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Abstract
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1 Introduction

MG: Rewrite the intro, as it is currently too similar to a previous paper on EXTRA. Check if we
need to cite https://ieeexplore.ieee.org/stamp/stamp. jsp?tp=&arnumber=9186344

In our era of big data, the amount of data collected and stored has seen exponential growth
with ever-increasing rates. Since the rate at which data is generated is often beyond our capability
to analyze, for example, due to the constraint of the available computational resources, there has
been a growing interests for developing scaleable machine learning algorithms that are efficient
on large datasets. Very often, because of communication constraints and privacy constraints,
gathering all these data for centralized processing is often impractical or infeasible. Decentralized
machine learning algorithms have received a lot of attention for such applications where agents
can collaboratively learn a predictive model without sharing their own data but sharing only their
local models with their immediate neighbors at some frequency to generate a global model; see e.g.
[HBJ18, HBM19, ABC*20].

Although there is a large body of literature on scaleable first-order decentralized learning meth-
ods have been proposed in the literature such as decentralized stochastic approximation and op-
timization algorithms (see e.g. [ULGN17, GDG19, SBB*19, Ned20]), very few of them deal with
decentralized Bayesian learning (inference) [PBGG20, GGHZ21]. Let us introduce the problem of
decentralized Bayesian inference. Assume there are N agents connected over a network G = (V, €)
with ¥V = {1,2,..., N} representing the agents and & C V x V being the set of edges; i.e. i and
j are connected if (i,j) € £ where the network is undirected, i.e. (i,j) € & then (j,i) € £. do
we need to introduce £ here? it seems this problem is independent of £, only later the algorithm
depends on &£. pls double check. Let Z = [z1,...,2,] be a dataset consisting of n independent
and identically distributed (i.i.d.) data vectors sampled from a parametrized distribution p(Z|z)
where the parameter z € R? has a common prior distribution p(z). Due to the decentralization
in the data collection, each agent ¢ possesses a subset Z; of the data where Z; = {z{, zg, . ,zﬁli}
and n; is the number of samples of the agent i. The data is held disjointly over agents; i.e.
Z = Uf\il Z; with Z;(Z; = 0 for any j # i. The goal is to sample from the posterior distribution
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p(z|Z) < p(Z|x)p(x). Since the data points are independent, the log-likelihood function will be
additive; logp(Z|x) = Zfil Doy logp(z§|a:). Thus, if we set

N n;
fl) =) filz), filx) == logp(zlz) - %logp@e), (1.1)
i=1

=1

the aim is to sample from the posterior distribution with density 7(z) := p(z|Z) < e~ f*), where
the functions f;(x) are called component functions with f;(x) being associated to the local data
of agent ¢ that is only accessible by the agent 4. Different choices of the log-likelihood function
and therefore the component functions result in different problems, including for example Bayesian
linear regression [Hof09], Bayesian logistic regression [Hof09], Bayesian principal component analysis
[DRWT16] and Bayesian deep learning [WY20, PS17].

Decentralized Langevin algorithms have been proposed in the recent literature that can be used
in the large-scale decentralized sampling problems [PBGG20, GGHZ21]. However, these works have
two restrictions. First, these DE-SGLD algorithms induce a bias at every agent that can negatively
impact performance. Such a bias is attributable to network effects and it persists even when using
full batches. Second, in these DE-SGLD algortihms, the communication matrix is time-independent
such that the network effect is time-homogeneous. Motivated by the EXTRA algorithm and its
generalizations for decentralized optimization, generalized EXTRA SGLD was proposed and studied
in [GIWZ24], which eliminates this bias in the full-batch setting and addresses the first challenge.
However, it does not address the second challenge, To overcome both of these two drawbacks, in
this paper, we propose DIGing stochastic gradient Langevin dynamics (DIGing SGLD) algorithm
that can eliminate the bias in the full-batch setting, and moreover, its the communication matrix is
time-dependent. Our algorithm is inspired by the DIGing algorithm for distributed optimization
problem, which uses Distributed Inexact Gradients and gradient tracking [NOS17].

2 Preliminaries and Background

Notations. Let 1 denote a column all-one vector. For any matrix v, its average across all agents
is defined as v = %UT]_ and its consensus violation is denoted as ¥ = v —15" = v — %ll—rv = Lyv,

where Ly := I — %117 is a symmetric matrix. We denote |a||z, = v/{a, Lya) so that |ja||r, =
||Lyal|p. For any vector z, let ||z|| denote its Euclidean norm, and let ||z||z, := (EHQZH2)1/2 denote
its Lo norm. We need to be careful about the notation. I noticed that in [GGHZ21], z*) is a big

vector in RV whereas in [NOS17], their (¥ is N x d matrix. I think it is more convenient to
stick with the notation in [GGHZ21].

Decentralized setting. We consider decentralized algorithm where the agent is connected over
a connected network by N nodes. We aim to sample from a target distribution with density
7(x) < e~ 7(®) on R? with

f(x) = Zfi(x). (2.1)

We make the first assumption on the objective function.



Assumption 1. We assume the objective functions f; are non-negative and f; € SML(Rd) for
everyi=1,2,..., N, where SML(]Rd) denotes the set of functions from R? to R that are p-strongly
conver and L-smooth, that is, for any g € SML(]Rd), for every x,y € R such that

L
5 o= wll* > g(@) —g(v) = Vo) (z - y) > g lz —y|*, z,y€R™ (2.2)

Next, we define the function F(z) : RV? — R:

N
-
F(x):= Z fixy), for any x := (x]—, e ,xj—\r[) e RV, (2.3)

i=1
Let x, = [z,,... ,xI]T be the minimizer, it satisfies conditions: (1). consensus: x, = Wx,, (2).

optimality: 1TVF(x,) = ZZJ\L 1 Vfi(xs) = 0. For example, decentralized gradient descent (DGD)
carries the following iterative algorithm

2D — W _ R (a:(k)) L W=Wael, (2.4)
T 7
with z(®) = (xgk)> e (3355)) ] eRN and k=0,1,2,..., where azgk) € RN is the local copy

of x by the agent 7 at the iteration k.

