Thus, for any ¢ € N,
EX27 = / P(X20 > t)dt = / P(|X| > t74)dt
0 0

= 2q/ P(|X| > s)s%? ds
0 )

§4q/ e 22 ds
0

:Qq/ e v e
0

= 2qT'(¢)(2v)? < ¢!(4v)%.

Conversely, assume Vg € N, EX2¢ < ¢!C?. Let X, X’ be iid. Note that YA > 0, Ee**! < 0o implies

EerX < B XEe X' (b/c Ee™X' > e X = 1 since EX' = 0)

— RAX=X")

ZONNE(X — X2

= (29)!
_ i 24 - {(2){)2(1 (2X7)%4
= (29)! 2 2
> )\2q 2q 14 q! < 1
q=0 1
(o]
(20>\2)q 20\?
< —F<e )
as desired.
O

Definition 11.2.3. For a random variable Z and ¢ : [0, 00) — [0, 00) convex, non-decreasing, and ¢ (0) = 0,

define the Orlicz norm
Z
1z, == inf{t >0:Ey <|t|> < 1} .

We define inf ) = co by convention.

Remark 11.2.4. (a) [|-[|,, is a norm on {Z random variable : || Z||,, < oo}.

To verify triangle inequality, let Z,Y be random variables, possibly dependent. We note that, for any
s> ||Z]|,, and ¢t > [[Y]|,, (so that E¢(|Z]/s) < 1 and Ey¢(]Y[/t) <1 by monotonicity of ),

|Z +Y| |Z] s Y| ¢
2Ty (22 2T
Ew( s+t v s s+t+ t s+t
s 4 t Y]
—Ey(— —Ey(—) < 1.
T s+t w(s)JrS—i-t w(t)_

Therefore, |Z +Y [y < inf{s + : s> [ 2]yt > [Y]ls} = 2]y + Y-

(b) With ¢(2) = 27 for p > 1, |Z]l,, = | 2]l -

(c) If | X, < oo, then the inf is attained, i.e., Et)(

monotone convergence theorem.)

|XH|

B3 ) = 1. (Hint: let ¢, N [|X], and use the

»
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(d) if (5L
(0) =

(e) For any t > 0,

<bfor A>0,b>1,then || X]|, < Ab. (Since ¥ X1y < Loy X1 by convexity and the fact
A ¥ bA Y\
0.)

B(|Z| > t) = P (w'ZZ'lw) > ¢<|Zt|w>>

Ev(17-)

(f) Define 91 (t) = €' — 1 and th5(t) = €'" — 1. Then, for random variables Z,Y, possibly dependent,
1ZY My, < 11211, (Y1, -
(Hint: Use the fact that a® + b* > 2ab, Va,b € R.)
Proposition 11.2.3 (Orlicz Norm Characterization). Let X be a random variable.

(a) Let ¢o(z) = e*’ — 1. X € sG(v) implies X1, <2vv. If | X, <A < oo, then X € sG(CA?) for
universal C' > 0.

(b) Let ¢1(z) = e* — 1. X € sE(v) implies || X[, < 2yv. If [| X[, < A < oo, then X € sE(CA?) for
universal C > 0.

Proof.
We prove (a); the proof for (b) is similar.
Assume that X € sG(v) for v > 0, then for any a > 4v,

x2

o0 X2
Ee o :/ P(ea > t)dt
1

:/ ]P(|X\z\/@)dt§2/ i lost gy
1 1
§2/ t72dt < 2.

1

This implies that || Xy, < /a for any a > 4v. Hence 1 X gy < 24/v.

Now assume || X, < A < oo. Then Ee 3= < 2. Therefore, by Markov’s inequality, we have P(|X]| >
t) <2 A2 which implies X € sG(C A2) for universal C > 0. O
Proposition 11.2.4. Suppose 9 : [0,00) — [0,00) is convex, non-decreasing, ¥(0) = 0 and ¢ (1) < 2 and

Je > 0 such that Vo,y > 1, ¢¥(z)¢(y) < ¢(cxy). Then, for any collection of random variables X7, ..., X,
possibly dependent,

< 3cyp~1(2m) max 1 Xl -
i€[m] » i€[m]
Note that 5(z) = e —1 and 11 (z) = e — 1 satisfy the conditions with ¢ < 1 and Yyt (2m) = \/log(2m + 1)
and ¢! (2m) = log(2m + 1).
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Proof.
Write A := max;e[m ||Xi||¢ and Y := max;e[n | X;|. Since w(f)z/)(y) < ¢YP(cx) for all y > 1 and % >1,
and since ¥~1(2m) > 1, we have that

Y Y. 1 I < X
) <p(=)— 1 < — 2.
v <¢_1(2m)cz4) <) g YW =emast = 2m ;1/)( )t
So EY(g=rgmyen) < 5 +2 < 3. It implies ||V, < 3ey ™" (2m) maxiepm) [| X - O

Remark 11.2.5. The different characterizations are useful in different contexts. For example, we may easily
use the Orlicz norm characterization to show that for two random variables X, Y, possibly dependent, there
exists a universal C' > 0 such that

X €5G(0?),Y € sG(03) = X +Y € sG(C (01 + 02)?).

On the other hand, if X,Y are independent, then the moment generating function characterization easily
shows that
X €5G(0?), Y € sG(03) = X +Y € sG(0} + o3).

11.3 Basic Inequalities

Theorem 11.3.1 (Hoeffding Inequality). (a) Let Z be a centered r.v. such that Z € [a,b] C R. Then,

VA €R, ¢z()) = logEe*” < M. So Z ¢ SG(%).

(b) Let Xi,...,X, be independent centered r.v. where X; € [a;,b;] and write S, = > I | X;, then

S € sG(5 1, (b — a;)?) and P(S, > t) < exp(—y—2—).

Proof.
First note that Y\ € R, E|Z[eM?] < (b—a)e**~%) < oo and likewise for E|Z|2eM?]. Also, for any r.v. W
on [a, b], note that

b b—
Var(I) < B(W — “12)2 < (P02
Now fix A € R, let Py be the distribution on [a, b] such that Vz € [a, b],
dPy v _ - z
B (@) = (Be)ert = emvz(ehr,
Then
EZe N
Pz (A) = Bz~ © veWEZe
and
BN = e VZNEZ2N — o722V (EZeM)?
b b 2
:/ e V2N g2z qpd) (1) — {/ ewZ(A)me)‘xd]P’(Z)(x)}
b—a.,
< .
<Y
Since 1%, (0) = 0, we have that YA € R, 3\ such that [A| < || such that

_ A2 (b—a)?
Pz(N) = ¥z(0) + Y5 (0)A + %sz < ?( 4a) ‘

Claim (b) follows since 9g, () = > i, ¥x,(A), VA € R. O
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Remark 11.3.1. Let X;,..., X, be r.v. such that X; € [a;,b;] and that defining Yy = 0, Y1 = Xy,
Yo = X1+ X, ..., Y, =30 X, {Vi}) is a martingale. We call {X,...,X,,} a martingale difference
sequence.
Define #; = o(X1,...,X;) for t € [n]. Then, YA € R,
Yy, (\) = logEe*" = 1ogEE, 5, e XnH¥n-1)
IOgE(i)\Y" 1E | Fn 1€ AX"

= ’(/)Ynfl( ) + IOgE'lagnflekXn

. 242
< ¢Y7L71(A) + M)\i

4 2
)\2 - (bi—ai)z
< A7
ST

1 n
ﬁYn:SnESGEZb _al

This gives the Azuma-Hoeffding inequality.

