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Abstract—The monlinear matrix decomposition (NMD) of a
matrix X consists in finding factors W and H such that
X =~ f(WH) where f is a nonlinear function applied ele-
mentwise. This work focuses on the sigmoid function for the
choice of f, and proposes a block coordinate descent (BCD)
method to compute the decomposition. We show the ability of
our approach to efficiently compress and reconstruct structured
matrices, as exemplified with the identity matrix. Additionally, we
compare the performance of our method against the truncated
singular value decomposition (TSVD) and the NMD with the
ReLU function (ReLU-NMD) in tasks such as data compression
and matrix completion on real-world datasets, highlighting its
ability in capturing nonlinear structures.

Index Terms—Nonlinear Matrix Decomposition (NMD), Sig-
moid Function, Block Coordinate Descent (BCD), Matrix Com-
pletion.

I. INTRODUCTION

Low-rank matrix approximations (LRMAs) are essential
techniques in data analysis and machine learning, widely used
for tasks such as dimensionality reduction, feature extraction,
and data compression. The goal of LRMA is to approximate
a matrix X € R™ " by a low-rank matrix X € R”™*"
constructed as the product of two factors, W € R™*"
and H € R"™" where r < min(m,n). This is typically
formulated as the following problem:

in||X — WH]? 1
min |.X — WH|, QY

where || - || denotes the Frobenius norm. Classical examples
include the truncated singular value decomposition (TSVD) [1]]
and nonnegative matrix factorization (NMF) [2[]. These linear
methods provide effective tools for analyzing structured data;
they approximate the columns of X with linear combinations
of basis vectors W, and NMF imposes nonnegativity con-
straints on W and H for better interpretability.

However, linear models such as the TSVD and NMF can
struggle when data exhibit complex, nonlinear structures.
To address this limitation, nonlinear matrix decompositions
(NMDs) have recently been introduced by Saul [3]. NMDs
extend LRMAs by incorporating an elementwise nonlinear
function, f(-), leading to the approximation:

X ~ f(WH), 2

where f allows the model to capture nonlinear relationships in
the data. Saul focused on f(.) = ReLU(.) = max(0,.). An-
other example is the component-wise square f(.) = (.)% [4],
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[5]]. This paper focuses, for the first time, on NMD where the
element-wise nonlinearity is defined by the sigmoid function,

1

f(z)=0(z) = Ttre =z

3)
which maps any real number z to the interval [0,1]. This
bounded range is a key property that makes the sigmoid
function particularly well-suited for approximating matrices X
with entries in this interval; note that the model can be adapted
to handle any interval, replacing o(z) by (b — a)o(z) + a
to handle bounded data in the interval [a,b]. As one of the
most well-known activation functions in neural networks, the
sigmoid function is widely recognized for its ability to map
inputs to a probabilistic interpretation, which is particularly
advantageous in applications where binary or categorical data
is prevalent. Such matrices commonly appear in fields like rec-
ommendation systems, where entries indicate user preferences,
social network analysis, where entries represent connections or
interactions, and image processing, where data often encodes
presence or absence of features or patterns.
The problem we aim to solve can be expressed as:

. _ 2
min X —o(WH)||%, “4)

where o(.) is applied component-wise on W H. We refer to
this problem as 0-NMD. One property of this model is
its ability to compress and reconstruct structured matrices,
as opposed to linear models such as the TSVD and NMF.
For example, consider I,,, the identity matrix of dimension
n: for any € > 0 and for any dimension n, it is possible
to construct W(e) € R™ 3 and H(e) € R3**™ such that
I, —o (W(e)H(¢)) |r < €. This follows from a construction
in [6] where authors show that there exists a rank-3 matrix,
A, such that A(i,7) > 0 for all ¢ and A(i,5) < 0 for all i # j;
see also [3]. Hence to obtain an arbitrarily good o-NMD of
the identity, it suffices to multiply this matrix by a sufficiently
large scalar.

Beyond its ability to compress structured binary matrices,
we will show that o-NMD is effective in predicting missing
entries in incomplete data sets by learning the underlying
patterns in the observed data. Let us introduce the o-NMD
with missing data: we introduce a binary mask matrix P €
{0,1}™*", where P;; = 0 if the entry X,; is missing, and
P;; = 1 otherwise, and we consider

. _ 2
g/l}}gl”X@P c(WH) © P|%, o)



where © denotes the element-wise product. The presence of
this mask ensures that the optimization only uses the observed
data during training, while predictions of the missing entries
are obtained from o(W H).

