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Stochastic OPtimization (Module 1: Intro)

Why optimization?

Optimization is an multidisciplinary field and it is ubiquitous in industry and real-life decision making. Optimization problems arise in many areas of engineering and
science. For example:

« Industrial Engineering: logistics, scheduling, manufacturing, queuing, facility layout, healthcare

« Chemical Engineering: in minimizing energy consumption, optimization of the separation process

« Computer Engineering: artificial intelligence,specifically machine learning and bid data applications

« Electrical Engineering: image/signal processing, wireless communication networks, sensor networks, and social networks; power systems and market

« Mechanical Engineering: in design, e.g., engines, optimal weight design of a gear train, process parameter optimization in casting

What is an optimization problem?

In optimization, given a set X C R" and a function f : X — R, the goal is to solve the following problem:

minimize  f(x)

: P)
subjectto x € X.

By solving problem (P), we mean to seek a vector x* € X such that f(x*) < f(x) forall x € X.
Definition (optimal solution): A vector x* € X is called an optimal solution to problem (P) if f(x*) < f(x) forall x € X.

Definition (optimal objective value): The lowest value of f(x) over all x € X is called the optimal objective value.

What is a stochastic optimization (SO) problem?

Example (a motivating application of SO in IE): A firm has N distribution centers (DCs) and M retail locations (RLs). For the next year, the firm needs to decide
how much of the product to stock at the DCs and how much to ship to the RLs.

Indices:

« i €{l,..., N} denotes the ith DC
« je{l,..., M} denotes the jth RL

Problem parameters (could be known or afflicted with uncertainty):

« §; is per unit stocking cost at DC i
* ¢;j is per unit shipping cost from ith DC to jth RL
. dj- is demand at jth reltail location.

Decision variables:

« z; denotes the amount of products stored at the ith DC
 y;; denotes the amount of products shipped from the ith DC to the jth RL

Deterministic model:

If the parameters inclduing the demand is known, then we can consider the following optimizaiton problem:

minimize Z,]il sizi + Zil Zj‘il CijYij
subject to
M yy <z forallie{l,...N}
SN oy >d; forallje(l,.., M)}
z; >0 forallie{l,...,N}
yij 20 foralli€{l,...,N}andallj€e {1,...,M}.
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Stochastic formulations
Now suppose that the demand at each retail location is uncertain.

Generally, we can view each dj as a random variable that may take values within a range. Let c~i,- denote the random variable for the demand at the jth RL.

About (ij It has an unknown probability distirbution. We can use historical data to fit a probability distribution. For example, (ij may have a normal distribution with

mean y and variance o2.

Approach 1 (Expected-valued formulation):

Suppose it is possible to violate the demand constraints, but there is a stockout penalty defined as follows:
« pj is the stockout penalty at the jth RL

The firm wants to make its stocking and shipping decisions in a way to minimize the total costs. We can consider the following formulation.

minimize Zl]\il sizi + Z,’il 2?11 cijyij +E [Zj\il pj max {O,Jj - 2,111 yl-j}]
subject to

SH vy <z forallie(l,...,N}

z; 20 forallie{l,...,N}

;20 foralli€ {l,...,N}andallj€ {1,...,M}.

Approach 2 (Chance constrained formulation):

Suppose the firm wants to make its stocking and shipping decisions in a way to guarantee with a probability of 1 — € that the demand will be satisfied. We can
consider the following formulation.

minimize ., Z;IL sizi + Z,’il Z,Zl CijVij
subject to
SH vy <z forallie(l,...,N}
Prob (d; — ¥, y; <0 forallje€ {1,....M}) > 1—-¢
z; >0 forallie{l,...,N}
yij 20 forallie{l,...,N}andallje {1,...,M}.

Rcacling assignment:
If you need to refresh your memory about random variables and expectations, read Chapters 4 and 5 of the following book.

« Applied Statistics and Probability for Engineers, 6th Edition, by Douglas C. Montgomery and George C. Runger

More formal formulations for stochastic optimization

Expected-valued model: The aforementioned model is an example of the following formulation

minimize ,  f(x) £ E[F(x, &)]
subject to (S0)
x € X.