Theorem 11.3.2 (Bennett). Let Xi,..., X, be independent random variables such that X; < b < oo
for some b > 0. Let S, := > | X; —EX; and v := ) | EX? < co. We have that VA > 0, ¢g, () <
#(e" —bXA — 1) and for t > 0,

(S, > t) < exp <b2h(bt))

where h(z) = (1 + z)log(1 + 2) — z.
Remark 11.3.2. Recall from Example 11.2.1 (b) that if Z ~ Poisson(v), then ¥ z_gz(X) < v¢(A). Hence,
in Bennett’s inequality, if v does not increase with n, then the right-tail of S,, behaves like Poisson.

If X; ~ Ber(1/n), then v =1 and b = 1. Since TV(S,, Poisson(r)) — 0 as n — oo, we see that Bennett’s

inequality cannot be improved upon in general.
Proof.

We first assume b = 1. In general, we may define X; = X;/b and note that Y, EX? < v/b? and that
s, ()‘) = 1/12?:1 X,—-EX; (b)\)~

First, note that u — 6“23—1 is non-decreasing Vu € R. Since X; < 1, we have, VA > 0,

—AX -1,
——m <A1

which implies Ee?Mi — AEX; — 1 < (EX?)(e* — A — 1). Hence, we have
logEe* <log{(EX?)(e* — A —1) + AEX; + 1} <EXZ(e* — A — 1) + AEX.
where the last inequality holds by using log(1 + ) < z, Vo > 1. Thus,
n
s, (A) <D logEeM — AEX; <wed — A 1.
i=1

Defining 1()) := v(e* — A — 1), we have that V¢ > 0,

JH(6) = sup Mt — §(\) = vh( )

A>0

by Example 11.2.1 (b). O
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Remark 11.3.3. Using the fact that (14 z)log(1+2) —z > 2(%22/3), Vz > 0, we have
t2
2(v +0t/3)

This gives us Bernstein inequality for bounded variables. This holds more generally.

P(S, >t) <exp (— ) = S, €s'(Cv,C'D).

Theorem 11.3.3 (Bernstein). Let X1, ..., X, be independent random variable such that, for some v, ¢ > 0,
St EXZ <wvandVinteger ¢ >3, 1", E(X;)4 < %!ch_Q. Then, writing S, = Y, (X; — EX,), we have

A2

1
=)’ VA €0, E)’

Vg, (\) = logEe*n <

which implies S,, € sI'; (v, ¢) and that for all t € R, P(S,, > t) < exp(—%fiict)).
Proof.

Note that u — ¢<=%=1 is non-decreasing on R and lim,_,o “—%=1

= 1. Therefore, we have that
w2
2
Now, using the fact that log(u) < u — 1 for all uw > 0, we have, for A\ > 0,

e —u—1< Yu < 0. (%)

n
= Z log EeM — EAX;
< ZE{e’\X'i - AX; -1}
REES
q=3 !

A2y Nglyecd—2
oy

2 2q!

(-1

i=1

IN

q=3

A2y = a— A2y
- 2(1-1—(12_:3()\6) 2) = 3A—on

11.4 Connections to Large Deviation Theory

Remark 11.4.1. Suppose X1, Xo,..., X, are independent random variables such that EX; = 0 and X; €
sE(0?) for 0 > 0; again write S, = >, X;. Then, using Bernstein’s inequality with v +— no? and ¢ « o,
we have that, for any t € R,

2
P(S, > nt) < exp(—(nt2 A nt))
o

(2

What can we say about heavier tailed random variables? For example, suppose Z1, ... Z, ~ N(0,0%). Then,
we can analyze the moments to show that Z3 is not sub-exponential. What can we say about S Z3?

Definition 11.4.1. For a > 0, define ¢, (2) = e*" — 1 for z > 0. We say that a centered random variable
Z is sub-Weibull with exponent « and variance factor v > 0 if

1 Z]y, : mf{t >0: ]E?/}a<f|> < 1} < 2V/v.

We write Z € sW,(v).
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Remark 11.4.2. It is important to note that ||- ||, does NOT satisfy triangle inequality when o < 1 because
1a(+) is not convex when o < 1. However, ,/(+) is still non-decreasing and hence, ||aZ||y, = |a|||Z]|y,. We
also have that if || Z]|,, < oo, then for all ¢t > 0,

P(Z > 1) zlp(e(zlzwa)a ze(lztwa)a> (11.7)

< 9e~ (i), (11.8)

It is also clear from the definition that if X € sE(v), then X* € sWy,,(v*). If X € sG(v), then
Xk e sWy i (VF).

Theorem 11.4.1. (Consequence of Theorem 3.1 in Kuchibotla and Chakrabortty)
Let a € (0,1) and let Xi,...,X,, be independent random variables such that X; € sW,(c?). Write S,, =
>, X;, we then have that, for all ¢ > 0,

P(|S,| > t) < 2exp(—Ca{7;22 A (t)a})

where C,, > 0 is a constant that depends only on «a.

Equivalently, we have that, for any w € R,
P(|S,| > CL(vnw +w'/®)) < e,
where C/, > 0 is some other constant that depends only on c.

Remark 11.4.3. We can intuitively understand why there is a (nt/o)® term in the tail probability using
large deviation theory (LDT). In LDT, we say that a random variable X has a subexponential distribution
(NOT the same as sE(v)) if, for all n > 2, for iid X7,...,X,, with S,, = >_1 | X;, we have

>
lim P(Sn 2 7)

—~n =" 11.
200 nIP(Xl > ;C) ( 9)

Write M,, = max{X1,...,X,}. Since P(M,, > 2) =1— (1 —P(X; > z))" and lim, o P(X; > z) = 0,
(11.9) implies that limg_, e gg@gg) =1.

In LDT, subexponential distribution is a heavy-tail condition. Intuitively, it means that if the sum is
large, then the main contribution to the sum comes from the extreme values. Note that if the X;’s are

centered with unit variance, then, for any fixed € R, we also have by CLT that for any fixed t € R,

. P(S, > /nt)
lim ————

where ® is the CDF of a standard normal and ® = 1 — ®. There is no contradiction because in (11.9), we
fix n and let x go to infinity.

Let t > 0and 0 < a < 1 be fixed. If P(X; > t) = Cexp(—(t/0)?), we expect P(]S,| > t) to have Weibull
tail exp(—Cq(t/0)®) if ¢ is large. On the other hand, if ¢ = s//n for some fixed s > 0, then we expect
P(|S,| > sy/n) to have Gaussian tails exp(—C,(s/c)?) because of central limit theorem.

Remark 11.4.4. Given a random variable X, recall that ¢ x (\) = log Ee*X for A € R. For t € R, we define
Y%, (t) = supyegr At — x, (A). Note that we have the following: suppose EX exists and is finite,

L. If t > EX, then 9% (t) = supyso At — ¥x (A).

2. If t <EX, then ¢% () = supy<g At — ¥x ().
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To see this, note that ¢ x (\) > AEX by Jensen’s inequality. Hence, if A > 0 and ¢t < EX, then t\ —¢x(\) <
At —EX) <0. Since X\ = 0 yields t\ — 1x(\) = 0, the conclusion follows.

Theorem 11.4.2. (Cramér’s Theorem)
Let X1, Xo, ... be iid sequence such that ¢ x, (A) < oo for all X € R and define S, = 3" ;| X;. Suppose also
that P(X; > K) > 0 for all K > 0. Then, we have that, for any ¢ > EX,

lim 1 log P(S,, > nt) = =X, ().

n—o00 N,

For any t < EXj,

nl;rrgo % log P(S, < nt) = =9, (1)
Proof.

Note that ¥x_gx(A) = ¥x(A) — AEX for all A € R and thus, for all t € R, % _px () = supycp tA —
Yx (A) + AEX = sup,cp A(t — EX) — ¥x(A\) = ¢%(t — EX). Therefore, we may assume without loss of
generality that EX; = 0.