Langevin algorithms. One of the most widely used Markov Chain Monte Carlo methods in
statistics are Langevin algorithms, that allow one to sample from a given density 7(x) of interest.
The classical one is based on the overdamped Langevin diffusion; see e.g. [Dall7, DM19, DM17,
DK19, EH21, BCET22, CEL*24]:

dX (t) = =V (X (t))dt + V2dW, (2.5)

where f : R? — R and W, is a standard d-dimensional Brownian motion that starts at zero at
time zero. Under some mild assumptions on f, the diffusion (2.5) admits a unique stationary
distribution with the density 7(z) o< e f(®), also known as the Gibbs distribution [Pav14]. For
computational purposes, this diffusion is simulated by considering its discretization. Although
various discretization schemes are proposed, Euler-Maruyama discretization is the simplest one
and is known as the unadjusted Langevin algorithm in the literature [DM17, DM19]:

1 = ok — NV f(xg) + /20wy, (2.6)

where 1 > 0 is the stepsize parameter, and wy, € R is a sequence of i.i.d. standard Gaussian
random vectors A (0,1;). But then the discretized chain (2.6) does not converge to the target 7
and has a bias that needs to be properly characterized to provide performance guarantees [DK19].
The unadjusted Langevin algorithm (2.6) assumes availability of the gradient Vf. On the other
hand, in many settings in machine learning, computing the full gradient V f is either infeasible or
impractical. For example, in Bayesian regression or classification problems, f can have a finite-
sum form as the sum of many component functions over all the data points and the number of
data points can be large (see, e.g., [GGHZ21, XCZG18]). In such settings, algorithms that rely on
stochastic gradients, i.e., unbiased stochastic estimates of the gradient obtained by a randomized



sampling of the data points, is often more efficient [Bot10]. This fact motivated the development
of Langevin algorithms that can support stochastic gradients. In particular, if one replaces the full
gradient Vf in (2.6) by a stochastic gradient, the resulting algorithm is known as the stochastic
gradient Langevin dynamics (SGLD) (see, e.g., [WT11]). There has been growing recent interest in
the non-asymptotic analysis of discretized Langevin diffusions, motivated by applications to large-
scale data analysis and Bayesian inference. The discretized Langevin diffusions admit convergence
guarantees to a stationary distribution in a variety of metrics and under various assumptions on
f; see e.g. [Dall7, DM17, DM19, CB18, EHZ22, DK19, BCM*21, RRT17, XCZG18, CMR ™21,
VW19, ZADS23, EH21, LZT22, BCE'T22, CEL*24].

Decentralized Langevin algorithms. The decentralized stochastic gradient Langevin dynam-

ics (DE-SGLD) algorithm [SSP20, GGHZ21] consists of a weighted averaging with the local variables

xg-k) of node i’s immediate neighbors j € Q; := {j : (i,7) € G}, where :nl(-k) denotes the local variable

of node 7 at iteration k, as well as a stochastic gradient step over the node’s component function

fi(a). ie.
o = 3 Wil v (o) + 2, (2.7

JEQ;

where n > 0 is the stepsize, W;; are the entries of a doubly stochastic weight matrix W with W;; > 0
(k)
i

are independent and identically distributed (i.i.d.) Gaussian random
(k)

)

only if 4 is connected to j, w

variables with zero mean and identity covariance matrix for every ¢ and k, and \Y fi (a: ) is an

(k)) with a bounded variance.

unbiased stochastic estimate of the deterministic gradient V f; (aﬁZ

When the number of data points n; is large, stochastic estimates V fi(x) are cheaper to compute
compared to actual gradients V f;(x) and can for instance be estimated from a mini-batch of data,
i.e. from randomly selected smaller subsets of data. This allows the DE-SGLD method to be
scaleable to big data settings when n; can be large. Without the Gaussian noise, the iterations are
also equivalent to the decentralized stochastic gradient algorithm [SKP20, FGO™22] which has
its origins in the decentralized gradient descent (DGD) methods introduced in [NOOQ9].

EXTRA Langevin algorithms. Inspired by the ezact decentralized optimization literature
[SLWY15, Jak18], EXTRA Langevin algorithms are proposed in [GIWZ24]. EXTRA stochastic
gradient Langevin dynamics (EXTRA SGLD) is defined in [GIWZ24] as:

o) = S W g (200 2l (2.5)
JEQ;

k:—i—l ZWzgw(kH —vaz( ! >+mw§k+1)7 (2.9)
JEQ;

where W;; are the entries of a doubly stochastic weight matrix W, Wij are the entries of another
doubly stochastic weight matrix W, wgk) are standard d-dimensional Gaussian random vectors
that are i.i.d. in both ¢ =1,2,...,N and k£ = 1,2,3,..., and V f; are stochastic gradients. Non-

asymptotic convergence analysis are obtained in [GIWZ24].



2-Wasserstein distance. Define P»(R%) as the space consisting of all the Borel probability
measures  on R? with the finite second moment (based on the Euclidean norm). For any two Borel
probability measures ji1, 2 € P2(R?), the 2-Wasserstein distance Ws (see e.g. [Vil09]) is defined

as: Wa(p, po) := (infE [|| X — X2H2])1/2 , where the infimum is taken over all joint distributions
of the random variables X1, Xo with marginal distributions g1, e respectively.

3 DIGing Langevin Algorithms for Undirected Graphs

In this section, we propose the DIGing stochastic gradient Langevin dynamics (DIGing SGLD) as
follows:

(k+1 Z nyz(k) n /72nw§k+1)’ (3.1)

J€Qi(k)
(k—i—l Z k) (k 4 sz ( zk+1)> _ @fi (:Ez(k)) : (3.2)
7€ (k)
where wgk) are standard d-dimensional Gaussian random vectors that are i.i.d. in both ¢ =
1,2,...,N and k£ = 1,2,3,..., and @f, are stochastic gradients, and we initialize with xgo) and
i ; ext, we define the stochastic gradient noise as:
(O)V 27). N define the stochastic gradi i
SRS, (;pg’“)) Vi (a;g’“)) . i=1,2,...,N, (3.3)
and we assume the stochastic gradient noise satisfies the following assumption.
Assumption 2. For everyi=1,2,...,N and k=0,1,2,...,
2
E [fgk“) ]—"k] —0, E|e*t ”H <o (3.4)

Then we can re-write DIGing stochastic gradient Langevin dynamics as follows.