« Here [E[¢] denotes the expectation of a random variable with respect to the random variables.
« x € R" is the vector of decision variables,

« £e R? denotes the random variables,

« F:R"xR?% - Ris a stochastic function,

« and X C R" is the constraint set.

Chance constrained model: The aforementioned model is an example of the following formulation
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minimize , F(x)

subject to
PIG(x,§)<0l=1-¢€
x € X.

ln-—class assignmcnt 1: Consider model (SO). Determine the following terms in the aforementioned example.

* X =0(2,Y) = (215 s ZN> V11> -++ s VIMs Y215 -+ VIM> =+ s YN1s -++ s YN M)
M "32(31,---,;1M)

N N M M ~ N
 F(x,9) =21 sizi + 1y Zj:l ¢ijyij + Z,-=1 pj max {0’ di— Y. yij}

« X={G@»| T yj<z forallie{l,....N}iz.y; >0 foralli € {1,....,N}andallj € {1,....M}}

Why are the above formulations challenging to solve?

What is the expectation of a function of a random variable? What about probability?

Recall that given a random variable 1 and its density function p(u), the expected value of u is defined as follows:

+o0
E() = / up(u)du.

)

Now, consider v = h(u) as a new random variable. Then the expected value of v is as follows

+o0
E(v) = / h(u)p(u)du.

o

For this reason, we can write for every given x € X,

E[F(x, 0] = /R" F(x, p(&)ds.

Also, we can write for every given x € X,

PlG(x.8) < 0] = / p)de.
(86(x.H<0)

The two formulations are challenging because

« Often, the density function p(£) is unknown and we only have access to the past data, i.e., samples of the random variable observed in the past.
« Generally, evaluation of a multi-dimentional integral takes much time, in particular, when the dimension of the random variable is high.

« In addition, when the model becomes nonlinear, it is generally more difficult to solve optimization problems.

Some basic notation and definitions

Vectors
A real n-dimensional vector is an ordered set of n real numbers {xi, x5, ..., x,,} and is usually written in the form of a column vector
X1
X2
X =
xn
The numbers x4, x,, ..., x,, are called the components of x.

« The set of all n-dimensional vectors is called Euclidean space and is usually denoted by R".

Matrices

A real matrix is a rectangular array of real numbers composed of rows and columns. We write

app 4y vt A

a an o A
A= [aij]mxn = .

aml  Gm2 = Qmn

« For a matrix of m rows and n columns, and we say that the matrix A is of order m X n.
« We will deal with real matrices (i.e. A € R™ ") and m X n will always denote the rowsX columns.
« Given a matrix A € R™*", the transpose of A is an n X m matrix whose rows are the columns of A. The transpose matrix of A is denoted by A” .
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Linear functions

Afunction f : R" — R in the form
Ff) =cx=c1x1 + 2%y + ...+ Cux,

where
« ¢;,j=1,...,nare constants and
e x;,j=1,...,n are variables,

is called a linear function.
The notion of nonlinearity
Examples of quadratic functions: Let function f : R? - R be defined as
Al
f(x1,x2) = E(ax% + bx%) - X1,
where a, b € R are given parameters. Let us consider two instances:

In [27]: import numpy as np

import matplotlib.pyplot as plt
from mpl_toolkits import mplot3d

1

2

3

4

5 def g_function(a,b,xl, x2):

6 return (0.5%a*x1**2 + 0.5%b*x2**2-x1)
7
8

def plt_title(a,b):

9 return '$f(x_1,x_2)=0.5(a\ x_1"2+ b\ x 2"2)-x 1$ for a= '+str(a)+', b=
10

11 fig, [axl, ax2] = plt.subplots(l, 2, figsize=(12,4),

12 subplot_kw={'projection': '3d'})
13

14 = np.linspace(-4, 6, 20)

X
15 y = np.linspace(-8, 8, 20)
X, Y = np.meshgrid(x, y)

18 a,b = 1,1

19 2z = g_function(a,b,X, Y)

20 axl.plot_surface(X, Y, Z, cmap='autumn')
21 axl.set_title(plt_title(a,b))

24 a,b =1,-1

25 7z = g_function(a,b,X, Y)