We fix t > 0 and prove the first statement; the second statement follows by analyzing —X;. Since
Vs, (A) = npx, (A) for all A € R and ¢ (t) = npk, (t/n), we have that, for all n > 1,

P(Sn > nt) < e ™ ®)

Thus, we have that limsup,,_, ., 1P(S, > nt) < =P, (1)
Therefore, we need only show that liminf,, ., %]P’(Sn > nt) > —1%, (t). Before proving this, we first
prove a few properties of ¢} (-):

Claim 1 9% () is convex on [0,00). As a consequence, since 9% (-) is non-negative and 0 at 0, it must be
non-decreasing on [0, 00). Morever, since ¢y (-) is 0 at 0, % (t) > 0 for any ¢ > 0 and thus, ¥ (-)
must be strictly increasing on [0, co).

Claim 2 For any ¢ > 0, the supremum sup, - tA — ¢ x()) is attained at some \; satisfying ¢ = E]gi ii}x )

To see claim 1, we observe that ¥ (t) is the pointwise supremum of a collection of linear functions and

hence convex. To see claim 2, we will show that limy_, . w%()‘) = 00. Let K > EX; be arbitrary, then, for
any A > 0,
A 1 > 1 1
Wlf() >3 log/ X dP < 3 log(MP(X > K)) > K + 3 log P(X > F).
K

Hence, limy_ o w%m > K. Since K is arbitrary, claim 2 follows.

Now, let € > 0 be arbitrary and choose s > t such that 1y (s) < 9% (f) + € this is possible since 9% (-)
is strictly increasing. Since 9% () is also convex, there exists 6 > 0 such that s —d > t.

Let As > 0 satisfy s = EXien ™ ond define a probability measure Q5 on R such that

EersX1
dQS 1 AsT

TP (z) = Eonxit xz eR.

Observe that Q, has mean z—x [~ zers T dPX) (1) = s.
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Thus, we have that

P(S, > nt) > P(S, € n(s — 8,5+ 6))
_ / AP (21)...dPE) ()
{z:| > z;—ns|<nd}
_ / (Ee)‘sxl)nef)‘s pBE S dQs(r1)...dQs(xy,)
z:| > x;—ns|<nd}
< (Ee)‘le)ne_As("s_"‘;) / dQs(x1)...dQs(zy).

{z:] > z;—ns|<nd}

By law of large numbers, lim,,_, o, f{z:\ > dQs(z1)...dQs(x,) = 1. Thus, we have that

—ns|<nd}
1
- logP(S, > nt) > —As(s — 0) + ¥x, (As) +0(1) = ¥X, () + A0 > VX, (t) + €+ A0 + o(1).

Since €, § can be chosen arbitrarily close to 0, the conclusion follows.

11.5 Coordinate-wise Differences and Efron—Stein Inequality

Definition 11.5.1. Let (X,¥) be a measurable space and let f : X™ — R be 99"/ %(R)-measurable.

(a) We say that f satisfies the bounded difference condition (BDC,) with coefficients ¢;, ca, ..., ¢, > 0 if
Vi € [n]

sup | f(zi,z—) — flag, o3)| < ¢,
zEX™ xleX

(b) We say that f satisfies the bounded difference condition (BDC}) with coefficients V' > 0 if

n

sup > sup (f(ai,7-) — f(af,2-4))5 < V.
rzeX" i—1 TiEX

Note that BDC,(c1,...,¢,) => BDCy(ci + 3+ + c2). To see this, define ¢;(z) = sup,/c o (f(zi, ;) —
f(zl,x_;))+ and we have that f satisfies BDC}, if sup,c gn > 1y ci(z)? < V.

Theorem 11.5.1 (McDiarmid/BC Ineq). Let (2,.%,P) be a probability space. Let Xi,..., X, : Q —
X be independent random objects and let f : X" — R satisfy BDC,(cy,...,¢,). Then, writing Z :=
f(Xi,...,X,), we have that Z —EZ € sG(1 37", ¢2). In particular, V¢ > 0,

i=1"1

2
i=1"1

Lemma 11.5.1. Let X = (X1,...,X,,) : Q@ = &A™ be independent and let f : X™ — R be measurable. Let
T C [n] and write X7 = {X; }ser and X_7 = {X; }igr.

E[f(X)|X7] = /Xn—m f(Xp,z_p)dPX-1) (g 7). (11.10)

Proof.
By definition, E[f(X)|X7] is the P-a.e. unique measurable function of Xr such that

/Q(f(X) —E[f(X)|X))g(X7)dP =0 Vmeas. g: XTI 5 R.
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Since
/Q (F(X) — ELf(X)| X7])g(Xr)dP
= | (@)~ ELAX)|Xr = 2)g(er)aP) @r)dP X0 (o)
- / / F(z) = BLf(X) | X7 = o7)dPE-) (2_r)g (27 )dPXD (27),
X171 Jyn—iT
the claim follows. O

Proof of Theorem 11.5.1.
For t € [n], define %, = 0(X7,..., X;) and define %, = {0, Q}. Let

At = E[Z\ft] — E[Zlgt—l] = E[Z — E.‘(gt71Z|ytL

(recall that E. | #,E. |z, ,Z =K.z ,Z)sothat Z—EZ =3 | A
Note that V¢ € [n—1], E.|#,At1 = 0. So {Zle Aj}iem) is a martingale. Moreover, we have by Lemma
11.5.1 that

E[Z|%] = Blf(X1,...,Xn)| X1, ..., X4]
- /X ., F(X1, o Xy o,y @) AP ) (2 ) AP (2,).
Hence, Vt € {2,...,n},
Ay :/X » F(X1, . Xy g, 2 ) AP (2, 0) AP ()
— /X " F(X1yo o X1, @, gy - oy @ )APXO) (2) AP (1)

S/ {f(X17"'7Xt17Xtaxt+17"-axn)_/ f(X]_,...,Xt1,.’13t7xt+17...,l‘n)dP(Xt)(l‘t)}
Xn—t X

()

APXe+0) (g, 1) . AP (,,).

We have that esssup(x) —essinf(x) < ¢; by BDC and thus A; takes value in an interval of width at most ¢;.
The theorem follows from Azuma-Hoeffding (see Remark 11.3.1). O

Example 11.5.1. (a) Let H C [~1,1]* be a countable set of ¥/%(R)-measurable functions. Define
X" = R by f(21,...,%) = Suppey = >orq h(x;). Then, for any i € [n], € X", z; € X, we have
that

1 1 1 1
\f(xia_i) — f@h o) = |sup = Y h(z;)+ —h(z;) — §sup = > h(z;) + —h(a})
heM T il g " heH ™ fem) "

IN

1
— sup |h(z;) — h(z})| <
N heH

Sl

Thus, f satisfy BDC, with ¢; = ¢y =---=¢, = 2

(b) (Longest common subsequence) Let X = {0,1} and let X,...,X,, and Y3,...,Y, be iid Bernoulli
random variable. Define f : X2" — N by
f@r, .. @n, Y1,y yn) =max{k € 0]t 25, = yj,,..., %5, =y;, for iy <ip <--- <ip C[n]
and j; < jo < --- < jr C[n]}.
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For example, if X = (0,0,1,0,1) and Y = (1,0,0,1,1), then the longest common subsequence is
(0,0,1,1).

It is clear that f satisfy BCD, with ¢; = ¢z = --- = ¢, = 1. Thus, f(X1,...,X,,Y1,...,Y,) € sG(}).

(c) Let A € [-1,1]"*" be symmetric and define f(A) = Amax(A4) = sup{v"Av : ||v|l, = 1}. Fix k, £ € [n],
a € [~1,1], and define A € R"*™ such that Vi, j € [n]

ij
a else.

0 _ {Aij if (4,5) # (k. £) or (£, k)

Let w € R™ be the maximum eigenvector of A, then,

max(f(A) — f(g(k’e)), 0) < max(z Aijjwiw; — Z gl(?’g)wiwj, 0)

,J %,J

< A|wrwel.

Thus, Y, (f(A)— f(AED))2 <163, ,wiw? < 16(1, w?)? = 16. So f satisfy BDC, with V < 16.

