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Abstract—THIS PAPER IS ELIGIBLE FOR THE STUDENT
PAPER AWARD. This work studies the problem of reliably
estimating a subspace in a federated setting, when some nodes’
outputs can be compromised by Byzantine attacks. Typically,
the subspace of interest is the principal subspace of an unknown
symmetric matrix. Each node has access to data that can be used
to estimate this matrix and its principal subspace. This meta-
problem occurs in various applications; two important examples
are federated PCA, and the spectral initialization step of iterative
solutions to various low-rank (LR) matrix recovery problems
in federated settings. We introduce a novel solution framework
called Subspace-Median to solve this problem in a provably
Byzantine-resilient, communication-efficient, and private fashion.

I. INTRODUCTION

Federated learning is a setting where multiple entities/nodes
collaborate to solve a machine learning problem. Each node
stores its data locally and can communicate only with the
central server or service provider. Nodes share summaries
of their data with the central server which aggregates these
and broadcasts the aggregate to all the nodes [1]. One of the
challenges in this setup is adversarial attacks on the clients. In
this work we consider Byzantine attacks, defined using their
most general definition [2]. There has been a large amount of
recent work on Byzantine-resilient learning [2]-[5], [5]-[7],
[7]-[18]. Much of these come with either no guarantees or
asymptotic guarantees. Almost all of these works study the
gradient descent (GD) or stochastic GD algorithms. Typical
solutions involve replacing the sum/mean of the gradients
from the different nodes by a different robust statistic, such as
geometric median (of means) [2], trimmed mean, coordinate-
wise mean [4] or Krum [3].

A. Problem setting

The goal is to reliably estimate an r-dimensional subspace
of N" in a federated setting, when some nodes can be Byzan-
tine. Typically, this subspace is the span of top r eigenvectors
(principal subspace) of a symmetric matrix ®*. Denote the
n X r matrix containing basis vectors for this subspace by U *.
We assume that there are L total nodes and each node observes
a data matrix, D, of size n X gy, that allows it to estimate
this matrix as ®, = DyD, /q,, followed by computing its
top r eigenvectors. Some nodes may send Byzantine outputs.
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This means that these nodes can create adversarial outputs in
order to arbitrarily corrupt the estimates of the algorithm being
implemented!. The federated setting requires the algorithms to
be communication-efficient and private. Here private means
that the center should not have access to the nodes’ raw data.

Here and below, all U matrices denote the subspaces
spanned by their columns. For two n x r matrices U, Us
with orthonormal columns, we use SDg(Uy,Us) = ||(I —
U,U, " )U,||r to quantify the Subspace Distance (SD) be-
tween their column spans. This is the ¢ norm if the sine of
the r principal angles between the two subspaces.

Assumption 1.1 (Number of Byzantine nodes). We assume
that at most 7L nodes are Byzantine, with T < 0.4. Denote
the set of good (non-Byzantine) nodes by Jyo04. Equivalently,
this means that | Jgo0q| > (1 — 7)L.

B. Contribution and Novelty

This work provably solves the Byzantine-resilient federated
subspace estimation problem in a communication-efficient
and private fashion. We introduce a novel approach called
Subspace-Median for solving it, and provide a simple guar-
antee for it to work. We also explain why the most obvious
solution, a geometric median based modification of the power
method, does not work. Numerical experiments are used to
corroborate our theoretical guarantees and discussion.

The federated subspace estimation meta-problem occurs in
various applications; two important examples are federated
PCA, and the spectral initialization step of iterative solutions to
various low-rank (LR) matrix recovery problems in federated
settings. One component that is missing in most existing
work on Byzantine resilient optimization is how to develop
a resilient algorithm initialization that enables the algorithm
(typically gradient descent or stochastic GD) to converge to a
specific minimizer (usually the signal of interest). Most works
either consider strongly convex cost functions (which have
only a unique minimizer), or prove convergence to a local
minimizer. But, good initialization is a critical component
for correctly solving a large number of structured signal and

'A Byzantine node can observe outputs of all the nodes and knows the
algorithm being implemented and its parameters. Also the various Byzantine
nodes can collude.
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matrix recovery problems and many mildly (e.g., element-
wise) nonlinear problems. Some examples includes low rank
(LR) column-wise sensing [19], LR matrix completion, robust
PCA, and standard, sparse, or LR phase retrieval [20]. All
iterative, e.g. GD-based or AltMin-based, solutions to these
problems are initialized using a spectral initialization, which
involves subspace estimation. To our best knowledge, there is
no existing provable solution for Byzantine resilient federated
PCA or subspace tracking. Thus, our algorithm and proof
techniques are of independent interest for many of these
problems as well.