26 ax2.plot_surface(X, Y, %, cmap='summer')
27 ax2.set_title(plt_title(a,b))

30 #plt.savefig("QP examples.pdf", dpi=300)
31 plt.show()

fix,.x2)=05(@x} +bxi)—x; fora=1b=1 fix1.x2)=05(a x} +bxf)—x; fora=1,b=-1

A nonlinear funciton that arises from machine learning:
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In [26]: 1 import numpy as np

2 import matplotlib.pyplot as plt

3 from mpl_toolkits import mplot3d
4 from numpy import linalg as LA

5 import time

6 from math import *

7 import warnings

8 warnings.filterwarnings("ignore")

10 y = [1.165,0.626,0.075,0.351,-0.696]
11 z = [1,-1,-1,1,1]

12

13 def obj_f(ul,ul,y,z):

14 u = np.array([uO,ul])

15 output_list = [(z[i]-h_£f(u,y[i]))**2 for i in range(len(y))]
16 return sum(output_list)

17

18 def phi f(t):

19 return (np.exp(t)-np.exp(-t))/(np.exp(t)+np.exp(-t))
20

21 def h_f(u,y):

22 return phi_ f(u[0]+u[l]*y)

23

24 fig = plt.figure(figsize=(12,8))
25 ax = fig.gca(projection='3d")

27 u0 = np.linspace(-10, 10, 500)

28 wul = np.linspace(-10, 10, 500)
29 U0, Ul = np.meshgrid(u0, ul)
30

31

32 2z = obj_f(uo0, Ul,y,z)
33 ax.plot_surface(U0, Ul, Z, cmap='autumn')

35 plt.show()

Stochastic optimization problems in machine learning

« Classification, clustering, regression, ...

minimize ,  Eg,, [£ (h(u, x), v)]

subjectto  x € R".
Here i : R™" > Rand v € R and £ : R? — R is a loss function.
Examples of the loss function L:
e L(z,b) :=log(l + exp(—bz)) in logistic regression

e L(z,b) := max{0, 1 — bz} in linear support vector machines (SVM)

Empirical risk minimization (sample average approximation of the above problem)
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L 1
minimize & Yo £ (hlug, x), v)
subjectto  x € R".

«+ The dataset D 2 {(uz,v,) | £ € S}

I 1 Aanatan tha miimnbhav Af Alamaanta in thaa aad ©

Norm

Norm of a vector x € R" is a real-valued function and is denoted by ||x||. It has the following properties:
o |Ix|l = Oforallx € R".
o ||Ax]| = |A|. |Ix]| forany A € R and any x € R".
o |Ix|l =0iffx =0.
« It satisfies the triangle inequality, i.e., ||x + y|| < ||x|| + ||y|| forall x,y € R".

" 7
lxll, 2 Y 1l )
i=1

An example of norm, is the family of fp—norm defined as

where p > 1. Particularly,

when p = 1, £ -norm is given by ||x||; & >y Ixil.
when p = 2, £,-norm Euclidean norm is given by ||x|l» £ /Y |x; > = /xTx.

The £ & -norm (maximum norm) is defined by |||l 2 max |x;|.
n

i=1,...,

Throughout the course, unless otherwsie specified, we use || » || to denote the Euclidean norm.

ln-class assignmcnt 2. Consider the Euclidean norm. Use the definition of norm provided ealier to show that the Euclidean norm is a norm.

Gradient mapping
Let function f : R" — R be given. Assuming that all the partial derivatives of f exist, the gradient of f at x € R" is defined as
9f(x)
0x4
Vi) 2|
9f(x)
0x,,

Example (gradient of a linear function): Let f(x) = ¢ x + d for any x € R, where ¢ € R” and d € R are known parameters. Find V f(x).