Contribution and outline of the paper: The paper is
organized as follows. Section [[I| introduces a block coordinate
descent (BCD) algorithm to solve o-NMD (). In Section
we present experimental results and a detailed comparison of
our method with the TSVD and ReLU-NMD on tasks such as
data compression and matrix completion on various datasets,
highlighting its advantages in capturing nonlinear structures.
Section concludes the paper and outlines future research
directions.

II. PROPOSED ALGORITHM

The o-NMD, as formulated in (), is inherently nonconvex.
Unlike linear decompositions such as the TSVD or NMF, the
nonconvexity persists even if one factor (W or H) is fixed.
To address this challenge, we draw inspiration from algorithms
widely used for matrix factorizations and adopt an alternating
optimization scheme that iteratively updates W and H. One
of the key properties of the problem is its symmetry: solving
for H given W is equivalent to solving for W T given H "
because the approximation X ~ o(WH) can be rewritten
as X' ~ o(H"WT). This symmetry enables the design of
algorithms that only need to focus on one factor update at a
time. Moreover, the problem is separable across rows of W
and columns of H. Specifically, the objective function can be
expressed as:

IX —o(WH)|7 =Y lloWH(, ) = X )5 (©)

j=1

Consequently, updating [/ can be decomposed into a series
of independent subproblems, one for each column H(:,j),
defined as:

min [lo(WH(:, 7)) = X (-, )3 (7
H(:,j)

These subproblems naturally align with an alternating block
coordinate descent scheme, where one block is optimized
while the others are kept fixed. To solve , we use a least
squares approach. The problem can be expressed in general
form as:

; 2

min [lo(Az) — b][z- ®)
We will refer to this minimization problem as a sigmoid Least
Squares (0-LS) problem. Unfortunately, the presence of the
sigmoid function o(-) introduces nonlinearity which makes the
problem hard to solve; in fact, it is NP-hard in general [7].
We employ an iterative strategy to approximate and optimize
o-LS efficiently.

A. Gradient descent for each block

In the optimization process for o-NMD, each block (a
column of H or a row of W) is updated iteratively using

gradient descent. In our case, the objective function is: f(x) =
|lo(Ax) — b||3, and the gradient with respect to z is:

Vi) =247 ( (0(Az) — b) © o*’(Ax)), )

where o’(z) = o(2)(1—0o(z)) is the derivative of the sigmoid
function. To ensure fast progress in each update, a distinct step
length « is used for each block. This allows the optimization
process to adapt to the varying scales and sensitivities of dif-
ferent blocks, mitigating issues like overshooting or stagnation
that can arise from a uniform step size.

The pseudo-code for the alternating scheme addressing the
0-NMD problem (@) is summarized in Algorithm [T} The
algorithm alternates between updating the matrix H (using the
procedure UpdateH detailed in Algorithm[2)) and updating the
matrix W by transposing the input and output matrices. Ad-
ditionally, the subproblem o-LS is solved by Algorithm

Algorithm 1: Alternating scheme for o-NMD

1: Input: X € R™**, WO ¢ Rmxr HO) ¢ R,
maxiter.
Output: W € R™*" and H € R™*" s.t. X ~ o(WH).
for k. =1,..., maziter do

H = uUpdateH(X,W, H)

W = UpdateH(XT,HT, WT)T
end for

S

Algorithm 2: UpdateH - Update Procedure for H
Input: W) ¢ Rm>xr k) ¢ RT*7 X ¢ R™*"

—

2: Output: H*+1)

3: fori=1,...,r do

& se(i) = W, i)s

5.0 Wi(i) =W(:,i)/sc(i)

6. for j=1tondo

7: H(i,j) = H(4,7) x sc(i)
8:  end for

9: end for

10: for j =1,...,n do

1:  H(.,j)=0-LS(W,,X(:,7),H(: 7))
122 fori=1,...,r do

13: H(i,j) = H(4,7)/sc(i)
14:  end for

15: end for

Step length selection: To ensure efficient convergence
and avoid overshooting or undershooting during the update, the
function ComputeStepLength described in Algorithm [
is used to determine the step length «: it is a backtracking
line search to satisfy the Armijo-Wolfe conditions [8]]. These
conditions ensure a balance between sufficient decrease in
the objective function and adequate progress along the search
direction. The step length « is computed using a bisection
algorithm, which iteratively reduces the interval [min, ¥maz]
until the Armijo-Wolfe conditions are satisfied.