(k+1 Z k) (k 77yz +\ﬁw(k+1’ (3.5)

JEQi(k)
(k+1 Z ka)y](k v ( zkH)) —Vvj (xgk)) + gi(k+1> _ @(k), (3.6)

jeQ;i(k
We can also write the algorithm (3.5)-(3.6) in the form of matrix format for N agents as follows.
x(k—l—l) _ W( ) (k) ny + /9 nw k—l—l) (37)
YD) — k) (#) | v (q,ik“)) _VF (x(m) 4 ekt _gh), (3.8)

w®) = [(w§’“))T,..., (w%“))T]T, k=0,1,2,....

Consider a time-varying undirected graph sequence {G""(k)}2,. For every k, G""(k) consists
of a time-invariant set of agents V = {1,2,..., N} and a set of time-varying edges £(k). The

where



unordered pair of vertices (j,i) € £(k) if and only if agents j and 7 can communicate at time k.
The set of neighbors of agents i (including agent ¢ him/herself) at time & is defined as Q;(k) :=

{71(G,4) € E(k)}.
Next, we introduce the assumption on the mixing matrices W®*). First, we introduce the
notation that

W gD B, (3.9)

forany £k =0,1,2,... and any B =0, 1,2,... with the convention that Wgc) = [ for any k < 0 and
Wék) = [ for any k.

Assumption 3. For any k =0,1,2,..., the mizing matric wk) = <W(k)> € RVXN satisfies the
following properties:
(i) (decentralized property) Ifz # 7 and the edge (j,1) ¢ E(k), then Wi(jk) = 0.

(ii) (double stochasticity) W*1 =1, 1TWk =1T,
(iii) (joint spectral property) There exists some B € N such that for every k = 0,1,2,...,

§ = supg>p_16(k) < 1, where 6(k) := omax {W}Bk) - %11T}.

I am thinking in the numerical examples, we will probably try a few examples of W), maybe
it would be interesting to compute out ¢ for these examples? MG: Indeed.

3.1 Main Results

Theorem 4. Assume ||z(O||y, is finite, and the stepsize 1 satisfies n < IH'L’ and nu(l — %) <1.

Also assume that 6 < \B < 1 with d(k) defined in Assumption 3 and (3.24) holds. Moreover, we
assume that 0 < 1727374 < 1, where vy1,v2,73,7v4 are defined in (3.19)-(3.20). Then, for every k,

SNACNEE
s<1—;m>’“((Euﬂm—x*u?)” g 2M_1dN_1> N

1/2 9
1/2 n (1+ 77L)2 / 3L2D2n22(3_1)5 2 6dL2 92(B—1) §—2 1/
+1 e + E .

- = N(1—-05)? 105
2\ k IAF\ 2
R 1 I () KT
Lo
p(l— 2N 58—1+W< ”L) VN

39B-15-15% 3Dn2B-15-1  /6dn2B-15-1
N i e LT L + =

VN VN(1 - 65) [l 53

where x, is the minimizer of f, T = L Z (0), D is defined in (3.18) and w is the Gibbs

i=1T;

distribution with probability density functzon proportional to exp(—f(x)).




3.2 Proofs of the Main Results

In this section, we present the proof of Theorem 4 by establishing a sequence of technical lemmas
whose proofs will be provided in Appendix A. To prove Theorem 4, based on the triangle inequality
for the 2-Wasserstein distance, we consider the following decomposition:

;ng (Law (:L‘Ek)) , 7r) < Jbng (Law (xz(k)) , Law (f(k)>) + W»o <Lavv (E(k)> , 77) ,

(3.10)
where
Wy ( Law <§(k)) , 7T> <Ws (Law (f(k)> ,Law(xk)> + Wy (Law(xy), 7) , (3.11)
where () .= % doieq :cl(k) is the average iterates and xj is defined via the iteration
Tpt1 = Tk — %Vf (xg) + \/%@(kﬂ), (3.12)
which correspond to the Euler-Maruyama discretization of overdamped Langevin diffusion
dX, = —%Vf(Xt)dt + V2N-law,, (3.13)

where W} is a standard d-dimensional Brownian motion, w*) := + ZZ]\; 1 wZ( and w ) are NV (0,1y)
distributed that are i.i.d. in both k € Nand ¢ =1,2,..., N.
The main idea of our proof technique is to bound the following three terms: (1) the Lo distance

(%)

between z;’ and their average z(): (2) the Ly distance between the average iterate Z(*) and iterates
Zg in (3.12) obtained from Euler-Maruyama discretization of overdamped diffusion (3.13); and (3)
the Wy distance between the law of z; in (3.12) and the Gibbs distribution 7. First, we upper

bound the Lo distance between :Egk) and their average.

(k)

3.2.1 Uniform L; bounds between z; k)

and their average z(

In this section, we derive the uniform Lo bounds between a:l(k) and their average Z(*). As a first

step, we derive a uniform Lo bound for y(k), which is a key ingredient. First, we recall that We
need to be careful about the notation. I noticed that in [GGHZ21], () is a big vector in RN?,
whereas in [NOS17], their (¥ is N x d matrix.

30 =20 1 (50)", g0y 1 (50)" (3.14)

where we recall from (3.7)-(3.8) that =*),4(¥) satisfy the iterates:

2D Z W g 8) _ o (8) 3 (k4D), (3.15)
4 < W0 4 O (o)~ (o) g (g



Lemma 5. For every k,
Bl? - H2
HE“y( >H < D? (3.17)

where

D2 .9 (717273(@4 + @W4) +7172(@3 + W3) + @1 + Wy > 2

1 —y1727374
2 ~ ~ ~ ~ ~ ~ 2
n 4L (73’74(001 +@1) + 73(04 + @a) + @3 +W3> N £02’ (3.18)
N 1 — 71727374 N
provided that v1y27y37v4 € (0,1), where
A1 —\B) 1
= =L14+ — 1
gl OB — )1 —A)’ 72 ( +)\>, (3.19)
_ L(1+«) n(1 — \B)
=1+ VNN —"2 = 3.20
and
ML 1=t ~(t—1 AP
1= o SN, Gy = 2BV, (3.21)
AP =6 = AB—§
L(1 1 2
@3 := 2V N||z® — z,], wyZVNQr1<(@?w+ﬁ>u<a+ ;ﬁ, (3.22)
)\B o 1—t t—1 )\B
o= 2 NN, = iy V20NG, (3.23)
t=1

where 6 = supy>p_10(k), with (k) defined in Assumption 3, and a, 3, are tunable parameters
such that § < AP <1 and

nus 1
(J1- == <A< d < 3.24

The proof of Lemma 5 relies on a sequence of technical lemmas, that we will introduce next.
For any £ =0,1,2,..., let us define:

q®) = k) — px (3.25)
where z* = [xz,x;r, .. ,xI]T and for any k =1,2,..., let us define:
ZW:ZVF<ﬂ@)—VF(ﬂ””). (3.26)