In the long version of this work, we have used subspace

median for Byzantine-resilient federated PCA and federated
low rank (LR) column-wise sensing.
Novelty. Subspaces do not lie in a vector space whereas
almost all existing work on Byzantine resiliency is in the
context of gradient descent w.r.t. vector space variables. A
commonly studied approach in this area is the geometric me-
dian (GM) [2]. The GM is defined using the Euclidean distance
(Y5 norm for vectors and Frobenius norm for matrices). But
this is not a valid measure of distance between subspace
basis matrices, e.g., U, —U specify the same subspace even
though ||U — (—U)||r = 24/ # 0. Our work provides a
novel approach to solve this problem. Our proposed algorithm,
“Subspace-Median”, first computes the projection matrices
for the subspace estimates obtained from different nodes,
vectorizes them, and combines these by computing their GM.
The output is then obtained by finding the subspace estimate
whose vectorized projection matrix is closest to the GM.

C. Existing Work

One of the first non-asymptotic results for Byzantine attacks
is [2]. This used the geometric median (GM) of means to
replace the regular mean/sum of the partial gradients from
each node. Under strong convexity and standard assumptions,
it provided an exponentially decaying bound on the distance
between the estimate at the t-th iteration and the unique
global minimizer. In follow-up work [4], the authors studied
the coordinate-wise mean and the trimmed-mean estimators
and developed guarantees for both convex and non-convex
problems. Because this work used coordinate-wise estimators,
these new results needed smoothness and convexity along
each dimension. Another interesting series of works [6], [8]
provides non-asymptotic guarantees for Byzantine resilient
stochastic GD. These last two works assume that the set of
Byzantine nodes is the same for all GD iterations.

The above works considered the homogeneous data setting
(the data that is i.i.d. (independent and identically distributed)
across all nodes). More recent work has focused on hetero-
geneous distributions and proved results under upper bounds
on the amount of heterogeneity [12]-[15]. Other works rely
on detection methods to handle heterogeneous gradients [5],
[71, [16]-[18]. These assume the existence of a trustworthy
root/validation dataset at the central server and that is used
for detecting the adversarial gradients.

Algorithm 1 Subspace Median

Input Subspace estimates Uy, ¢ € [L].
Parameters T,

1: Orthonormalize: U, « QR(U,), ¢ € [L]

2: Compute Py, + UU/, ( € [L]

3: Compute GM: Py, + approxGM{Py,, £ € [L]}
(Use [26, Algorithm 1] with parameter Ti,,).

4: Find lpeqr = arg ming ||PUg - Pgm,HF

5: Output U,y = Uy,, ,,

We should mention that the federated robust Subspace
Tracking work [21], [22] deal with robustness to row-wise and
column-wise sparse outliers in the data matrix. This means
only a few entries of each data vector can be corrupted.
Byzantine attack on Lp,, nodes means that g - (Lpy./L)
of the data vectors may be entirely corrupted; while the
rest of the ¢ — g(Lpy./L) data vectors are clean. The two
problems are thus quite different and need different techniques.
Furthermore, existing literature on federated PCA, including
works by [23]-[25] does not address the susceptibility to
Byzantine attacks, nor does it consider any form of malicious
attacks targeting the output of an entire node.

II. RESILIENT FEDERATED SUBSPACE ESTIMATION

We develop a solution approach that relies on the geometric
median (GM). The GM is one well-known approach to com-
pute a reliable estimate of a vector-valued quantity using mul-
tiple individual estimates of it when some of these estimates
may be corrupted by outliers [2], [27]. For L data vectors
z1,22,. .., 2L, this is defined as z,,, = min, Zle llze—z||.
Here and below, ||.|| without a subscript denotes the Iy
norm. The GM cannot be computed in closed form. When
we say Zgm is a (1 + €) approximate GM we mean that
ZZL:1Hng —z¢|| < (1+¢€p) mingepn ZZL:le — 2y||. There
are two popular iterative solutions for computing this. The
most commonly used one in practice, Weiszfeld’s algorithm
[28], [29], does not come with a useful iteration complexity
guarantee. The work of [26] introduced a nearly linear-time
algorithm with the following guarantee. We state this below.
Our theoretical result assumes that this is used.