Algorithm 3: 0-LS - Gradient Descent
I: Input: A e R™*", b e R™, 2 € R", a € R.
2: Output: x € R” solving (B)
3 d=—2A"((c(Az) — b) © o' (Az))
4 if 3", |d;| > 107° then
5.  « = ComputeStepLength(A4,b,z,d, «)
6: x=x+ad
7: end if

Algorithm 4: Compute Step Length in 0-LS

1: Input: A € R™*", b e R™, x € R", ap € R, (B, B2)
[default = (81, B2) = (107%,0.9)].

2: OQutput: o € R

3 a= Qo

4: Qpin =0

50 Qmaz = OO

6: repeat

7 fo=llo(Ax) = blls

8 f1=|lo(A(z + ad)) - b2

90 go=2A"((0(Az) —b) ® 0’'(Ax))
10 g1 =2A"((o(A(z + ad)) — b) © o' (A(z + ad)))
11: if f1 > fo+ab dTgo then

12: Amar = O

13: o= W%

14:  elseif d'g; < Bad' go then

15: Qin — O

16: if e < 00 then

17 o = W

18: else

19: a =2«
20: end if
21:  end if

22: until f; < fo+apfid gy and d" gy > B2d " go

Computational cost: Each iteration of Algorithm [] in-
volves two calls to UpdateH (once for H and once for
W), whose computational complexity is dominated by the
updates of the n columns of H via the ¢—-LS subroutine.
This subroutine performs a single gradient descent step with
a backtracking line search, where the number of steps is
typically small in practice (= 1.23 on average). For the update
of the columns of H, each gradient step requires matrix-vector
products with a computational cost of O(mr) operations. The
same analysis holds for W where the roles of m and n are
exchanged. As a result, the overall computational complexity
of our proposed algorithm is O(mnr) operations per iteration.
This is the same cost per iteration as first-order methods for
standard low-rank matrix approximations such as NMF.

B. Scaling for faster convergence

To address potential inconsistencies arising from significant
differences in the column norms of W when updating H, we
incorporate a scaling procedure into the optimization process.
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Fig. 1. Average relative error TXT] of -NMD with scaling and
F

without scaling for 10 randomly generated matrices X € R200%200 yjth
r = 5 and maziter = 200.

This approach not only reduces imbalances that could reduce
the effectiveness of the algorithm and hinder convergence, but
also improves the conditioning of the problem. Specifically,
the Hessian of the optimization problem is related to W T
(this is the Hessian in the linear case), which tends to be
better conditioned when the columns of W are normalized. By
normalizing W, the scaling procedure ensures a more stable
and efficient optimization process. The proposed scaling pro-
cedure consists of two key steps, both of which are explicitly
integrated into the UpdateH procedure (see Algorithm [2)):
1) Pre-scaling: Before updating H, each column of W
is normalized by its ¢o-norm. To preserve the overall
decomposition, the corresponding rows of H are scaled
proportionally by the same factors. This ensures that the
product W H remains invariant under the scaling trans-
formation, maintaining the integrity of the factorization.

2) Post-scaling: After the optimization step, where updates

to H are computed, the earlier scaling is reversed. This
involves dividing the rows of H by their respective
scaling factors. This operation restores H to its proper
scale, ensuring that the updated matrices are correctly
normalized and that the final decomposition accurately
represents the input data.

Figure [I] highlights the impact of incorporating scaling
into the o-NMD algorithm evaluated on synthetic data X =
o(WiH;) € R?200%200 where W, € R?°9%5 and H, € R>*2%0
are generated with uniformly random entries using the Python
function numpy . random. rand. We observe that the addi-
tion of scaling contributes to faster convergence by addressing
large variations in the norms of the columns of W and rows
of H.

C. Initializations
We adopt two initialization strategies:

1) Random initialization: The entries of W and H are inde-
pendently sampled from a standard Gaussian distribution

N(0,1).