Solution:
X1 n
f) =c"x+d=1ci,....c,l | +d=d+ Zc,-x,.
X, i=1
We then can write:
o(d+X!, eix;)
o 1
Vfx)= : =|:|=c
o(d+X, epx;) Ch
0x,
Example (gradient of norm squared): Let f(x) = ||x||§ forany x € R".
Solution:
X1 n
[ =x"x =[x, ....x,0| : |= ) x%
i=1
Xn

We then can write:
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IXi. X}
ox, 2x
Viix) = : = : [=2x.
IYi. X} 2X”
0x,

Hessian matrix

Let function f : R” — R be given. Assuming that all the second-order partial derivatives of f exist, the Hessian of f at x € R" is defined as

rfx P
0x10x 0x10x, 0x10x,
5 2 f(x) rrx L
V2 f(x) £ [a f(x)] = | wmox  axox P
0x;0X; |, : : :
A AC N ) N iy 4 )
0x,0x 0x,0x, 0x,0x,

In-class assignment 3:

« Suppose f(x) = %llx”% Show that V2 f(x) = I,, where I,, denotes the indentity matrix of size 1.

Out-class assignment:
o Let f(x) = %xTQx for any x € R”, where Q € R"™" is a given square symmetric matrix. Show that we have for any x € R"
Vf(x)=0x and V*f(x)=0.

First approach:

Qi1 . Oua || x -
T
X Ox = [x,...,%,] : . : = Qi,jxixj:---
i=1 j=1
Qn.l Qn,n Xn
Second approach:
X1
X1
X2 i
x = =xe;+]| 0 [=xe;+x_;
xn
x}’l

xTOx = (xie; +x_)TO (x;e; + x_)) = (X,'@,TQ + XI;Q) (xie; + x_;)
= x,-e;er,-e,- + x,-e;.er,,- + x,-xiiQe,- + x'fl.Qx,,-
= (e Oxie;) x2 +2 (el Ox_;) x; + xT,0x_;.

o(xTOx)

=2e!Qe;x; +2el Ox_;
ox;

= Ze;rQ(@ixi +x-;)
=2el0Ox

=20,.;x.
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Local optimal vs global optimal solution

Let the decision vector x denote an n-tuple of real numbers (x,

The goal in optimization is to find an x* € X such that

F(x*) £ f(x), forall x € X.

Continuous optimization problems: analysis is done using the mathematics of calculus and convexity.

« Nonlinear programming: the case where either f is nonlinear or X is specified by nonlinear equations or inequalities. This is the focus of the course.

Discrete optimization problems: analysis is done using combinatorial and discrete mathematics.

This first topic is focused on unconstrained differentiable nonlinear optimization given as:

A vector x*

A vector x*

A vector x*

A vector x*

A vector x*

A vector x*

minimize  f(x)
subjectto  x € R".

is an unconstrained global minimum of a funciton f : R" — R if

f(x*) < f(x), for all x € R".

is an unconstrained local minimum of a funciton f : R” — R if there is an € > 0 such that

f(x*) < f(x), for all x € R" with ||x — x*|| < e.

is an unconstrained local strict minimum of a funciton f : R” — R if there is an € > 0 such that

J(&x*) < f(x), for all x € R" with ||x — x*|| < eand x # x*.

is a constrained global minimum of a funciton f : X — R if

f(x*) £ f(x), forall x € X.

is a constrained local minimum of a funciton f : X — R if there is an € > 0 such that

f(x*) < f(x), for all x € X with ||x — x*|| < e.

is a constrained local strict minimum of a funciton f : X — R if there is an € > 0 such that

f(x*) < f(x), for all x € X with ||x — x*|| < eand x # x*.
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In [28]:

import matplotlib.pyplot as plt
import numpy as np

1
2
3
4 #plt.style.use('fivethirtyeight')
5 plt.figure(figsize=(8,5))

6 plt.grid(True)

7

8

break_points = [-1.6,-0.5,0.75,1.8]
9 cst =1
10 cst2 = 2
11 1line width = 4
12 plot_color = 'm
13 increm = 0.01
14 theta =0.7

17 tl1 = np.arange(break_points[0], break points[1l]+increm, increm)
18 tl = np.asarray(list(np.round(tl,2))[0:-1])
19 sl = np.cos(cst*np.pi*tl)

21 t2 = np.arange(break points[1l], break_points[2]+increm, increm)

22 t2 = np.round(t2,2)
23 s2 = np.array([np.cos(cst*np.pi*list(t2)[0]) for i in range(len(t2))])