Claim 2.2 (Theorem 1 [26]). Consider [26, Algorithm 1]. With
constant probability, 1 — cqo (with co < 1 being a numerical
constant), it obtains a (1 + €4, )-approximate GM in order
Tom = Clog(eg%) iterations. Its per iteration complexity is
order Ln logQ(EQ%)). Thus, its total time complexity is order
Lnlog®(-L-).

€gm

Here and below, we reuse the letters c, C to denote different
numerical constants in each use with the convention that ¢ < 1
and C > 1.

In Appendix A, we explain how to analyze the (approxi-
mate) GM for robust estimation.
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A. Proposed solution: Subspace Median

Notice from above that the GM is defined for quantities
whose distance can be measured using the vector /s norm
(equivalently, matrix Frobenius norm). Our solution adapts the
GM to use it for subspaces by using the fact that the Frobenius
norm between the projection matrices of two subspaces is
another measure of subspace distance: |Py — Pu«|lr =
V2S8SDp(U,U*) [30, Lemma 2.5]. Here Py := UU | is the
projection matrix for subspace U (assumes U has orthonormal
columns).

Our approach, which we refer to as “Subspace Median”
proceeds as follows. Each node computes a subspace estimate,
denoted Uy, and sends it to the center. If node £ is good, then
Ug already has orthonormal columns; however if the node is
Byzantine, then it is not. The center first orthonormalizes the
columns of all the received U: U, = QR(U,) for all ¢ €
[L]. Tt then computes the projection matrices Py, := U,U,",
¢ € [L], followed by vectorizing them, computing their GM,
and then converting the GM into a matrix. Denote this by
Pym . Finally, the center finds the ¢ for which Py, is closest
to Py, in Frobenius norm and outputs the corresponding Uy.
We summarize the complete algorithm in Algorithm 1. We can
show the following for it.

Theorem 2.3 (Subspace-Median). For a § > 0, consider
Algorithm 1 with Tg,, = C log( ) Assume that Assumption
1.1 holds. If for all £ € Jyo0d,

Pr(SDp(U*,Uy) <) >1—p
then, w.p. at least 1 — ¢y — exp(—L(0.4 — 7, p)),
SDp(U*,Uyu) < 236.

Here ¢(a,b) := (1 — a)log :=% + alog ¢ for 0 < a,b <1 is
the binary KL divergence.

B. Federated subspace estimation: two obvious solutions vs
Subspace Median

Let o7 > ... > o denote the singular values of ®*. Recall
that our goal is to estimate its principal subspace U*. We first
explain why the two obvious solutions to this problem fail,
and then show how Subspace Median provides an efficient
solution. In a centralized setting, the obvious solution would be
to compute the GM of the vectorized matrices ®, followed by
obtaining the principal subspace (r-SVD) of the GM matrix;
this was studied in [27]. However, in a federated setting, this
is communication inefficient because it requires each node to
share an n x n matrix. For the same reason it is not private
either. We refer to this as “Share Raw Data”.

For a communication-efficient and private solution, in the
no-attack federated setting, one would use the distributed
power method [31], [32]. A direct modification of this to
deal with attacks is to use its GM based modification: at
each iteration, instead of summing the n X r matrices, Ug =
(®,U) received from each node, we compute the GM of
their vectorized versions. We refer to this as Resilient Power
Method (ResPowMeth), and summarize it in Algorithm 2.

Algorithm 2 Resilient Power Method - a bad solution

Parameters T,,.,, Tym, w
1: Central Server Randomly Initialize U,.,,q4 With i.i.d stan-
dard Gaussian entries. Set Uy = U,4n4.
2: for ¢t € Tjp,y do
Nodes ¢/ =1,..., L
Compute ®,U;_;
Central Server
GM < approzGMthresh{®,U;_1, £ € [L]}
(Use [26, Algorithm 1] with Ty, iterations on
{®U;s_1, L€ [LI}\{L: || PeU—1]| > w})
7:  Orthonormalize: using QR GM L OUR
8:  Return U; + U
9: end for
10: Output U,y < Ur