Inspired by [NOS17], we introduce the following loop:

q— 27— F—q, (3.27)



and we will explain the meaning of the loop in details later. The main idea to show Lemma 5 is to
establish each arrow in (3.27), and as a result, one can show that E ng(k) H2 is uniformly bounded in

k and hence one can show that E Hy(k) H2 is uniformly bounded in k, which will establish Lemma 5.
Let us first study the first arrow ¢ — z in (3.27). Let us introduce the notations:

>\ K _ k)H
= max g (E H > (3.28)
ANK 12
lqllz,” = onax Sr <IE Hq H ) (3.29)

/\K

The arrow ¢ — z means that we would like to establish an upper bound on ||z || [
We have the following technical lemma.

Lemma 6. For any K =0,1,2,..., and X € (0,1), we have

ALK 1 K
I < 2 (14 ) ol (3.30)
Next, let us consider the second arrow z — ¢ in (3.27). Let us recall from (3.8) and (3.26) that
gkt D) — k) (k) 4 (kD) 4 e(ht1) _ e(k) (3.31)

Similar as before, let us first define:

= s (1) o

by

The second arrow z — § means that we would like to establish an upper bound on ng”éf using

HzHEQK and ||§*~V||z, for t = 1,2,..., B. We have the following technical lemma.

Lemma 7. Let 0 = supy>p_10(k), where d(k) is defined in Assumption 5. Let A\ be such that
§ < AB < 1. Then for any K =0,1,2, ..., we have

B
~uNK A(l - )\B) K )\B QBO' N AB 1—t ~(t—1)
< ’ . .
9122 < =g+ 5m =5 SO N, (3.33)

Next, let us consider the third arrow § — Z in (3.27). For this arrow, we would like to obtain
an upper bound on H:EH%QK using HQHEZK and ||V, for t = 1,2,..., B. We have the following
technical lemma.

Lemma 8. Let 0 = supy>p_10(k), where d(k) is defined in Assumption 5. Let A be such that
§ < AB < 1. Then for any K =0,1,2, ..., we have

B

MK n1—=XB) Ak AP V2Nd AP o

HxHLQ < ()\B _5)(1 _ A)Hy”LQ + MB_§ \K + \B _52)\1 t”x(t 1)”L2' (334)
=1

Finally, let us consider the last arrow Z — ¢ in (3.27), for which we would like to establish an
. We have the following result.

upper bound on [|g(¥) H



Lemma 9. Assume that

nup 1
1— B2 < x<1 d < 3.35
I e R (T (3:35)

where o, B > 0 are tunable parameters. Then, for every K =0,1,2,..., we have

L(1
|M“Mfsz¢ww@_$m+<1+¢NuV1<(M?n+ﬁ)>mmf

+ VN ( [(1_%OO+-6) ;<o=+ 2d> Ség'

o n

It follows from Lemma 6, Lemma 7, Lemma 8 and Lemma 9 that

17175 < mll2llf, +wi(K), (3.36)
12175 < yallallf, + wa(K), (3.37)
lgll7 < sl|Z I, + ws(K), (3.38)
12135 < allgIE, +wa(K), (3.39)
where 1, 72,73, 74 are defined in (3.19)-(3.20) and
B
mewzA$i52%20“+kgi5§;A“w¢F”uw n(K) =0, (3.40)
P

ws(K) = VN2 — z | + V() ! ( Lllta) | 5) ; (0 + 2d> L (3.41)

Jire’ n | AN
B onNd A &
wi(K) == 1555+ AB_(SZM 2V L, (3.42)
t=1

As an immediate consequence of (3.36)-(3.39), we obtain the following technical lemma.

Lemma 10. Assume that § < AP < 1 with §(k) defined in Assumption 3 and (3.24) holds. Then,
for every K =0,1,2,...,

< 7273w (K) + 717203(K) + nwa(K) + wi(K)

~ ALK
; 3.43

and

Il < Y37a71w2 () + y37aw1 (K) + y3wa(K) + w3 (K)
’ L =y1727371
where v1,7v2,73,74 are defined in (3.19)-(3.20) and wi(K),ws(K),ws(K),ws(K) are defined in
(3.40), (3.41) and (3.12).

, (3.44)

Next, we present a technical lemma that upper bounds the averaged Lo distance between the
iterates wl(-k) and the average z(*).

10



Lemma 11. Assume that § < AP < 1 with §(k) defined in Assumption 3 and (3.24) holds. Then,
for any k, we have

3 T e o I o SN
=1

s=0 s=0

where D is defined in (3.18) and

(3.45)

(k—1) (k-1) 1 T
Vi—1—s = HWk; 1— S_NlNlN

(k)

Next, we aim by provide an upper bound for 4, ", _ in Lemma 11 under Assumption 3 for the
mixing matrices W®*) to obtain the following corollary of Lemma 11, which shows that the iterates

(k)

x;” are close to the average z®) on average.

Lemma 12. Assume that § < AP < 1 with §(k) defined in Assumption 3 and (3.24) holds. Then,
for any k, we have

3 G R

(3.46)
where D is defined in (3.18)

3.2.2 Ly distance between z*) and Tk

In this section, we derive bounds on the Lo distance between Z(*) and z,, which is the k-th iterate
of the Euler discretization of an overdamped Langevin diffusion given in (3.12).

First, by taking the average of N nodes in (3.5)-(3.6), and using the fact that W) is doubly
stochastic, we obtain:

gkt = k) _ k) 4 \/%w(kﬂ)? (3.47)
where for any £k =0,1,2,...,
G+ — gk ¢ L va < (k+1) ) 1 ivf (x(k)) 4 gl _ £k (3.48)
Z NI N 7

which implies that for any £ =0,1,2,...,

1 _
(k) Z (k) (k)
Y N i=1 Vi (xz ) +E (3.49)
Therefore, we have
gD = zB) 77N E Vi ( Ti ) —npe® 4 \/2nwE+D) (3.50)

11



which can be re-written as

gD = (k) _ ”%Vf (f(k)> + & —nE® + /2o, (3.51)
where N
Ep = ]1[; [Vfi (f(k)) - Vfi (x'fk))} : (3.52)

In the next lemma, we provide an explicit upper bound on the Ly norm of the error term &.