Theorem 11.5.2 (Efron-Stein). Let X = (X1,...,X,) : @ — X" be independent random object and let
f: X" — R be measurable. Define

n n 9
Vies 1= ZEVar.‘Xﬂf(Xi, X )= ZE (f(Xi, X_g) —Eux , f(Xi, X2y))".
i=1 i=1
Then
Varf(X) < Vgs
and moreover, with X1,..., X/ as independent copies of X1,..., X,

n

2 2

= Z]E(f(XiaX—i) — f(X], X)),

=1

Vis = %ZE(f(szX—i) — f(Xi, X))
i=1

Additionally, Vgs < >0 | E(f(X;, X—;) — 9(X_;))%, Vg : X1 = R square integrable.
Note that if f satisfy BDCy(V), then we immediately obtain Varf(X) < V.

Proof.
Write % := o(X1,...,X;) for t € [n]. By Lemma 11.5.1, we have that Vt € [n],

E. zE x_ f(X)=E.,z_ f(X).
Thus,
A¢ = E[f(X) = Eyz,_, f(X)|F] = E[f(X) = Eyx_, f(X)|F].
By Jensen’s inequality, A? < Bz, (f(X) — E.y_, f(X))%. Since f(X) — Ef(X) = 2", A, and since, for

s <t e [n], E[A;A¢] = EASE, 2 Ay = 0, we have

Varf(X) =Y EA? <Y E (£(X) — Eqx_, f(X))".

This establishes the first claim.
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For the second claim, observe that Vi € [n],

%EE-\X,i (f(Xi, X—4) — f(XuX/—i))Q =E{E.x_,f(Xi, X)) —E.x_, f(Xi, X_;) f(X], X))}
— EVar.x_, f(X:, X_;).

Now, writing Y; := f(X;, X_;) — f(X/, X_;), we have that Y; 4 -Y;. So

1 1 1
—EY? = “EY? + ~EY? =EY?2.
2 7 2 1+ + 2 11— 1+

O
Example 11.5.2. We say that f : [0,1]® — R is separately convex if Vi € [n], Vz_; € [0,1]"71, z; —
fx;,x_;) is convex. Let X = (X1,...,X,,) be independent random variables taking value on [0,1] and let
X' = (X1,...,X,) be an independent copy. Let 5 f( ) be a (random) subgradient of z; — f(z;,2_;) at

X. Then, since fX, X)) — (X, X)) < amif(Xi,X,i)(X{ — X;), we have that

Z (f(Xi, Xi) = f(Xz{7X—i))i < Z (aif(XnX—i)) (X — X;)*

S
i—1 33:1

(2

2
f(XhXi)?) — VAP

where Vf(X) = (a%lf(X), e % (X)). So Varf(X) <E ||Vf(X)||§ (Convex Poincare Inequality).

Theorem 11.5.3 (Gaussian Poincare Inequality). Let X = (X1,...,X,) ~ N(0,X) for some ¥ = 0
and let f : R — R be continuously differentiable (Vf : R® — R"™ exists and is continuous everywhere).
Then,

Varf(X) < EVf(X)"SVf(X). (11.11)
Note: if ¥ =1d and f is 1-Lipschitz, then Varf(X) < 1. Equality is attained by f(z) = —= Z" Xi.

Proof.

It suffices to assume that ¥ = Id; to see this, note that X = % 2X is N(0,1,) and that, writing
g(z) = f(22x) Vo € R™, we have that g(X) = f(X). Since Vg(z) = £Y/2V f(22X) by chain rule and
thus, Vg(X) = 22V f(X).

Now it also suffices to treat only n = 1 case. To see this, suppose (11.11) holds for univariate functions,
then

2
Var f (X <Z]EVar ax f(X X <ZEEX ( f(Xi, X )) =E|ViX)*.

.T
i=1 v

Thus, we need only consider f : R — R and show that Varf(X) < Ef’(X)? where f' : R — R is continuous.
For b > 0, define fp(z) := f(z)1{|z| < b}. Recall also the definition of the bump distribution (Defini-
tion 5.3.1)
a(x) = Ce” = L{je| < 1}.

For o > 0, define fp, »(z) := Ez~qf(x+0Z). We then have that fj, , is continuous, continuously differentiable,
and supported on [—b — 0,b+ o]. Since lim,_g fb» = f pointwise and sup,<; | fo,o(z)| < MpL{|z| < b+ 1}
where M), 1= Sup, ¢ (0,1) SUPge[—p—1,0+1] | fo,0(2)| < 00, we have by the dominated convergence theorem that
limgy_sg I['Eflw(X)2 = Ef,(X)? and lim, Efyo(X) =Ef;,(X), which implies that

lin}) Var fp - (X) = Var fp(X).
o—r
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By the same reasoning, it holds that
. / 2 ! 2
{}_%Efb,a(X) = Efb(X) .
By dominated convergence theorem again, we have that
blim Var fp(X) = Varf(X),
hde el
lim Efy(X)* =Ef'(X)?
b—oco

Thus, it suffices to show that ¥b > 1 and o > 0, Varf, ,(X) <Ef} ,(X)>.

Define €1, ...,e, as iid Rademacher random variables and define S, := Z?:l g;. Since ﬁsn 4 x
and fb,g,fgyg are bounded, we have that lim,_,., Varf, »(S,/v/n) = Varf, (X), lim, Efgyg(s—jl 2 =
Ef; ,(X)%.

By Efron—Stein inequality again,

Var fb o

<ZEV&T dle_s fbg( )

v n

S o (B4 e (B

Now, writing K} := sup,eg | f3, ()| < 00, we have

Sn+<1 —Ei) S, — (1+Ei) 2 , Sh 2K,
fb,o (\/ﬁ) - fb,o— (ﬁ)’ < % b,o’(ﬁ) + n
S BN ¢ S, | K2
= Varfin (%) < fb,a<7> + B+
= hm Varfbg(s ) — fbg( ) <0

i i
— Varfyo (X) ~ Eff ,(X)? <0.

O
Example 11.5.3. Let A € R™*" and let Smax(A4) = sup{||Au|ly : |lu|]l, = 1,u € R} be the maximum
singular value of A. Note that Smax(A4)? = Amax(ATA). Since, for any fixed u € R", A — | Aul|, is

convex, and since pointwise sup of convex function is convex, we have that Spax : R™*™ — [0, 00) is convex.
Moreover, since Spax(A) is the operator norm of A, we have

|Smaw(A) - SmaX(B)| < HA - BHF ’
SO Smax is 1-Lipschitz w.r.t. Frobenius norm on R™*™,
As a direct consequence:
(a) If {Aij}iem),jem) are independent and in [0, 1], then Var(Smax(4)) < 1. (Example 11.5.2)

(b) If {Aij}iem],jen are independent and N (0, 1), then Var(Smax(A)) = Var(Anax(ATA)) < 1. (Theorem
11.5.3)

The same argument applies to all singular values.

Proposition 11.5.1. Let X = (X1,...,X,) : © — [0,1]" be a random vector such that P(X) has density
p:[0,1]" — [0,00). Let pmax := esssupp(z) and pmin := essinf p(z). If ppax < 00 and ppin > 0, then
Vf : R™ — R continuous differentiable,

2
Varf(X) < Dmaxp v r(x))2.

min
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Proof.
Let X be a iid copy of X. Since, for any f : R” — R that is continuous differentiable,

Varf(X) = %E(f(X) — f(X))?

=§//<f<ac>—f<~ p@p(@)ds < s [ [(10) - £(@)Pdodz

and E||Vf(X)||” = [V f(z)*p(x)dz > pmin [ Vf(z)?dz, it suffices to prove that if X ~ Unif[0,1]", then
Varf(X) <E[IV(X)|.