pow

SANANE

However, this works with high probability (w.h.p.) only if all
the ®,’s are extremely accurate estimates of ®*. The reason
it needs this is because it computes the GM of the node
outputs ®,U at each iteration including the first one. At the
first iteration, Uy is a randomly generated matrix and thus,
w.h.p., this is a bad approximation of the desired subspace
span(U*). Consequently, the same is true for the column span
of Ug = ®,Uj’s. Thus, unless all the ®,’s are very similar,
the column spans of the different U,’s are not very close.
As a result, the GM of their projection matrices is unable to
distinguish between the good and Byzantine ones, and, there
is a good chance it approximates the Byzantine one(s). This
then means that the updated U is also a bad approximation
of span(U*). The same idea repeats at the second iteration.
Thus, with significant probability, the subspace estimates do
not improve over iterations. This intuition is captured in the
guarantee provided next.

Theorem 2.4 (Resilient Power Method (ResPowMeth) guar-
antee). Assume that Assumption 1.1 holds. Assume also that
> A for a A > 0. Consider ResPowMeth

log ( Lnr )

or — 0 ;
(Algorithm 2) with Tpoy = C%10g(2), Tym
and w = 1.1o{+/r. If, for all { € Tyo04,

1 1
— P < — >1-—
prf | - @] < o min( . m)A} 1-p

then w.p. at least 1 — ¢y — Lp — exp(—L1(0.4 — 7,p)) — %,
SDF(Uout7 U*)
The communication cost is N1 1o, = Cnrie log( ) per

node. The computational cost at the center is anTgm Tpow =
nrL2e 1og (Lm) log( ). The computational cost at any node
is nqeerow = nger T log(2).

Observe that this result needs |®, — @*|| <
min(e/+/r,1/(nr)) - A. This is a very stringent requirement,
e.g., even to get an ¢ = 0.1 accurate subspace estimate, we
need |[®, — ®*|| < A/nr. On the other hand, by combining

Theorem 2.3 with Davis-Kahan sin © theorem [33], we can
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show the following for Subspace Median. This only needs
[®r — @7 S (¢/ VA

Theorem 2.5 (Subspace-Median guarantee). Assume that As-
sumption 1.1 holds. Assume that o) — o7, > A fora A > 0.
Consider Algorithm 1 with Ty, = C log(%). Assume that,
Jor all { € Jyo0d

. €
pef i - < g af 21
Then, wp. at least 1 — co — exp(—Lp(0.4 — 7,p + —17)),
SDp (U, U*) < e.

The communication cost is nr per node. The computational
cost at the center is order n2Llog> (%)

If we assume that each node uses the power method with
Tpow iterations to compute the singular vectors, then we need
Tpow = C %: log(%) to guarantee that the above conclusion
holds w.p. at least 1 — coy — exp(—L (0.4 — 7,p+ -15)). With
this, the computational cost at any node is order ngerTpow.

C. Discussion

The “Share Raw data” approach has very high communica-
tion cost and is not private. ResPowMeth is communication-
efficient and private, but needs a very tight bound
on max ||[®, — ®*||. Subspace Median needs a much
looser bound on this quantity. Moreover, it is even more
communication-efficient than ResPowMeth (nodes only need
to share the final Uy).

In terms of computation cost, both ResPowMeth and
Subspace-Median have the same cost at the nodes. But at the
center, the per iteration cost is higher for Subspace Median by
a factor of n/r roughly (because it needs to compute the GM
of n? length vectors). However, this needs to be done only
once. In case of ResPowMeth, the GM of nr length vectors
needs to be computed Tpo,, = Clog(n/e) times. In many
practical applications, the nodes are power limited, and hence
their computation cost, and communication cost, needs to be
low. The computational cost at the center is a lesser concern.

An open question for future work is, is it possible to
reduce the computational cost of the GM step of Subspace
Median by trying to compute the GM of U,U,’ Q’s for some
appropriately chosen n xr matrix Q. The approach needs to be
carefully designed to avoid the shortcomings of ResPowMeth.

III. PROOFS

Proof of Theorem 2.3. The proof uses the GM lemma given
in Lemma 1.8 Appendix A and careful linear algebra. Since
SDp(U,,U*) = (1/v/2)||Pu, — Pu-||r [30, Lemma 2.5],
thus, the theorem assumption implies that maxee 7, ,,, || Pu, —
Pu-|lr < V26.