Lemma 13. Assume that § < A\ < 1 with §(k) defined in Assumption 3 and (3.24) holds. Then,
for any k, we have

E [ l® <

3L222(Bfl)572 k 2 3L2D2 222(371)572 6dL2n - 22(371)572
S (o) E e+ (I T/ L B Ny
N N(1—05)2 1-67

Next, we recall from (3.12) that the iterates zj are given by:

1
i1 = 2 = N5V (@r) + v 2nw Y, (3.53)
where xg = Tg = % Zf\; 1 ngo). This is a Euler-Mariyama discretization (with stepsize 1) of the

continuous-time overdamped Langevin diffusion (3.13). Since the Ly bound of the error term &
can be controlled as in Lemma 13, we will show that the average Z*) and z;, are close to each other
in Lo distance. Indeed, we have the following estimate.

Lemma 14. Assume that 6 < AP < 1 with 6(k) defined in Assumption 3 and (3.24) holds. We
also assume E||z(V||> < co. For any stepsize n < 2/L and nu(1 — %) <1, we have for every k,

oo -

=7 T+ (L+nL)* 3L2Dn22 5162 n 6dL2 - 22(B-1)5-2 + no?
et e e ) ety )
k k
(5%> ~ (1 — (1 - %)) 30222(B-1)5-2 ,
2 5§
(55—1—}-7]/1(1_%) N

sfpo

3.2.3 W, distance between the law of z; and the Gibbs distribution =

The W, distance between the Euler-Mariyama discretization xj in (3.12) of the overdamped
Langevin diffusion (3.13) and the Gibbs distribution m o e~/ has been established in the liter-

ature. Note that the function % f is &-strongly convex and %—Smooth, and we state Theorem 4 in
[DK19] as follows.

Lemma 15 (Theorem 4 in [DK19]). For any n < i—TNL’ we have

1.65L
Wa (Law(z1), 7) < (1 — un)*Ws (Law(z0), 7) + T\/ndzvfl.

Now, we are finally ready to prove Theorem 4.

12



3.2.4 Completing the Proof of Theorem 4

Proof of Theorem /. The Lo distance between the minimizer of f and Gibbs distribution 7 has
been studied in the literature; see e.g. [GGHZ21]. More precisely, we have

2dN—1

Exerl| X — 22 < 22— (3.54)
,u
where z, is the unique minimizer of f(z); see Lemma 10 in [GGHZ21]. Since zo = + SN xz(o), we
have E||zg|? < co. By (3.54), we get
1/2 1/2
W (Law (o), m) < (Ellzg — 2]2)"* + (Exxeor | X — 2.]1%)"
< (Ellzo — z.)2)"* + V/2u TdN T,
It then follows from Lemma 15 that for any n < ;34%7 we have
1.65L
W (Law(z4), 7) < (1 — punp)* ((EHxO — x4+ 2u—1dN—1> VAN
Moreover, it follows from Lemma 14 that
Wh (Law (f(k)> ,Law(xk)>
o\ 1/2
< (B[ - a)
1/2 1/2
< g . (1+nL)? / ([ 3L2D*p2*B D52 N 6ar? . 228-05-2\ "
T\ -1 2 -1 N(1 - §5)2 1 - 0%
o\ K k\ 1/2
) —(1— _nk 15— 1/2
e () (e (-%) ) vE e (efo]")"
- .
p(1— )N 68 — 14 (1- %) VN
Finally, by Cauchy-Schwarz inequality,
N N
25 W, (Law (2)  Law (30)) < | = W2 (Law (27), Law (z(0))
N o (Law (z; ), Law (Z <Al w 5 (Law (2, ), Law (Z
=1 =1
L [0 ?
il =k
< N;EH #( )H . (3.55)

13



By Lemma 12, we have

ol

k
3. 22(3—1)5—2 <5%> 0 2 3D27]222(B_1)5_2 6d77 . 22(B—1)5—2
N £ Hm( )H * e 5
N(1—68)2 1-4m

1/2

IN

L VBPloTlen \[23 15 153 < H ) H> \[DU2B 15— 1_{_\/%2371571‘

VN(1L - 67) \/1—6%

The result then follows from the triangular inequality for the 2-Wasserstein distance. The proof is
complete. ]

4 Numerical Experiments
5 Conclusion
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A  Proofs of Technical Lemmas

A.1 Proof of Lemma 5

Proof. Tt follows from (3.43) and (3.44) that

K 117273wa(K) + y172ws(K) + 1wz (K) + w1 (K)
Lo

I < 1
— 1727374

_ eyt e o V1727394 + Y1723 +wr 1

1 —y1727371 1= 1727374 AR
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and

Y3yayiw2 (K) + y37aw1 (K) 4+ vawa(K) + w3 (K)

ANK
q\7. <
lallz, 1 — 1727374
_ Y37aw1 +y3wa + w3 | Y37aw1 + Y3ws + w3 1
= + K
1 — 71727374 I—y177374 A

where 71,7v2,7v3,74 are defined in (3.19)-(3.20) and wq(K),w2(K),ws(K),ws(K) are defined in
(3.40), (3.41) and (3.42) and we recall from (3.21), (3.22) and (3.23) that

B
~ AP 1—t)~(t—1) ~ AP \/>
t=1

@3 =2V N |2 — ], Qy:VNM)1<'MLHw+B>;<m+ M), (A.2)

Jize’
By 1= A ixl—tn;z(t—l)HL P V2nNd (A.3)
R z TN ‘ '

Hence, for every k, we have

ol

< 727304 + 717203 + &1 AE 4 Y1727Y3Wa + Y1723 + W1
Lz = I — 727374 I —v1727374

< Y2304 + 717203 + &1 n Y172Y3Wa + Y1723 + W1

- 1 —y1727374 1 —y1727374

and

< Y37aw1 + Y3wa + W3 AK 4 Y3Yaw1 + Y3Ws + W3
Ly~ 1=—mmym 1 —y1727374
Y37aw1 + Y3wa + W3 n V34w + Y3Ws + W3

1 — 71727374 1 — 71727374

IN

where we used 0 < A < 1.
Next, we can compute that We need to be careful about the notation. I noticed that in
[GGHZ21], ) is a big vector in RN?, whereas in [NOS17], their z(®) is N x d matrix.