2) TSVD-based initialization: In this approach, we aim to
solve the following problem using the TSVD:

1F7H(X) = WH[%,

where f~! is the inverse of the sigmoid function. Since
the sigmoid function is bijective from (—oo,+00) to
(0,1), its inverse is defined for all y € (0,1) as :

M y) = —log (; - 1) :

However, this inverse in not defined at the endpoints
y € {0, 1}, which poses a problem when X is a binary
matrix. To address this issue, we approximate f~1(X)
by a linear transformation:

fUX)~=2X —1,

which maps 0 to —1 and 1 to +1, preserving the sign
structure of the inverse sigmoid. We then compute the
TSVD of the transformed matrix:

2X — 1~ UZV',

where U € R™*" ¥ € R™", and V € R"*". The
initialization of the factors W and H is then performed

using:
W=UVE, H=+vVZV'.
III. NUMERICAL EXPERIMENTS

The goal of these experiments is to compare the per-
formance of our method against the performance of the
TSVD, and NMD with the ReLU function (ReLU-NMD).
For the TSVD, we use the numpy.linalg.svd function
for complete matrices, and for matrices with missing val-
ues, we use the weighted low-rank approximation (WLRA)
algorithm described in [9] and available from https://gitlab.
com/ngillis/nmfbook.git. For ReLU-NMD, we use the re-
cent extrapolated block coordinate descent algorithm (eBCD-
NMD) described in [10] and available from https://github.com/
giovanniseraghiti/ReLU-NMD. The codes are available from
https://anonymous.4open.science/r/sigma-NMD-26F1 and im-
plemented in Python.

A. Approximation of binary matrices

We evaluate our algorithm on four real datasets used in [|11]]
and summarized in Table [l

[ Dataset ] Size [ # observed | %ls |
Z00 101 x 17 1717 443
heart 242 x 22 5324 34.4
ymp | 148 x 44 6512 29.0
apb 105 x 105 11 025 8.0

TABLE 1

SUMMARY OF BINARY REAL WORLD DATASETS

To assess the quality of the approximation, we use two main
metrics: the relative error and the error rate. Let X denote
the approximation of the matrix X. For TSVD, X =WH s
for eBCD-NMD, X = max(0, W H), and for ¢-NMD, X =
o(WH).

Relative Error: The relative error quantifies the overall
deviation of the approximation X from the original matrix
X, normalized by the Frobenius norm of X. It is defined as:

|x - %]
F
T

Error Rate: The error rate evaluates the algorithm’s ability
to reconstruct binary matrices accurately. It is defined as the
percentage of misclassifications after rounding the values of
X to either 0 or 1. Specifically, each element of X is rounded
as follows:

Relative Error =

ij =

. 1, if X;; > 0.5,
0, otherwise.

The error rate is then computed as:

Number of misclassified elements

Error Rate (%) = x 100.

Total number of elements

In our experiments, we established stopping criteria to
ensure convergence. Specifically, we stop the algorithm at
iteration 7 + 10 if the following condition is met:

relerr(i + 10) > arelerr(i) or relerr(i + 10) <,

where relerr(k) denotes the relative error at iteration k. For
all our experiments, we set « = 0.9999 and ¢ = 10—,
This ensures that the algorithm halts either when the relative
improvement becomes negligible over ten iterations or when
the error is sufficiently small.

Table |lI| presents the relative error and error rate, respec-
tively, for the o-NMD, eBCD-NMD and TSVD methods
applied to the datasets summarized in Table [} For c-NMD and
eBCD-NMD, we include results for both random and TSVD-
based initializations. For the random case, we perform 10
different runs with different random initializations and report
the average over these runs.

These results show that, in most cases, c-NMD outper-
forms eBCD-NMD and TSVD in terms of both relative error
and error rate on compressing binary matrices. Additionally,
initializing o-NMD with SVD improves the performance, on
average, but the difference is not significant.

B. Matrix completion

We evaluate the ability of 0-NMD to predict missing entries
in incomplete datasets. We introduce a new metric to assess the
prediction of missing values defined as the root mean squared
error (RMSE) over the missing entries, given by:

0,1 Py) (X - %)
Zi,jl =Py ’

where P;; = 0 if the entry is missing, and P;; = 1 otherwise.
This metric ensures that the evaluation reflects the algorithm’s
ability to predict the missing data, rather than its performance
on the observed data.