Observe that ||Py|lp < +/r for any matrix U with or-
thonormal columns. Thus ||Py,|| < /r for all ¢ including
the Byzantine ones (recall that we orthonormalize the received
Uys using QR at the center before computing Pys,). Hence,
using GM Lemma 1.8, we have w.p. at least 1 — ¢y —
exp(—Ly (0.4 — 7,p))

Hpgm » PU*

Here Py, = GM{Py,,¢ € [L]}. Thus,

- Pgm HF

max ||P,
Ze‘yg())(od, H U,

F

< max ||Pu, — Pu«
LETgo0d

< V28 + 6720 + 5egmn/T = TV25 + Segmn/T

P+ |Pgm = Pu-

w.p. at least 1 —co—exp(—L1(0.4—7,p)). Next we bound the
S D between Py, and the node closest to it. This is denoted
lpest in the algorithm.

1Pu,., = Pomllr = min |[Pu, = Pgmllr

< Igin Py, — Pgmllr

good

< —
= max Pu, = Pgmllr

< 7\/56 + 5€gm\/7j

In this we used Jyo0a € [L] and hence the minimum value
over all L is smaller than that over all £ € Jg00q4. We use this
to bound the SD between Uy, ., and U™.

Pu,,, = Pu-llr
<|Pu,,, . —GM|F+|GM —Pu-|r

< TV25 + 5 gmn/T + 6725 + 5e g /T
< 13v/28 + 10egm /7 2)

Set €gm = 5v/2/+/r. Thus, we have that, w.p. at least 1 —c —
exp(—Ly (0.4 — 7,p)),

IPu,,. , — Pu-llr < 23V26

This  then  implies that SDgp(Uyyu,U¥) =
SDr(U,,,,,,U*) <236 since U,y = Uy,,,,.
Note: It is possible that Cpes is not a good node (we cannot

prove that it is). This is why the above steps are needed to
bound ”PU%M — Pu-|lp. O

Proof of Theorem 2.4. Use the GM lemma for unbounded
vectors, Lemma 1.9 Appendix A, to bound ||GM{®,U}L_ —
®*U|| r followed by interpreting ResPowMeth as an instance
of the noisy power method studied in [34]. Apply [34, Corol-
lary 1] with G; = ®*U — GM{®,U}L_|. See Appendix
B-B. O

Proof of Theorem 2.5. The first part is a direct consequence
of Theorem 2.3 and the Davis-Khan sin © theorem stated next
[33]. This bounds the distance between the principal subspaces
of two symmetric matrices. The version of Davis-Kahan sin ©
theorem [33] stated next is taken from [30, Corollary 2.8].

The second part uses guarantee for the power method from
[34] and is proved in Appendix B-A .

Claim 3.6 (Davis-Kahan sin © theorem [33], [30]). Let ®*, ®
be n x n symmetric matrices with U* € R"*", U € R"*"
being the matrices of top r singular/eigen vectors of ®*, ®
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[ Attacks | Methods [ rank-(r +1) | full rank |
o SubsMed [ 0.091(0.689) | 0.348(0.680) |
| ResPowMeth | 0.898(0.497) | 0972(0475) |

ones | SubsMed [ 0.091(0.669) | 0.349(0.704) |

[ ResPowMeth | 0.952(0.477) | 0.990(0.513) |

orth ] SubsMed [ 0.091(0.672) [ 0.343(0.689) |
gonal T ResPowMeth | 0.208(0.475) | 0.366(0.500) |

[ No Attack | PowMeth (Baseline) | 0.050(0.505) | 0.182(0.529) |

TABLE I: n = 1000, L = 3, Ly,. = 1, r = 60, ¢ = 1800,
Tpow = 10.

respectively. Let of > ... > o) be the eigenvalues of ®*. If

oF — ok, > 0and |® — ®*|| < (1—%)(0:—

2Vr||® — &7

* _ ok
O Ur+1

074 1) then

SDp(U,U") <
Suppose that, for all £ € Jyo0d,
Pr{|[®, — & <bo} >1-p

Using Claim 3.6, if by < (1 — 1/\/§)A, this implies that, for
all £ € Jyood, W.p. at least 1 —p,

SDF(UZ7 U*) S

2\/7bo
A

Using Theorem 2.3 with § = Q\T’O, this then implies that,
w.p. at least 1 — ¢o — exp(—L(0.4 — 7,p)),

E 46[—

To get the right hand side < € we need by < WA'

2
SDF(UoutaU*) < 23 \Qbo

IV. SIMULATION EXPERIMENTS

All numerical experiments were performed using MATLAB
on Intel(R)Xeon(R) CPU E3-1240 v5 @ 3.50GHz processor
with 32.0 GB RAM.