Again, by Efron-Stein inequality, it suffices to show that if X ~ Unif[0,1] and f : R — R is continuous
differentiable, then Varf(X) < Ef/(X)?.
To see this, note that

Varf(X) = *E(f(X) - f()?))Q

_ // )2dsdt

L1 o] e

< [ [0 [ r@rrzaas
:/Olf’ [// (t = )L {sussdsdt | du

Sledt—f2 sds=1op? w21 _y2<1

< [ ruwra

11.6 Sub-Exponential Concentration

Theorem 11.6.1. (Section 2.1 in Berestycki & Nickl)

Let X = (X1,...,X,) : @ = R™ be a random vector, not necessarily independent. Suppose 3y > 0 where,
for all f:R™ — R that are continuous differentiable, we have Var f(X) = vE ||Vf(X)||2 Then, for any open
set A € Z(R") such that P(X)(4) > 1, ve >0,

P (AL) < e7 5,

3

where A, := {z € R" : d(z, A) < r}.
Moreover, for any 1-Lipschitz function f : R™ — R, we have that f(X) — Ef(X) € sE(C%) for some
universal C' > 0.

Proof.
(Somewhat Informal)

Let A € #(R™) be an open set such that a := P(X)(4) > 1. Let & > 0 be arbitrary and let b := P(X)(A¢).
Define f : R™ — R such that, Vx € R"”

1 min(e,d(z, A)) (1 . i)

fa)=+

a 9
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sothat f=1on A, f=—7 on A¢, and for x € int(A° N A.), if Vf(x) exists, then |V f(z)[]2 < 1(1+3).

a g Na
To see this, note that for any unit vector h and scalar ¢ > 0, if z — d(x, A) is differentiable at x, then we

have that d(z + th, A) = d(x, A) + t(Vd(z, A)) "h + O(t?) < d(x, A) +t by triangle inequality.

Let ¢(-) be the bump function (Definition 5.3.1) on R™, let ¢ \, 0 and define f, := z — Ezqf(z +0Z).
Then f, is continuously-differentiable, f, — f pointwise as ¢ — 0, and lim,_,o Varf,(X) = Varf(X).
Morever,

. 2 1 (1 1N e
lim E [ £,(X)| s52<a+b) PO (4° 1 A,)

2
:;<i+2> (I—a-—0b).
Thus, we have Varf(X) < 2 (L + %)2 (1 —a—b) (x). On the other hand, we have that
Varf(X) = [ (£ =Bf)ap
> [ -Ep2ap ¢ [ (s B

1 2 1 2
>a<—Ef> —l—b(——Ef)
a b
- 1 2 ) 1 2
2 mie (g =n) w0 (=g

1 1
> — —.
>+ (%)

Putting (%) and (%) together, we have that

2 1 1 l1—a-0> 1— 1
<<+)(1—a—b)< %=

€
y a b

which implies

l—a 1 1—a
b< a 1 g2 g2

since a > 3. Hence, for e = /27, we have b < 15%. So

PUO(A7) < B (4°) <

R

Iterating this argument, we have that Vk € N,
PO (45,) < 27+,
Fix r > 0 and let k be an integer such that ke < r < (k + 1)e; we then have that

]P)(X) (Ai) < ]PD(X) (Aie) < 2—(/€+1) < 6_(k+1)10g2

(o log2 r _r

< e—<(log2) <exp(———=—)<e 3
For the second claim, let f : R®™ — R be 1-Lipschitz and first suppose P(f(X) = Mf) = 0. Let A :=
{zr e R": f(x) < Mf} so that P(A) = 1/2 and A is open. Let ¢ > 0 be arbitrary. For any point z € R"”
such that f(xz) > Mf + ¢, it holds that for any y € A, ||z — yll2 < |f(z) — f(y)] < t. Thus, we have
{z eR": f(x) > Mf+t} C A¢ and so

3

P(F(X) — Mf(X)>1) <e 57
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Since —f is also 1-Lipschitz, we have that P(|f(X) — M f(X)| > t) < 2 A, Now, write Z := f(X); we
have

|EZ—MZ|§]E\Z—MZ|:/ ]P’(|Z—MZ|2t)dt§/ 2" T AL = 6,/7.
0 0

Thus,

P(|Z —EZ| >t) =P(|Z - MZ + MZ —EZ| > t)

t—6/7
<P(|Z-MZ| >t—6y7) <2 37

9 —t_
< 2e‘e 3V7.

Now, if P(f(X) = Mf) > 0, then let 6 > 0 and define A = {z : f(z) < M f+ 6}. We may use the same
reasoning to obtain that P(f(X)— M f(X) > t—4§) < e 3v7. Since ¢ is arbitrary, the conclusion follows. [

Theorem 11.6.2. Let (X,¥) be some measurable space and let X = (X3,...,X,,) : © = X" be indepen-
dent random objects. Suppose f : X™ — R satisfy BDC;, with V' > 0 (see definition 11.5.1) (b)). Then, for
all ¢t > 0,
t
P(f(X)-Mf(X)>t) <exp| —== ).
() = M7(X) > 1) < exp( -7 )
Moreover, if — f also satisfies BDCy, with V' > 0, then f(X)—-Ef(X) € sE(CV) for some universal C' > 0.

Proof.

Define F : R — [0,1] by F(z) := P(f(X) < z) and define @ : [0,1] = R by Q(«) =inf{z € R: F(z) > a}
as the quantile function of f(X).

Note that Ya € [0, 1], we have F(Q(a)) > a and F(Q(a)”) < a where F(Q(a)”) = lim;, »q(a) F(zn) =
P(f(X) < Q(a)). For k € N, define a := Q(1-27%) > M f(X) and b := Q(1—2~*+V). Define g, : X" — R
by

b it f(z) b
Gap(®) =< f(z) if f(z) € (a,b) -
a if f(z) <a

Since a > M f(X), Egap(X) < aP(f(X) < a) + bP(f(X) > a) < 2. Thus.

Vargq,(X) > P(f(X) > b)(b — Ega(X))?
1—F(b) 2= (k+1)

P(f(X) = b) 2 2 2
> AR =0 g)2 = —a)? > —
> U202 80D > 2000 ) ()
On the other hand, note that for any z € X™ and 2’ € A™,
Z ga b x’u z — Ya, b S -Tzv z (LCZ,LC ))3_ <V

i=1 i 1

which implies g, satisfy BDC;, with V' > 0. Hence, by Efron-Stein inequality,

Varga,b(X) <E

z”: (%,b(Xz‘, X_5) = gap(Xi, X—i))2 ]

i=1 *

3

=K |}h{f(X)>a Z (gab X'“X ga,b(iiaXi))+‘|

=1

<VP(f(X)>a) <V(1—F(a)) V27" (%x)
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Combining () and (%), we have

—k

2
2

which implies b — a < 3VV.
Applying the argument repeatedly, we have that Vk € N,

Q- 27Y) - Q(3) < 3VVh
Q5 L)+ 3VVE > Q(1 — 27 ()

= 1- F(Q(%) + 3\/‘7k) <1-F(Q(1 — 2—(k+1))) < 9-(k+1),

P(f(X)>Q(5)+3VVE)

Thus, for any t > 0, letting k& € N be such that k3vV <t < (k + 1)3v/V, we have

P(f(X)> Mf(X)+1t) <2 k) <775 W < e 50V,

If —f satisfy BDCp, with V' > 0 as well, then P(|f(X) — M f(X)| > t) < 2TV . We may then bound
the deviation from the expectation in the same way as that of Theorem 11.6.1. O

11.7 Entropy Functional

Definition 11.7.1. Let (©2,.%,P) be a probability space and let Z : Q — [0,00) be non-negative random
variable. Let ® : [0,00) — [0, 00) be convex. Define the ®-entropy of Z by

He(Z) := E®(Z) — B(EZ). (11.12)

Note that He(Z) > 0. If ®(x) = 2%, then Hg(Z) = Var(Z). In the case where ®(z) = zlogz (0log0 = 0),

we write
Ent(Z) := Ho(Z) = E(Zlog Z) — (EZ)log(EZ).
We write ®(z) := zlogx from this point on.