In this case, the algorithms are tested on their ability to
predict these missing values, and both the RMSE and the error

RMSEg =
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RELATIVE ERROR (%) AND ERROR RATE (%) OF o-NMD, EBCD-NMD, TSVD ON Z0O0 (1), HEART (2), LYMP (3) AND APB (4) DATASETS.

o-NMD o-NMD eBCD-NMD eBCD-NMD
’ Data | rank ‘ (TSVD init.) | (random init.) | (TSVD init.) | (random init.) ‘ TSVD ‘
2 38.1-11.9 38.2 - 12.6 459 -114 459 - 11.3 48.5 - 13.7
1 5 513 - 0.12 9.52 - 0.44 16.5 - 0.93 16.9 - 0.97 30.0 - 3.96
10 0.02 - 0.0 2.24 - 0.05 0.87 - 0.0 0.74 - 0.0 15.2 - 0.35
2 59.9 - 20.0 60.6 - 21.2 62.6 - 19.0 62.8 - 19.3 63.7 - 19.3
2 5 304 - 391 30.6 - 3.81 425 - 8.41 424 - 8.44 49.6 - 10.7
10 7.75 - 0.21 12.2 - 0.52 18.8 - 1.05 18.7 - 1.07 36.1 - 4.04
2 61.5 - 16.7 61.3 - 16.8 64.2 - 16.9 64.2 - 16.9 64.9 - 17.1
3 5 35.7 - 4.64 37.2-5.1 48.8 - 8.66 48.8 - 8.63 54.0 - 10.7
10 10.0 - 0.29 14.1 - 0.58 222 -1.0 229 -1.12 41.0 - 4.04
2 77.0 - 6.41 77.1 - 6.31 76.1 - 6.15 76.8 - 6.26 82.8 - 6.89
4 5 38.1 - 1.24 39.6 - 1.34 52.2 - 2.66 51.9 - 2.65 75.8 - 6.13
10 17.2 - 0.24 23.3 - 044 8.13 - 0.03 6.48 - 0.02 66.2 - 4.23
TABLE II

missing | 1’s o-NMD o-NMD eBCD-NMD eBCD-NMD

(%) (%) | rank (TSVD init.) (random init.) (TSVD init.) (random init.) TSVD
2 445-0.34 - 163 | 445-0.34 - 16.3 | 46.0-035-174 | 47.0-0.35-17.8 | 46.1 - 0.34 - 17.0

10 54 5 35.0 - 0.31 - 12.0 | 352-0.31- 125 | 40.3-0.31- 132 | 41.6 - 0.32 - 13.5 | 40.3-0.31 - 13.1
10 21.7- 033 - 11.5 | 22.1 -0.33 - 11.6 | 36.0 - 0.29 - 10.8 | 37.7 - 0.31 - 11.9 | 36.0 - 0.29 - 10.9
2 44.5-0.34 - 16.0 | 44.5-0.34 - 16.0 | 46.0-0.34 - 17.1 | 494 -0.37 - 189 | 46.1 - 0.34 - 16.5

20 54 5 344 -0.32-12.6 | 345-032-12.6 | 40.2-0.31- 132 | 444 -035-15.7 | 40.2-0.31 - 13.0
10 20.8-033-11.6 | 21.2-034-11.7 | 357-0.29 - 11.1 | 41.0-0.35-16.0 | 359 - 0.29 - 10.7
2 444 - 034 - 16.1 | 444 -034 - 162 | 46.1 - 034 - 16.7 | 532-04-222 | 46.1-0.34-16.6

30 54 5 33.9-0.32-125 | 340-033-12.8 | 40.1 - 031 - 129 | 48.7-0.38 - 19.7 | 40.1 - 0.31 - 12.9
10 194 -035-123 | 20.1 -0.35-12.6 | 355-0.29 - 11.0 | 458 - 0.39 - 22.0 | 35.5-0.29 - 11.0
2 442 -0.34 - 164 | 44.2-0.34 - 16.3 | 46.0-0.34 - 16.7 | 57.9 - 0.43 - 29.1 | 46.1 - 0.34 - 16.8

40 54 5 32.6-034-135 | 33.0-034-13.7 | 39.8-0.31-13.0 | 539-042-279 | 399-0.31- 13.1
10 18.0 - 0.36 - 132 | 189-0.36-13.6 | 350-03-11.5 | 51.1-0.44-32.1 35.1-03-114
2 439 -0.34 - 16.5 | 43.9-0.34 - 16.5 | 46.2-0.34 - 16.6 | 63.9 - 0.48 - 43.5 | 46.0 - 0.34 - 16.7