Data generation. We generated ®* = U7,;;SruUj,; "
with Uy, generated by orthogonalizing an n x n standard
Gaussian matrix; Sy, is a diagonal matrix of eigenvalues.
This was generated once. The model parameters n, r,q,
L,Ly,, = 7L, and diagonal entries of Sy, are set as
described below. In all experiments, we averaged over 1000
Monte Carlo runs. In each run, we sampled ¢ data vectors from
the Gaussian distribution, A/(0, ®*) to form the data matrix
D. This is split into L column sub-matrices, Dy, D5, ..., Dy,
with each containing ¢ = ¢q/L columns. ¢, L are set so that
q/L is an integer. Each run also generated a new U4 to
initialize the power methods used by the nodes in case of
SubsMed and used by the center in case of ResPowMeth. Let
Lby =T L.

Attacks. Since federated subspace estimation problem has
not been studied for Byzantine resiliency, there are no known
difficult attacks for it. It is impossible to simulate the most
general Byzantine attack. We focused on three types of attacks.
Motivated by reverse gradient (rev) attack [35], we generated

the first one by colluding with other nodes to set Ugorpupt
as a matrix in the subspace orthogonal to that spanned by
Z@ U[ at each iteration. This is generated as follows. Let

= Y, U (in case of SubsMed) and U = Y, ®,U;
(for ResPowMeth) Orthonormalize it U = orth(U ) and let

M =I-UU", obtain its QR decomposmon ML UperpR
and set Ucorrupt = (W/v/T)Uperp(:; 1+ 7). We call this
Orthogonal attack. Since SubsMed runs all its iterations
locally, this is generated once for SubsMed, but it is generated
at each iteration for ResPowMeth. The second attack that
we call the ones attack consists of an n X r matrix of
—1 multiplied by a large constant Cgtack- The third attack
that we call the Alternating attack is an n X r matrix of
alternating +1, —1 multiplied by a large Cyttace > 0. We
set Cattack = 0.9w//nr.

Algorithm Parameters. For all GM computations, we used
Weiszfeld’s algorithm initialized using the average of the input
data points. We set Ty, = 10, Tp0, = 10.

Experiments. We report mean SDp (mean time) in Table I.
Here mean S Dy is mean over all 1000 Monte Carlo runs.In
our first experiment, we let n = 1000, r = 60, ¢ = 1800,
L = 3,Ly,. = 1, and we let Sy, be a full rank diagonal
matrix with first r entries set to 15, the (r + 1)-th entry to
1, and the others generated as 1 — (1/n),1 — (2/n),.... In
our second one, we simulated an approximately low rank X*
by setting its first r entries set to 15, the (r + 1)-th entry
to 1, and the other entries to zero. We report results for both
these experiments in Table I. Observe that in both experiments,
the error of SubsMed is much lower or lower than that of
ResPowMeth. When going from full rank to approximately
low rank X*, the error reduces for both, but the reduction is
higher for SubsMed.
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APPENDIX A
USING THE GEOMETRIC MEDIAN (GM) FOR ROBUST
ESTIMATION

In robust estimation, the goal is to get a good estimate of a
vector quantity z using L individual estimates of it, denoted
zy¢, when most of the estimates are good, but a few can be
arbitrarily corrupted or modified by Byzantine attackers. A
good approach to do this is to use the GM. The following
lemma, borrowed from [2], studies this.

Lemma 1.7. Let A = {z1, ..., 21} with each zy C R™ and let
Zgm denote their (1+ €4,,) approximate GM estimate. Fix an
a € (0,1/2). Suppose that the following holds for estimates
from at least (1 — o)L nodes: ||z¢ — Z|| < €||Z]|. Then, w.p.
at least 1 — cg,

L *
) ) ST
Vzgm — 21| < Coell 2] + egm 2=t 1Z” = 2l

(1-2a)L
s maxyer] ||zl
< - -t
< Cuel 2l + gm <7
_ 2(-qa)
where Co, := 7.