2 2 1 2 2 2
By <22 5] + 22 ks =2 5] +2ne 5]
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Moreover,

2NE 50 = 2VE |5 3 v () + €

2

= 2NE %Z (v fi (x§’“)) - fi(ac*)) +&®)

N
1 N2
<ANE| -3 (V1 (1) = fiwn)|| +4NE Hg““)H
=1
ar? 2 4
< FEY [+ - a| + o
i=1
412 2 4
Ll s 4
N TN
Hence, we conclude that
2 2 472 2 4
R e
Y < Y + N q + NU
<2(%wwﬂh+wd+vwwk+wﬁ+@r+@>2
- 1 — 11727374
- - ~ - ~ AN 2
n 412 (fy3fy4(w1 +w1) + ’y3(w4 +(U4) + w3 +W3> n iJQ' (A.4)
N 1 — 71727374
This completes the proof. O

A.2 Proof of Lemma 6
Proof. The proof is almost identical to the proof of Lemma 3.9. in [NOS17] and is hence omitted
here. O
A.3 Proof of Lemma 7
Proof. First, we recall from (3.8) and (3.26) that

yFH) = Ry (k) 4 (k+1) | e(ht) (k) (A.5)
Therefore, for any £ > B — 1, we have

175+l = || Ly ®+0)

Lo
< |[Lawglyt=p)]

Lo

k)lz(k+2—B)‘

+ HLNW](g

n 44 HLNWfk)z(k)) N + HLNW(gk)z(kH))

Lo
it e

oot o Pe®

b i
Lo

LQ L2

9

i onm

NI HLNWI("?)g(k—l)‘

o e
2

L2 L2
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where Ly = I — %111—. since our y® is a vector not a matrix, perhaps defn of Ly needs to be
changed. By applying Lemma 16 and Assumption 2, we get

B
Hg(kH)HLQ < 5Hg(k+1*B)HL2 + Z Hz(k“*t)HLQ +2BoV/N. (A.6)
t=1

Therefore, for any k= B—1,B, ..., we have

B

_ - O (et 1—B) 11 ~(ktl— | P _

A (k+1)||y(k+1)HL2 < )\73>‘ (k+1 B)Hy(k—l-l B)”L2 + Z )\t,1>‘ (k+2 t)||z(k+2 t)||L2 +92Bo /N.
t=1

(A.7)

By following the similar argument as in the proof of Lemma 3.10 in [NOS17], we obtain that for

every K:

2BU\F (i
191 < sl +ZM Izl PN A
t=1
This implies that
N A1 —\B) B 2Ba\f )\B
NK ANK

”yHL2 — (AB —6)(1 _)\) z + )\B _6 )\K ZAI tHyt 1 HLQ (Ag)
This completes the proof. ]

A.4 Proof of Lemma 8
Proof. The proof follows the same steps as in the proof of Lemma 7 and the fact that E||\/2nw*+1)||? =
2nNd. O
A.5 Proof of Lemma 9

Proof. First, let us recall from (3.25) thatdouble check the equation below. our z®) is a vector,
not a matrix

dF) = g g — ) g <j(k)>T 1 (:E(k))T e O (sz) - m*)T . (A.10)

Next, by taking the average of N nodes in (3.5)-(3.6), and using the fact that W®*) is doubly
stochastic, we obtain:

D) — (k) _ ng(k) 4 \/%u—)(k'i‘l)’ (A.11)
where for any k =0,1,2,...,
N
g = g 4 Zsz (9) = L 0g (o) 4 €0 g0, (a2)
i=1
which implies that for any k =0,1,2,...,
1 y
g = N Z v, <$§k)) 1 EW), (A.13)
i=1



Therefore, we have

N
1 —
—_(k+1 _(k ) (k) k —(k+1
zl )——:1;()—7];1sz<371» )—ni()—i-\/an( ),

By Lemma 18, we can re-write the equation (A.14) as

Z(k+1) _ nN Zsz ( (k))

is defined implicitly via:

VA (o) = 08 (o) + 60 - \/jww

Since f; is u-strongly convex, we have

- o) < 2w - 2oty

PN A
Ly — p \ VN nN |-

By applying Lemma 17, under the assumption that

(k)

where s;

)

which implies that

nups 1
1——— <A<, and <
B+1 T=0+a)L

where «, 8 > 0, we have

_ A - _ L(1+ o)
|1z — 2|28 < 212 — 2. + AWN) ! (,/ ) >z - sillt

for any K =0,1,2,... where x, is the minimizer of f.
Therefore, we have

_ _ _ L(1+a«)
|17 — 2|2 <217 — 2] + AWN) ( Ll +a) ) >z -t

o L +a) 1( o | 2d
+(A\/JV)1< W+6)N<\/N+ 77N>

B _ L1+« -
<20 — g + (V) ( S +ﬁ> Il

_ L( + a) 1 2d
+ () 1( o +,B>,u< 77))\[(.
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(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)



Finally, sincesince we are using vector instead of matrix, pls double check the notation in the below
eqn.
g® =z® 1z — )T, (A.21)

it follows that
ALK = A\K /N || = \K
Hq(k)HL2 < ||~”L’(k)||L2 + VN|[z - x*HLQ . (A.22)

Hence, we conclude that

B L(1 +a -
la®IE < 2VN |20 — a4+ 1+ VN ( +ﬁ>> 211z,

<
o ()3 o )

This completes the proof. O

==

A.6 Proof of Lemma 10

Proof. Under the assumption § < AP < 1 with 6(k) defined in Assumption 3 and (3.24), Lemma 6,
Lemma 7, Lemma & and Lemma 9 hold, and it follows from (3.36)-(3.39) that

L’QK + 117273wWa (K) + 7172w3(K) + 1w (K) + wi(K), (A.23)

K
lgllz, <

and if 0 < y1727v37v4 < 1, we obtain:

717273W4(K) + 7172w3(K) + y1w2 (K) + w1 (K)

713 L (A.24)
— V1727374
Similarly, one can show that
HQHL2 < M1Y27374 Kt ysmuyiwa (K) + y3mawi (K) + y3wa(K) + ws(K), (A.25)
and if 0 < v1v2y374 < 1, we obtain:
AE o 137aY1wa (K) + 34w () + y3wa(K) + ws(K)
lallz,” < . : (A.26)
— V1727374
This completes the proof. O