50 54 5 31.7-0.34 - 137 | 32.1 -0.35-14.1 | 399-0.31- 132 | 60.5-0.47 -41.5 | 39.8-0.31-13.1
10 16.1 - 0.37 - 14.1 | 17.6-037 - 146 | 34.7-03-11.7 57.5-05-422 | 346-031-11.8

TABLE III
RELATIVE ERROR (%) ON OBSERVED VALUES, RMSE AND ERROR RATE (%) ON MISSING ENTRIES OF o-NMD, EBCD-NMD, TSVD oN THE CBCL
DATASET.

rate are computed exclusively on the missing entries, rather
than across all input data.

For our experiments, we use a subset of 243 images from the
CBCL dataset (to keep the time for the numerical experiments
reasonable, since we will average the results over 10 runs,
using 3 ranks and 5 levels of missing data for each data set),
a collection of 2429 grayscale facial images with 19 x 19 pixels
each. To simulate incomplete binary data, we first normalize
the input matrix by dividing all entries by the largest value,
then apply rounding to obtain binary values. A subset of the
entries is then randomly masked to simulate missing data.

In the case of matrix completion, we use the WLRA
algorithm to perform the TSVD. This algorithm is initialized
randomly, making it nondeterministic. Therefore, all reported
results are averaged over 10 runs. Table [lIl] reports the relative
error on the observed entries in addition to the RMSE and
error rate on the missing ones.

Across all configurations, our proposed method consistently
achieves the lowest reconstruction error on the observed
entries, particularly when initialized with TSVD. Regarding
the performance on missing entries, c-NMD also shows com-
petitive performance, especially in low-rank settings. At rank
r = 2, it outperforms all baselines in both RMSE and classi-
fication error, regardless of the percentage of missing data. At

rank r = 5, it remains competitive and often achieves the best
performance, especially when the proportion of missing values
is moderate (10-30%). At higher ranks (r = 10), TSVD and
eBCD-NMD catch up in terms of RMSE or error rate.

In addition to the CBCL dataset, we conducted experiments
on a subset of the TDT2 dataset [12] consisting of 382
documents represented by 299 words. As shown in Table
the results on TDT2 follow the same trends observed with the
CBCL dataset. c-NMD generally outperforms other methods,
achieving the lowest RMSE and error rate on missing entries at
lower ranks, and the best reconstruction error on observed data
across most settings, regardless of the proportion of missing
values.

C. Reconstruction of the identity matrix

Table |V| evaluates the ability of o-NMD to reconstruct the
identity matrix of dimension n, X = I,, for various matrix
sizes n and ranks r. The table reports the percentage of
successful reconstructions, defined as instances where the error
rate is exactly zero, out of 100 trials.

The results show that o-NMD achieves near-perfect recon-
struction of the identity matrix for ranks » = 4 and r = 5,
with a success rate above 85% for all matrix sizes. For r = 5,
the performance remains above 95% even for larger matrices
(n = 20 and n = 25). In contrast, r = 3 yields more variable



missing | 1’s o-NMD o-NMD eBCD-NMD eBCD-NMD

(%) (%) | rank (TSVD init.) (random init.) (TSVD init.) (random init.) TSVD
2 775-031-124 | 781-031-12.6 | 79.5-0.31-122 | 79.8-0.31-123 | 79.5-0.31 - 12.3

10 14 5 61.5-028-9.74 | 614-0.28-9.78 | 72.6-0.29-11.2 | 728 -0.29 - 11.3 | 72.7-0.29 - 11.1
10 45.1-0.32-11.0 | 45.8-0.32-109 | 66.2 -0.27 - 10.2 | 66.2 - 0.27 - 10.2 | 66.6 - 0.28 - 10.1
2 772 -031-125 | 77.7-031- 126 | 794 -0.31-12.5 | 804 -031-12.8 | 79.3-0.31 - 12.6

20 14 5 60.7 - 0.29 - 10.2 | 60.4 - 0.29 - 10.2 | 724-0.29-11.2 | 735-029-11.8 | 72.1 - 0.29 - 11.3
10 434 -033-11.1 | 442-033-11.3 | 66.2-0.28 -10.1 | 67.2-0.28 - 10.8 | 66.1 - 0.28 - 10.1
2 773-031-125 | 77.6-031-125 | 794-031-129 | 81.4-032-13.6 | 794 - 0.31 - 12.5