To understand this lemma simply, fix the value « to 0.4.
Then C, = 6. We can also fix €4, = €. Then, it says the fol-
lowing. If at least 60% of the L estimates are € close to 2, then,
the (1+¢) approximate GM, 2, is 11e max(||Z||, maxg || z¢||)
close to z. The next lemma follows using the above lemma and
is a minor modification of [2, Lemma 3.5]. It fixes o« = 0.4
and considers the case when most estimates are good with
high probability (whp).

Lemma 1.8. Let A = {z1,...,z} with each zo C R", and
let zgpm, denote a (1 + €gy,) approximate GM. For a T < 0.4,
suppose that, for at least (1 — 1)L z;’s,

Pr{jze — 2| <e€llz[} = 1 —p
Then, w.p. at least 1 — co — exp(—L(0.4 — 7,p)),

2 = 21| < 6€l2] + Segm ma, 1

where 1(a,b) = (1 — a)log =% + alog %.
Furthermore, if || z¢|| < ||Z]|, then || zgm—Z|| < 11€||Z|| with
above probability. The number of iterations needed is T4, =

C'log( L" ), and the time complexity is O(nL log?’(eg%)).

€gm

Suppose that, for a 7 < 0.4, at least (1 — 7)L zys are
“good” (are € close to z) whp. Let €4, = € and suppose
that all z,’s, including the corrupted ones, are bounded in 2-
norm by ||Z||. Then, the (1 + €)-approximate GM is about
11€||Z|| close to Z with at least constant probability. If the
GM is approximated with probability 1, i.e., if ¢y = 0, then,
the above result says that, for p small enough and large L,
the reliability of the GM is actually higher than that of the
individual good estimates. For example, for a p < 0.01, the
probability is at least 1 — p“(94=7) The increase depends on
(04 —7) and L, e.g., if 7 > 0.2 and L > 10, then, the
probability is at least 1 — p-2F > 1 — p?.

Using the above result for unbounded z;s. In settings where
all z,’s are bounded, the above result is directly applicable.
When they are not bounded, we need an extra thresholding
step. Observe that, from the lemma assumption, w.p. at least
1— Lp, the good z,’s are bounded by (1+¢)||Z]||. Thus, to get
a bounded set of z,’s while not eliminating any of the good
ones, we can create a new set A;p.csp, that only contains zgs
with norm smaller than threshold w = (1 + ¢€)||Z]|, i.e., we
use Atnresh = {21, .., 2z} \{ze : ||zel] > (1+¢€)||Z||} as the
input to the GM computation algorithm [26, Algorithm 1]. We
have the following corollary of Lemma 1.9 for this setting.

Lemma 1.9. Let z,, denote a (1 + €4.,) approximate GM
of {z1, ..z} \ {z¢ : ||ze|| > w}, all vectors are in R™. Set
w = (14 ¢)||2||. For a 7 < 0.4, suppose that, for at least
(1=7)L z¢’s,

Pr{llze — 2| <€llz[} >1—p
Then, w.p. at least 1 — co — Lp — exp(— L (0.4 — 7, p)),
[zgm — Z|| < 6¢€[|Z|| + 5egm (1 + €) | 2]| < 14 max(e, €gm )| 2]l
The number of iterations needed is Ty, = C log(}), and
am
the time complexity is O(nL logS(%)).
gm
APPENDIX B
RESILIENT FEDERATED SUBSPACE ESTIMATION APPENDIX

A. Proof of Theorem 2.5, second part (SVD at nodes computed
using power method)

This uses the guarantee for the power method summarized
in Claim 2.10 Appendix B-B [34].
Suppose that, for all £ € Jyo0d,

Pr{[[®; — & <bo} =1 -p

Using Claim 3.6, if by < (1 — 1/\/§)A, this implies that, for
all £ € Jgood, W.p. at least 1 —p,

SDp(U,.U") < 2V 3)

Suppose that U, is an estimate of Uy computed using the
power method. Next we use Claim 2.10 to help guarantee
that SDp(U,,Uy) is also bounded by 24/7bo/A. Using
Claim 2.10 with ® = ®,, U = Uy, G, = 0 for all 7,
€pow = 220, and v = n'?, we can conclude that if T}, >

or , n-n'® 3
C @i @y log (), then SD2(Ur,Us) < 6oy =

% w.p. at least 1 — p — 1/n!%. Here o; = o;(®,). Using
|®@; — ®*|| < by and Weyl’s inequality, o, — o1 > A — 2b
and o, < o) + bg. Thus, if