A.7 Proof of Lemma 11
Proof. By the iterates of (%) given in (3.7), we get

D) (W(k) ® Id) ®) _ py® 4\ /2D,

It follows that

L) _ <W]§k—1) 2 Id) L0 _ 772 (W,i’iﬂ)s ® Id) (s) 4 \ﬁz ( ’gklns 21 ) wEt) (A.27)

s=0
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-
Let us define x*) .= [(i(k))T y (a‘:(k))q e RV, Notice that

k) — % ((1n1}) & 1) o).

il

Therefore, we get

N
N
i=1

Note that it follows from (A.27) that

(e

= (W]gkﬂ) @I) 0 _ ]17 ((1 1NW’§k 1)> ®Id) (0)
_772< ®Id) +nz (<1N1TW ))®[d)y(8)
+ \/72 (Wk 1 ) (s+1) _ \/%;jif ((1N1}TJW151211—)5> ® Id) wHD.

o - L (11R) e 1) o)

><|

2(8)

By Cauchy-Schwarz inequality, we have

2®) % <<1N1}> ® Id> 2(®)

<3 H W,ﬁ"“‘” ® Id> 2O — % (<1N1]T\]W]§k_1)) 2 [d) O

2

2

E—1 2

3 (520 1) S L (w0 o 1)
=0 s=0

+3|v2n kz:é (W0, @ 1a) wlH) = /2 kz;) % (W ZwW50) @ 1) wl D

6D 1) o - L (1317 © 1) 0

=3H<Wk N

+3 77]€21<Wkk11)®1d>y +nkzli,<<lzv1}>®fd>y(s)
=0 =0

2

2

2

ra VB (W0 1) u - VS & () o )]
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where we used the property that W) is doubly stochastic for every k. Therefore, we get

1 h-1) 1 2
- ((1wik) o1)a s (- gaat) o)

. 2
1
% Z(< WD = i) o la) o
=0
k—1 1 ?
+6n ((W,S’ili’s - N1N1E> ® Id> wity
s=0
(A.28)
Note that
, 1= (k-1 1 y(®)
s=0
2
) k—1 (k1) 1 (s)
<o (3| (Wt -yl ) @ gl o
s=0
k—1 o1 1 ?
< 312 (Z W]E—_l—)s — Nl 15 .Hy(S) )
s=0
k—1 L 2
_(k—1 s
= 3772 (Z '71(gf1f)s Hy() )
s=0
k—1 2 k=1 5 (k—1) s
= 32 (Z,_ylgk—ll)> (Zs 0 Tk—1- . [l )H>
1l _(k—1
s=0 Z{: éfylgtflf)s
k—1 ) 2g—1 5 k1)
9 (k=1 k—1—s s
<3n (Z’Yk—l s) ZWH |
s=0 5= OZ

where we used Jensen’s inequality in the last step above. Recall from Lemma 5 that for every

k=0,1,2,...,
E [Hy(’“)HZ} < D?,

where D is defined in (3.18). Therefore, we have
2

k—1
k—1) 1
3°E Z(( Wi s—NlleTv> ®Id> y®
s=0
k— : 2k1 (D) k 2
2 9 (k—1 k—1 2 2
< 3D ( k18> kl_ksl <3D% (Z >
=0 520 D =0

Similarly, we can show that

_ 1 2
(- ) o) ] -
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It follows from (A.28) that

N
LB
i=1

<ot el o ()

k—1
+6772EH<(Wk o s—ﬁl 1N> ®Id> w )
s=0

2

k—1
2 2 2
<3 <;y](€k—1)> E Hx(O)H +3D2772 ( ,7 ) k; 1 - 71 1T ]E H,w (s+1) H
s=0
2
(k—1))2 02 2,2 — (k-1) . (k—1) \?
<35 Y) B[O + 302 [ S5, +6dNnZ (330,)
s=0 s=0
The proof is complete. ]

A.8 Proof of Lemma 12

Proof. 1t follows from Lemma 11 that for any k,

> el -t <3 oL & s +3D“(zw“)+6dwnz<waa:><

s=0
where D is defined in (3.18) and

(A.29)

Under Assumption 3, there exists some B € N such that for every k = 0,1,2,...,6 := supg>p_1 0(k) <

1, where 6(k) := omax {Wék) — %11T}. For every k, W) is doubly stochastic. Therefore, it fol-
lows that

FEY, < 2Bl (A.30)
for every s =0,1,...,k— 1 and
kD < 9B-155 1, (A.31)
Therefore, we get
oI
B k 2 2 kot B k—1—s ? k-l B— k— 1 s 2
<3 (2 —15§—1) E Hx“))H +3D%2 (32815 5 ) 1 6any Y (2 555 1)
s=0 s=0
2,292(B—1) §—2 2(B—1) §—2
< 3.92B-1)5-2 (5%)kEHx(O)H2 | 3020572 | 6dNn - 22 g
(1-63)2 1-68
The proof is complete. O
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A.9 Proof of Lemma 13

Proof. First, we can compute that

Bl = |3 (V4 () - 74 (a))

& ECIEYRC)

By Lemma 12, we can compute that

E ;]z; (Vi (28) = v (2®))
< o 3B (05 (o) - v ()
z:iv 2
< —L2ZE‘ o) _ :z»("“)H
i=1

262(B—1) §—2 2192,,292(B—1) §—2 2, . 92(B—1) §—2

< 3L°2 - J (5%>kEH$(O)H2+ 3L Z(Zi(sé);S N 6dL nliég J .
The proof is complete. ]

A.10 Proof of Lemma 14

Proof. The proof is similar to the proof of Lemma 7 in [GGHZ21] and for the sake of completeness
we include all the details here. From (3.51) and (3.53), we can compute that

D — gy =30 — o — LV (#0) = V(ae)] +néi - ng®,

where we recall from (3.52) that
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and this implies that
== s -1~ 57 () -] e
+2 <f(k) — T — % [Vf zk)) — Vf(fk)} €k — Ug(k)>

f

(
o o | [77 () - s

)

f

Vf
R CORR R |
2 <;f<k> o= [VF (£9) = Vs)] nee - ng‘<k>>
< (6 — a4 o2 <x<k> e [V (29) @ f<xk>}>
R CORR R |
+2 <3?"(k) — oy — ni [Vf (-<k>) - Vf(:ck)] nE — né<k>>

< (1277u <1>)H z(h) — mkH + Hé’k gk H
#2 (o)~ [97 (+) = V1)) e —0€®) (432

where we used L-smoothness of % f to obtain the second term after the first inequality above and

pu-strongly convexity of % f and the assumption that n < 2/L to obtain the first term after the
second inequality above.