Remark 11.7.1. (a) By the equality condition of Jensen’s inequality, we have that Ent(Z) = 0 if and
only if Z is constant a.s.

(b) Let @ <« P be another probability measure on (£,.%) and let Z := ﬁ%. Then, Z > 0 and EZ =
Jo ZdP = [,dQ = 1. Then,

Ent(Z) = ‘;%1 Cdl%dp KL(Q|P).

(¢) Suppose P is uniform on {wy,...,w,} and Q < P, then

n

KL(QIP) = 3 Q(w;) log Qw;) + logn

i=1

= logn — ( ZQ Wi IOgQ Wz))
i=1

Shannon entropy of Q
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Lemma 11.7.1. Let Z be non-negative random variable such that E®(Z) < co. Then,
Ent(Z) = sup {IE[UZ] :Urv. BV = 1}
= sup {E[Z(log T — log(ET))] : T > 0 integrable r.v.}
Note T need not be independent of Z.

Proof.
First, we claim that for any random variable U such that EeV = 1, E[UZ] is well-defined, that is, either
EUZ); <o or E(UZ)- < 0.
To see this, note that for any u € R,
1

sup{zu —zlogz:2z >0} =e""".
Hence, for any random variable U such that EeV = 1, we have
ZU —Zlog Z < V™! — E(ZU), < é+E(ZlogZ)+ < 00.
Now, let U be any random variable such that EeV = 1. Define Q < P such that % = eV, Then,

EgZe YV = /Ze—UdQ = /de =EZ

and that
Entg(Ze V) = / Ze Ylog(Ze Y)dQ — (EZ)log(EZ)
= /ZlogZdIP’— /ZUdIP’— (EZ)log(EZ)
= Ent(Z) — EZU
= Ent(Z) > EZU.
Taking U = log é yields that EeV = 1 and that EZU = Ent(Z). O

Theorem 11.7.1. Let (X, G) be a Polish space and let X1, ..., X, : @ = X be independent random objects.
Let f: X™ — [0,00) and write Y := f(X). Then we have,

Entf(X) :=E(YlogY) — (EY)log(EY)

<EY {E.x_,(YlogY)— (E,x_Y)log(E.x_Y)}.

i=1

Ent -\X,iY

Proof.
For i € [n], define .#; = o(X1,Xo,...,X;). Recall, by Lemma 11.5.1, that Vi € [n], E. .Y =
E.x_,E.zY. We observe that

Y(logY —logEY) =) YV (logE. 7Y —logE. 5 ,Y).
=1
Thus,

E(YlogY) — (EY)log(EY) =E» E.x_, {V (logE,#Y —logE. #_,Y)}

=1

<EY {E.x_,(YlogY)— (E,x_Y)logE.x_Y)}
i=1

= Ei Ent,x_,Y,
=1
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where the inequality holds by Lemma 11.7.1 using T := E. Y. A technical point is that E.x_ Y =
deIP’.‘Xﬂ., where regular conditional distribution P.x_, : % x Xn=t — [0,1] exists because X"~ is
Polish. [

11.8 Subgaussian Concentration and Log-Sobolev Inequalities

Definition 11.8.1. For z € {£1}", define 2 = {z1,... 2 1, —4,Tiy1,...,2,} € {£1}*. For f :
{£1}" —» R, we define

V@) =5 (f(@) = f@W),.... f(@) = f@?),.... fl@) = f™))
as the discrete gradient.

Proposition 11.8.1 (Log-Sobolev inequality for Rademacher). Let X : © — {£1}" be uniform and let
f:{£1}" — R. We have that

Batf(X ZIE< FXD)) = 2 V()

Proof.
By Theorem 11.7.1, we have that

Entf(X <]EZ{E Jx_ f(X)?log f(X)? — (E.x_, f(X)?) log (E.x_, f(X)?)}.

Thus, we need only show that for any univariate f : {£1} — R,

Entf(X)? < SE(f(X) - f(-X))*.
Write a := f(1), b = f(—1). We need to show that

2 b2 2 b2 1
ot loga + < =(a —b)>.
2 2 2

2 b2
% log a® + 5 log b* —

Since (|a| — [b])? < (a — b)? and since the LHS contains only terms involving a? and b?, we may assume that
a,b > 0. We may also assume without loss of generality that a > b. Define

2 b2 2 b2 2 b2 1
h(a) ::%1oga2+§10gb2—a _2|_ loga _2|_ —§(a—b)2 for a > b.

We check that (a) h(b) =0, (b) h'(b) =0, (¢) h is concave. Therefore, h(a) < 0 as desired. O

Remark 11.8.1. More generally, if

1 .p-
X, ~ +1 wp.p
-1 w.p. 1—p,

and X = (Xi,...,X,) are independent, then, Entf(X)2 < ¢(p)E ||V f(X)||?, where ¢(p) = ﬁ log% for
p # 1/2 and ¢(1/2) = lim,_,q /5 ¢(p) = 2.

Theorem 11.8.1. Let X : Q — {£1}" be uniform and suppose f : {+1}" — R satisfy BCD, with V' > 0,
ie.,

n

swp S (f@) - @) <v.

ze{£1}" ;5] +

Then, f(X) -Ef(X) € sG(3).
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Proof.

Let A € R and define, for x € {£1}", g(z) = 2
that F'(\) = Ef(X)eM (X)),

Our goal is to show that YA € R, FI(A) < TS FAEF(X) | Assume A # 0. Note,

. Write also F(\) := EeMX) = Eg(X)? and note

Entg(X)? = EAf(X)eMX) — F(X\)log F(\)
= AF'(\) — F(\) log F(\). (%)

At the same time, by Proposition 11.8.1,

1 — 2100 Af(x<">> 2
2
Entg(X)* < 5 Eﬁ < 2 )

. 2
Z ( A0 mx“)))
= —_ 2
im1 +

since X < X0, By convexity of z — e*, we have that Vz > y, e? > 6§+%e%(y72) = %eé(zfy) > ei—e?.
So

Entg(X)? < zn:]E <’f (re0) - f(X(i)))i e/\f(X))

( AF(X) Z ( X<i>)+)2+>

Combining (%) and (xx), we have that
)\2
AF'(X) — F(\) log F(\) < ZVF()\).
Since F(A\) > 0, VA € R, we divide both sides by A2F()) to obtain

LF'(\) 1
XE(N) A2

log F'(A) <

<

Define G(\) = w for A # 0, then we have G'(\) < ¥. Define

. logF(N) . F'(\)  F'(0)
G0) = )1\1;1}) DY >1\1g}) F(\)  F(0) EFLX.
Then, for A > 0,
A A
0) = / G'(u)du < / Kdu _ A
So log F(A) < >‘2TV + AEf(X). Analogous analysis applies for A < 0. O

Proposition 11.8.2 (Gaussian Log-Sobolev Inequality). Suppose X ~ N(0,I,) and suppose f : R” — R
is continuous differentiable. Then, Entf(X)? < 2E ||V f(X)]°.

Proof.
By the same reasoning as Proposition 11.8.1, we need only consider the n = 1 case and show that for
fR—=>R,

Ef(X)?log f(X)? — (Ef(X)?)log(Ef(X)?) < 2Ef'(X)?.
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We assume additionally that 3b > 0 such that f is supported on [—b, b] and that f” exists and is continuous.
Note then that sup, [y | f”(X)| < oo. See proof of Theorem 11.5.3 on how the general case reduce to this.