O'; -|— b() A
>0 7Y =
Toow > CA T log(nbo)
then
2bg

SDQ(ﬁ€7U€) S €pow = X

w.p. at least 1 — p — 1/n'®, This then implies that

SDF(Ijg, Ug) < 2b0A\/F.
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Combining this bound with the Davis-Kahan bound from

(3), we can conclude that, w.p. at least 1 — p — 1/n'0,
N 2./rb b
SDp(0.U") < 22010 — 45t @

Applying Theorem 2.3 with § = 4\/77%0, this then implies
that, w.p. at least 1 — exp(—Lt (0.4 — 7,p + 1/n'?)),

SDp(Uyu, U*) <23 4\/;%) _ 92\/;%) )

If we want the RHS of the above to be < ¢, we need
€

LN
92./r

and we need Tpo, > C ZTJ;ZO 1og(n%) with this choice of
by. By substituting for by in the above expression, and upper
bounding to simplify it, we get the following as one valid

choice of T},

bo =

)

This used (1 + €)(1 —2¢)~! < (1 + €)(1 + 4¢) < 1 + 6¢ for
€ < 1. Since we are using C' to include all constants, and
using € < 1, this further simplifies to Tpo. = C' % log(%-)

. 2
Tpow = C(1+ GG)JA—T log(n9 gﬁ

B. Proof of Theorem 2.4

Lemma 2.10 [34] describes the convergence behavior of
power method that is perturbed by a "noise"/perturbation G
in each iteration t.

Claim 2.10. [Noisy Power Method [34]] Let U* (nXxr) denote
top v singular vectors of a symmetric n X n matrix ®*, and
let o; denote it’s 1—th singular value. Consider the following
algorithm (noisy PM).
1) Let U,upqg be an n X r matrix with i.i.d. standard
Gaussian entries. Set Ui—g = U, qnq.
2) Fort =1 to Ty, do,
a) UtF‘I’ Ut 1+Gt
b) U < QR(U,)
If at every step of this algorithm, we have

5(Gy]| < 6pow(a;k = U:+1)7
Vr=+r—1
TWn

for some fixed parameter v and €y, < 1/2. Then w.p.
C] CQTL

51U TGl < (07 — o741)

at least 1 — — exp” V2", there exists a Tpoy >
CJ* = log( ) so that after Tpo., Steps we have that
(I — UTpow UT ur|| < €pow

pow

We state below a lower bound on /r — +/r — 1 based on
Bernoulli’s inequality.

Fact 2.11. Writing \/7r — r—1 = \/77<1 — /11— %) and
using Bernoulli’s inequality (1 + r)* < 1+ ar for every real
number 0 < x <1 and r > —1 we have # <Vr—Vr—1

We use Claim 2.10 with G; = ®*U — GM{®,U}L_, and
output Ur

0w € RMXTTo apply it, we need ||Gy| to satisfy
the two bounds given in the claim. We use Lemma 1.9 to
bound it.

Suppose that, for at least (1 — 7)L, ®;’s,

Pe{]|®, — B[ < booi} = 1-p
Since |U||F = +/7, this implies
Pr{||®,U — ®*U|r < bov/roi} >1—p

We use this and apply Lemma 1.9 with zy = vec(®,U) and
zZ = vec(®*U) so that ||Z]| = ||®*U||lr < o7+/r. Setting
€gqm = bo and applying the lemma, we have w.p. at least
1 —co — Lp — exp(—L1(0.4 — 7,p))

1G]l < |GillF = |GM{®U}, — @*Ul|r < 14bov/roy

Recall that o) — 0, ; > A. We thus need 5||G;|| < €A to
hold. This w1]1 hold with high probability if by/rof < & eA
Using Fact 2.11 and v = /n, for the second condition of

Claim 2.10 to hold, we need ||Gt . This then
implies that we need boy/ro] < 5 40n f

Thus we can set by = min 70\[, 140m UAl .

We also need T, > C'— log( 7). This holds if we

set Tpow = C’KT log(”\[).
Hence w.p. at least 1— Lp—exp(—L1(0.4 — 7,p))—1/+/n—
e~“2" > 1 — Lp — exp(—L1(0.4 — 7,p)) — 2/\/n

SDF(Uout7 U*) <e
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