30 15 5 59.6 - 0.3 - 10.6 595-03-10.6 | 72.2-0.29 - 11.6 75.0 - 0.3 - 12.9 72.1-0.29-11.3
10 40.7 - 034 - 11.8 | 41.7-034-12.0 | 659 -0.28 - 104 | 69.0 - 0.29 - 12.3 | 65.7 - 0.28 - 10.2
2 775-031-123 | 77.8-031-125 | 79.3-0.31-12.6 | 82.8-0.32-139 | 794 - 0.31 - 12.5

40 15 5 59.3 - 0.31-11.1 58.7-03-109 | 720-0.29 - 11.5 | 76.8 - 031 -13.5 | 71.9-0.29 - 11.4
10 38.1-035-124 | 394-035-12.8 | 65.3-0.28 - 10.3 71.1 - 0.3 - 13.3 65.3 - 0.28 - 104
2 771 -031-12.6 | 77.2-031-12.7 | 795-031-129 | 849-033-145 | 79.5-0.31 - 12.7

50 15 5 582-032-119 | 574-032-11.8 | 71.7-0.29 - 11.7 | 793 -0.32 - 143 71.9-03 - 115
10 354-036-132 | 379-036-13.8 | 64.7-0.29 - 109 | 74.0 - 032 - 14.3 | 64.8 - 0.29 - 10.7

TABLE IV
RELATIVE ERROR (%) ON OBSERVED VALUES, RMSE AND ERROR RATE (%) ON MISSING ENTRIES OF 6-NMD, EBCD-NMD, TSVD ON THE TDT2
DATASET.

results, with success rates dropping to 18% for n = 25. This
highlights the complexity of the problem, and the fact that
0-NMD can be stuck in spurious local minima —Recall that
the identity of any dimension can be approximated up to any
precision by o-NMD of rank 3; see Section

Compared to eBCD-NMD and the TSVD, ¢-NMD demon-
strates superior robustness and accuracy. As expected, the
TSVD cannot reconstruct the identity matrix except for the
trivial case r = n = 5. e BCD-NMD performs well for small
n and higher ranks, but its performance is less consistent than
that of 0-NMD, particularly in settings with limited rank or
larger matrix sizes.

Overall, these results confirm that o-NMD is highly effec-
tive at capturing structured patterns.

o-NMD | o-NMD [eBCD-NMD [ eBCD-NMD
’ n r | (TSVD) ‘ (rand) (TSVD) (rand) ‘ TSVD ‘
3 100 94 0 100 0
5 4 100 100 0 100 0
5 100 100 100 100 100
3 0 62 0 2 0
10 | 4 100 99 0 99 0
5 100 100 0 100 0
3 100 82 0 0 0
15| 4 100 93 0 21 0
5 100 99 0 99 0
3 100 69 0 0 0
20 | 4 100 89 0 1 0
5 100 95 0 58 0
3 0 18 0 0 0
25 | 4 100 85 0 0 0
5 100 95 0 38 0
TABLE V

NUMBER OF TIMES, OUT OF 100 TRIALS, WHEN THE ERROR RATE OF
o-NMD, EBCD-NMD AND TSVD IS EQUAL TO ZERO FOR X = I,,. NOTE
THAT ALGORITHMS WHICH ARE INITIALIZED USING THE TSVD, AND THE

TSVD ITSELF, HAVE VALUE 0 OR 100 SINCE THEY ARE DETERMINISTIC.

IV. CONCLUSION

In this paper, we proposed o-NMD (@), a new nonlinear
matrix decomposition model using the sigmoid function. o-
NMD can approximate matrices whose entries are in a given

interval (we focused on [0, 1], but the proposed algorithm can
be easily adapted) and is able to approximate well-structured
matrices (such as the identity) as well as identify nonlin-
ear structures. We then designed an algorithm for o-NMD
using an alternating block coordinate descent scheme with
gradient-based updates. We also proposed a scaling strategy
to accelerate convergence, as well as a clever initialization
scheme based on the TSVD. Experimental results show that
o-NMD outperforms TSVD and ReLU-NMD in compressing
and completing binary matrices, achieving lower errors. It also
has significantly better performance on the identity matrix.
Future work will focus on accelerating the algorithm and
extending it to other nonlinear decomposition tasks.
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