Note that £*) has mean zero and is independent of &, and by Lemma 13,
37,292(B-1) 52 ( 5 )k . H H2 3L2D2%222B-1)5-2  GqL2y . 22(B-1)5—2
=2~ (6B x +

E &l < N or N(1-65)2 1-6

. (A.33)

e

and we also notice that E Hg‘(’@ H2 < "WQ By taking expectations in (A.32), we get
o T R O [ e e
+E [2 <f(k) — ) — 77* [Vf ( ) - Vf(il?k)} nEk — Uﬁ_(k)>]
= (1 —2np <1 — )) H (k) —IkH +n E||5k|| +7°E Hf k)H
+E [ < k) _ 2 —77— {Vf (a: ) - Vf(xk)} ,n€k>}
2 2
(1 277#( )) |2 = | + PR ERI2 + 2 S

+2(1+ L)k [ |74 — |- 1l
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where we used L-smoothness of + ~J

For any x,y > 0 and ¢ > 0, we have the inequality 2zy < cx? + %, which implies that

2
S s
L 2 2
< <1 — (1 - ’72>> E Hz“f) - :ckH + 1PE &l + 725

+ (1 + L)y ( (1+ L)EHO”(M_”:’“H2+M(11ML) MH)

1 +nL)? o?
= <1—77M <1—>> —wk‘ +n(n+M>E\5k!\2+n2N-

By applying (A.33), we get

2
B[4 o

(== )l ]
(e () (S (5 o

3L2D2 222(3 1)5 2 6dL2T] 22(B— 1)5 )
+n
(1—53) 1—513

o2
N’

for every k. Note that E Ha‘:(o) — on2 = 0. By iterating the above equation, we get

(1+nL)%\ (3L2D*p?22(B-15=2  6dL% 22B-1s~2 N
ln{n+ 1 + 2 T
N(1—-65)2 1—-0B N

P32 (- (1) ) o (o GRS (5 g
0 2
k

(1+nL)%\ [3L2D?p?22(B-15=2  6dL% 22B-1s~2 N
“\nln+ + 5 +n N
N(1—- 53) 1-465

1— (1—77M (1_%))(5%)71 N EH H
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By our assumption on stepsize 1, we have 1 — nu ( — %) € [0,1). Hence, we conclude that for

every k,

(1+77L)2 3L2D2n222(B71)572 6dL2n,22(Bfl)572 22
+ +n N

1 2
N(1—-3B)2 1-0F

0y |12 ”(”*u(l—"b
IEHQ: ka < 17(177m< 7%>)
(3) ~(m () am o
1_( 77,u<1 UL)) (5%)71 N Hx H

1+4nL)? 3L2D%22(B-1§-2 | 6dL2.22(B—1§—2 o?
+ + +n%
g (77 p(1—15) N(1-§F)?2 1-55 TN

_l’_

<5%>k — (1 — N <1 — %))k 37,292(B—1) 52

2
63—1+nu<1—%) N

The proof is complete.

B Additional Technical Lemmas

Lemma 16 (Lemma 3.4. in [NOS17)). Under Assumption 3, for any k = B —1,B, ...

stz

and any

matriz b (with appropriate dimensions), then, we have ||LNW](3k)bH < §(k)||Lnb||, where 6(k) is
defined in Assumption 3 and Ly := I — %llT. since we are using long vector instead of matriz,

defn of Ly might need to be changed.

Next, we consider
min g(2) = Z gi(x
where g; are p-strongly convex and L-smooth. Con51der the iterates:
| N
k
p = p™ — > Vi (81( )) '
i=1

Then, we have the following technical lemma.

Lemma 17 (Lemma 3.12 in [NOS17]). Assume that

nus 1
,/1—7<>\ 1, d < -
B+1— < o n_(1+a)L’

where o, 8 > 0. Then, we have

_ L(1+ «)
Ip = pul M < 2[p = puf + AVN) ! (\/ ) > llp = sl M,

for any K =0,1,2,... where p, is the minimizer of g.
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Lemma 18. For any function f € SML(]Rd), the gradient operator Vf : R — R? is surjective, i.e.
for every v € RY, there exists some x € R? such that V f(zx) = v.

Proof. This is a direct consequence of [CE20, Theorem 1]. Indeed, for f € S, £(R%), the gradient

operator V f is strongly coercive around z,, i.e. it satisfies (V f(x) — Vf(z.),x — zs) > pljz — z.|P
(Vf(@).2)

x
operator, i.e. |Vf(z)— Vf(zy)| < Ll|z — = Fir‘l‘a|l|ly, it is a proper operator, i.e. the preimage
Vf~YK) is a compact subset of R? whenever K C R? is compact. To see this note that by strong
convexity, |Vf(x) — Vf(z«)|| > ullz — z4|/; hence, the preimage Vf~'(K) of a compact set K
should be bounded. In addition, because K is closed, such a preimage should also be closed by the
continuity of V f which implies that Vf~!(K) is indeed compact. Therefore, [CE20, Theorem 1] is
applicable and this completes the proof. ]

for p = 2. As a consequence, it is coercive, i.e. — 00 as ||z]| = oo. It is also a bounded

30



	Introduction
	Preliminaries and Background
	DIGing Langevin Algorithms for Undirected Graphs
	Main Results
	Proofs of the Main Results
	Uniform L2 bounds between xi(k) and their average (k)
	L2 distance between x(k) and xk
	W2 distance between the law of xk and the Gibbs distribution 
	Completing the Proof of Theorem 4


	Numerical Experiments
	Conclusion
	Proofs of Technical Lemmas
	Proof of Lemma 5
	Proof of Lemma 6
	Proof of Lemma 7
	Proof of Lemma 8
	Proof of Lemma 9
	Proof of Lemma 10
	Proof of Lemma 11
	Proof of Lemma 12
	Proof of Lemma 13
	Proof of Lemma 14

	Additional Technical Lemmas