Define €1, .. .,&, as independent Rademacher random variable and define S,, = >""_, &;. Since ﬁsn 4

X and since f2, f2?log f? are continuous and bounded, we have that

nli)ngoEntf(\/» n)

Moreover, since f’ is continuous and bounded, we have that

i 1 1 2\ 2 " 1 2 ~ 4\?
E f(—==5n) — f(—=5,——%)) =E F'(—=Sn) =2~ + 1"(Z;)—

2 _ Entf(X) (%)

for some r.v. {Z;}"

=1 which implies

n ) 2
lm B> (780~ 150 - 21)) = aerx7 (14)

Lastly, by Proposition 11.8.1,

) 2
Entf(} 7 < IE Z( \} f(jﬁsn—é})).

So the claim follows by (x) and (#x).
O

Theorem 11.8.2 (Tsirelson-Ibragimov-Sudakov Inequality). Let X ~ N(0,1I,) and f : R® — R be L-
Lipschitz. Then

f(X) —Ef(X) € sG(L?).

Proof.

We assume additionally that f is continuous differentiable. Note that ||V f|| ., < L. Assume also that
Ef(X)=0

Let A € R and define, for x € R", g(z) = e
V() = 3V f(x)es/).

Write, for A € R, F(\) = EeM(®) = Eg(X)2. Then,

(2) . . . .
3. We have that g is continuous differentiable and that

Entg(X)? = AF'(\) — F(\)log F(\).

At the same time, by Proposition 11.8.1,

A2 A2
Entg(X)? < 2B ||Vg(X)|* < TE(|VS(X) 3V ) < TL2F()
2
e AF'(\) — F(\) log F(\) < %LQF(/\).
Th rest of the proof proceeds in the same way as that of Theorem 11.8.1. O

Example 11.8.1. (a) Let A be random matrix taking value in R™*™ and suppose A;; ~ N(0,1), Vi, j €
[n] iid. Then, the largest singular value Spayx : R"*™ — [0, 00) is 1-Lipschitz (w.r.t. Frobenius norm)
and

+2

P(|$max(A) — Esmax(A)| > ) < 2e” 7.
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(b) Let X ~ N(0,X) take value on R”, then X = £2 Z where Z ~ N(0, 1,,). Define, for p € [1,00] and z €
R", f(z) := ||£2z|,. Define the £ — £, operator norm L := HZ%ng_,gp = sup{|| 22z, : |z]l, = 1}
Then, Vz,z € R",

- 1 - -
1f(z) = FE <22 (z = 2)llp < LIz = 2] -
1
Thus, || X, —E[|X]|, € sG(L?). Note that 122 ||gyme. = max;ep,) [|X;7 [|2 where ;. is the i-th row of
LR

1
(c) Same set-up as (b). Note that Vi € [n], |£7[|3 = EX?. Hence, writing 6% := max;c[,,) EX?, we have
that

max X; — E[max X;] € sG(5?).
i€[n] i€[n]

Note that this is true Vn € N. Thus, let T be a countable set and let X : Q — RT be a centered
Gaussian process. Assume without loss of generality that 7= N. We have,

sup X (w) = lim max X;(w) Yw € Q,
teT n—00 ig[n]

that Esup,ep X¢ = lim,—, o E| maX;e |y X;| by monotone convergence. And we have that VA > 0,

Ee)‘(suPtET Xi—Esup,er Xt) lim Ee)\(maxie["] Xi—E[max;en) Xi]) (by MCT again)
n—oo
2 5222
< lim eF Maxieln EX] _ (55—
T n—oo

where 6% = sup,.r EX? and same analysis applies for A < 0. So

sup X; — Esup X; € sG(5%).
teT teT

11.9 Entropy Method

Lemma 11.9.1 (Herbst). Let Z be an integrable r.v. such that, for some V' > 0, YA > 0,

Ent(e?*)  AEZer” — (Ee*)log(Ee??)

Eer2 Eer
AF' () A2V
= —log F(\) < —
POy e =
where F(\) := Ee*. Then, VA > 0, log EeMZ~E2) < >‘27V
Same holds for A < 0.
Proof.
See proof of Theorem 11.8.1 O

Remark 11.9.1. Recall Hoeffding’s lemma (see proof of Theorem 11.3.1), which states that if r.v. Z € [a, b],
2

then, writing ¥(\) = log Ee*?~52) | we have that ¢/(A) < ®=2° WA € R. Since & {M'(N) — ¥(\)}

A" (N\) and ¥(0) = 0, we have that, YA € R,

A
o) -0 = [ s C P
O 8
Ent(e*?) < (b—a)?\?
Eer2  — 8 '




CHAPTER 11. CONCENTRATION OF MEASURE 190

Theorem 11.9.1. Let (X,¥) be a measurable space and let X = (X3,...,X,): Q@ — X™ be independent
r.o. Let f: X" — R and suppose 3V > 0 such that

n

sup Y (f(wi, o — fla},2-))* < V.

’
z,x’eXn i—1

Then, f(X)—-Ef(X) € sG(2V).

Proof.
Note that Vo € X", 2’ € X", 2" € X",
(o) = @l o) = (flah o) = flen o) + flan o) — f@ o_)" <AV,
i=1 i=1
Thus, define, for ¢ € [n],
ci(z—i) = sup |f(zf,2—) — f(af,2-3)l,
@ €X zeX
we have that Vo € X™, >°" | ¢;(x_;)® <4V. Then, VA € R,
n
Ent(eM X)) < ]EZEnt.|X7ie)‘f(X)
i=1
- C; X_i 2)\2
<E ( 5 ) E.x N (By Remark 11.9.1)
=1
=E e>\f(X))‘72 zn:ci(Xﬂ)Q
8 =
< ZVEMN )
The claim follows by Lemma 11.9.1. O

Lemma 11.9.2. Let I C R be an open interval and let f : I — R be convex and differentiable. Let
X :Q — I be ar.v. such that EX € I. Then,

E[f(X) = Ef(X)] = inf E[f(X) — f(a) = f'(a)(X — a)].

a€l
Note: for z,y € I, the Bregman divergence between x,y w.r.t. fis f(y) — f(z) — f'(z)(y — ).

Proof.
Let a € I, then

Ef(X) = f(a) = f'(a)(EX —a) > Ef(X) — f(EX)
by convexity of f. Equality is attained at a = EX. O
Corollary 11.9.1. For any r.v. Z > 0,

EntZ = ig%E[Z(logZ —logu) — (Z — u)].

Proof.
Apply Lemma 11.9.2 with f(z) = zlogz and I = (0, 00). O
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Theorem 11.9.2. Let X = (Xq,...,X,,) : Q@ — X" be independent r.o. and let f: ™ — R satisfy BDC,
with V > 0, i.e.

Proof.
First, we note that Va € X",

n

> (o) = inf f(@a)) = sup 3 (o) - S < V.

i=1
We write Z := f(X) and Z) := infzey f(#,20_;). (If x_; = infzer f(Z,2_;) is not measurable function
X™ — R, then take the smallest measurable majorant.)
Then, we have that, for A > 0,

n
Ente*? <E Z Ent.|X_ie)‘Z

i=1

< EZE.‘X% {e’\Z()\Z VA e)‘Z(i))} (by Corollary 11.9.1 with v = eAZ(i))
i=1

—EY E.x {eAZ (e=(Z=22D) | (\z — Az®) _ 1) }
=1

P(—A(z—2z(1)) where ¢(z)=e®—x—1VzER

Since ¢(z) < %, Yz < 0 and since —\(Z — Z®) <0, we further have

. .

N2(Z — Z)?
Ente*? < E E.x [N = 7
e B B [ s

n

2
=K [&22 > (z -2z

=1

2
< %VE&Z.

The claim follows by Lemma 11.9.1. O
Remark 11.9.2. In the proof of Theorem 11.9.2 | we cannot show that V¢ > 0,

P(Z -EZ < —t) < e~ %7
We do have that Z € sE(V) from Theorem 11.6.2.

Corollary 11.9.2. Let Xi,...,X, be independent random variables in [0,1]. Let f : [0,1]" — R be
coordinate-wise convex and 1-Lipschitz. Then

+2

Vt>0,P(f(X)—Ef(X)>t)<e =.

Proof.
Since f is coordinate-wise convex, Vz,z’ € [0,1]™, Vi € [n],

where 9., f(x) is any sub-gradient of f(-,z_;) at ;. So

n

ST (flanams) — flagz)h <3 (0n f(2)? <1
=1

i=1
since f is 1-Lipschitz. Thus, f satisfies BDC;, with V' = 1. O
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11.10 Johnson Lindenstrauss Lemma

We will use the Lipschitz concentration inequality for uniform distribution on the sphere and for Gaussian
distribution to derive two versions of the Johnson Lindenstrauss Lemma.
First, we formally state the Lipschitz concentration inequality on the unit sphere.

Theorem 11.10.1. Let X € S” ! be a random unit vector uniformly distributed on surface of the n-
dimensional unit ball. Let f : S®"! — R be an L-Lipschitz function (with respect to Euclidean norm).
Then, we have that f(X) —Ef(X) € 8G(2nL—jl).

Proof.
(Uses informal arguments)

From example 11.1.1, in particular displayed equation (11.2), we have, for all ¢ > 0,
n—1

P(f(X) = Mf(X)| > 1) < 27" ix.

From this, we have that,
Ef(X) - Mf(X)| <E[f(X)-Mf(X)| < /P(If(X) - Mf(X)| > t)dt

00 12 L
<2 e "z 1Zdt=2V2w .
- /0 vn—1

Therefore, we obtain

P f(X) —Ef(X)] > t) = P(|f(X) - Mf(X) + Mf(X) - Ef(X)| > 1)
<SP(f(X) —Ef(X)] >t = [Mf(X) - Ef(X)])

— L n—1.t 4nL?
R I, W < _ N
(t—2V2r ?_1) ) _ZGXp( 572 {2 n—1}>

O

Remark 11.10.1. Before stating the Johnson Lindenstrauss lemma, we need to define the notion of a
uniformly random projection. For p € N, define O(p) := {U € RP*P : UTU = I,,} as the set of rotation ma-
trices. We say that a random rotation matrix U is uniformly distributed on O(p) if for any fixed U e O(p),
we have that U < UU. An important result called Haar’s Theorem shows that this invariance condition is
enough to guarantee the existence and uniqueness of a distribution. Haar’s theorem applies broadly to any
locally compact Hausdorff topological group; we will not discuss its details here.

There are many ways to generate a uniformly random rotation matrix U € O(p). One simple example
is to generate a random matrix X € RP*P such that all the entries and iid N(0,1). Then, we compute the
SVD X = UXVT and take the left singular vector matrix U as the desired sample. To see that this is a
valid sampling algorithm, observe that for any fixed rotation U € O(p), we have that UX 2 X and that UU
is the left singular vector matrix of UX. Therefore, UU 1y.

Let g be an integer such that ¢ < p. We define II : R? — R? as a random projection if there exists a
uniformly random U € O(p) such that II comprise the first ¢ rows of U.



CHAPTER 11. CONCENTRATION OF MEASURE 193

Theorem 11.10.2. Let z1,...,2, € RP be an arbitrary collection of points and let ¢ > 0. There exists
universal constants ¢ > 0 such that, for any ¢ > % logn, if IT € R7*P is a random projection (described in

the previous remark), then, with probability at least 1 — 2e~ 5 >1—-2n"%,
for all 4,7 € [n]?, (1 —€)||lz; — ;]2 < v/p/q|lx; — x|z < (1 + €)||xi — 242

Or, equivalently,

p/alz; — Tz,
sup p/q|Uz 2 1l <e
(i.7)€n]? lzi —zjll2

Proof.

Assume ¢ < p or else there is nothing to prove. Let D € R?*? denote a matrix of the form D = [I ;0].
Let z € R? and suppose ||z||2 = 1. Since there exists a uniformly random U € O(p) such that II = DU, we
have that

Iz = DWUz)=D2Z,

where Z is a random vector uniformly distributed on SP~1.
Therefore, by symmetry, we have that

E||Iz|2 = %. (11.13)

Moreover, since z +— ||Dz||2 is 1-Lipschitz, we have that ||IIz||s — E||Ilz||2 € sG(2/(p — 1)).
By Jensen’s inequality, we have that E||Tz||y < (E||TIz||3)'/? < \/q/p. We may also get a lower bound:

1/2
E|[Tz|y > {E|[z||5 — Var(|[Tz(j2) }

/2
8 y1/2 q 8p !
> (Bl - 21 = (- )

p—1 P qlp—1
Z\/?_cz\/?
p q\p

where, in the last inequality, we used the fact that (1 — 2)'/2 > 1 — 2z for all z < 1/2 and where ¢, > 0 is a

universal constant.
q
> (e~ e2/a) f )
p

Therefore, by Theorem 11.10.1, we have that
2
< 2exp{—g(e — cz/q)z} < Qexp{—ée2 + 02} < 2€—quz7

P(‘HHSEHz - f \ > f) < IP’<‘||H$||2 _ B[],
p P
8q

where ¢ > 0 is a universal constant.
Assume that €2 > ci; log n, then, by a union bound,

P( for all (5, ) € [n]?, \Hm )l - \/ﬂ > e\/gnzi - xjn%)

< 2€Xp(fcq62 + 2log n) < 2e~ 53¢
O

Theorem 11.10.3. Let z1,...,z, € RP be an arbitrary collection of points and let ¢ > 0. Let II be a
random matrix taking value in R7*? such that every entry is iid N(0,1/p).

There exists universal constants ¢ > 0 such that, for any ¢ > % logn, with probability at least 1 —
2e—5¢%0 > 1 2n~4,

for all 4,7 € [n]*, (1 —¢)llzi — zjll2 < V/p/q| Mz — Tzjll2 < (1 + €)l|z; — ;2.
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Proof.
Same as that of Theorem 11.10.2 but we use TIS inequality.

11.11 Empirical Process

Definition 11.11.1. Let (X,¥) be a measurable space and let (X1,...,X,) : @ — X" be independent. Let
H C RY be countable (to avoid measurability issues) and assume Ja,b € R such that Vo € X, a < h(z) < b.
We define empirical process Gy, : @ — R* where

Gn(w,h) = h(X;(w)).

i=1

Define f: X" — R as f(z1,...,2,) = suppey >+ h(x;) and the supremum of empirical process as

f(Xq,...,X,) =sup Z h(X;) = sup Gy (-, h).
heM S het

Theorem 11.11.1. Let (X1,...,X,) : Q@ — X" be independent and let H C {h € R* : h € [a,b]} for
a < b € R be countable. Write f(X) = supj,cy > rq h(X;). Then,

F(X) = Ef(X) € sG(n(b — a)?).

Proof.
Let z, 2’ € X™ and fix i € [n]. Note that

(f(@iyz—i) = f(zh o))} < S sup h(w:) + Y h(x;) — (@) = Y h(z;)

hen i#i i#i
< sup(h(x;) — h(z)))* < (b—a)*
heH
Likewise, we have (f(x;,z_;) — f(z},2_;))%2 < (b— a)?. The claim follows from Theorem 11.9.1. O

Theorem 11.11.2. Let (X;,...,X,) : Q@ — X" be independent and let H C {h € RY : |h| < 1} be
countable. Assume that Vh € H,

Eh(X)) = Eh(X,) = - - = Eh(X,) = 0.

Define 02 := suppcy >y ER(X;)? and 62 := Esuppey g M(X;). Write f(X) = suppey 2oy M(XG).
Then,

F(X) —Ef(X;) € sT(2(6° + 0°),2),

ie., Vt>0,

t2
(G0 - EFOO 2 ) S 0xp (- s o)
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