26 t3 = np.arange(break points[2], break_points[3]+increm, increm)

27 s3= theta*(np.cos(cst2*np.pi*t3)-np.cos(cst2*np.pi*list(t3)[0])) + list(s2)[0]

29 plt.plot(tl, sl, lw=line width, c= plot_color)
30 plt.plot(t2, s2, lw=line_width, c= plot_color)
31 plt.plot(t3, s3, lw=line_width, c= plot_color)

33 plt.xlim(break_points[0]-.2, break points[3]+.2)
34 plt.ylim(-1.2, 0.75)

36 plt.show()
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Consider the above funciton over the set X = [—1.6, 1.8]. We have:

« Global minimum: x = —1
« Local mimima: x € {—1, 1.5} U (-0.5,0.75]
« Strict local minima: x € {—1, 1.5}

In-class assignmcnt 4 Fill out the blanks below about the function in the plot above.

« Global maximum: x = 1

¢ Local maxima: x € {—1.6,1,1.8} U[-0.5,0.75)
« Strict local maxima: x € {—1.6,1, 1.8}

« Global maximum objective value around 0.70

Convex sets and convex funtions

A subset C C R" is called convex is for any a € [0, 1] and any x, y € C, we have
ax+ (1 —a)y e C.
L.drawing
One popular convex set in optimizationis C = {x € R" | Ax = b, x > 0}.
Function f : C — R is called convex if:

« (a) The set C is convex;
e (b)Forany a € [0,1] and any x, y € C, we have
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Sflax + (1 —a)y) < af(x)+ 1 - a)f(y).
Function f : C — R is called strictly convex if:

a) The set C is convex;
b) For any @ € (0, 1) and any x, y € C with x # y, we have

flax+ (1 —a)y) <af(x) + 1A -a)f(y).

(:
.
Examples of convex and concave functions:

« Exponential: ¢ is convex on R foranya € R

« Powers: x% is convexon R, whena > 1 ora < 0,andis concave if 0 < a <1

« Powers of absolute value: |x|” for p > 1, is convex on R

e Logarithm: logx is concave on R, ,

« Negative entropy: x log x is convex on R, .

« £, norm: ||x||, for p > 1 is convex on R"

+ Affine function: f(X) = tr(A"X) + b= Y1 ¥, A;;jX;; + bwhere A, X € R™"

A poluar convex function is fp—norm forp > 1.

In [24]: 1 import numpy as np

2 import matplotlib.pyplot as plt

3 from mpl_toolkits import mplot3d

4

5 def norm_function(xl, x2,p):

6 return (abs(xl)**p+abs(x2)**p)**(1/p)

7

8 def norm_infinity(xl, x2):

9 return (abs(xl)+abs(x2)+abs(abs(xl)-abs(x2)))/2
10

11 def plt title(p):

12 return '$f(x)=\|x\|_p$ for p= '+str(p)

13

14 fig, [axl, ax2,ax3] = plt.subplots(l, 3, figsize=(16,4),
15 subplot_kw={'projection': '3d'})
16

17 x = np.linspace(-10, 10, 100)

18 y = np.linspace(-10, 10, 100)

19 X, Y = np.meshgrid(x, y)
20
21 p=1

22 Z = norm_function(X, Y,p)

23 axl.plot_surface(X, Y, Z, cmap='summer')
24 axl.set_title(plt_title(p))

25 #axl.view init(-120, 60)

27 p=2

28 7z = norm_function(X, Y,p)

29 ax2.plot_surface(X, Y, Z, cmap='autumn')
30 ax2.set_title(plt_title(p))

31 #ax2.view init(-120, 60)

34 2z = norm_infinity(X, Y)

35 ax3.plot_surface(X, Y, Z, cmap='winter')

36 ax3.set_title('$f(x)=\|x\|_p$ for p= $\infty$')
37 #ax3.view init(-120, 60)

40 plt.show()

fix)=|x|g forp=1 fix)=|x|; forp=2 fix)=|x|; for p=c
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Examples of relations between norms in two dimensional space

Note that when n = 2, we have
lxlly = 1x1 ]+ |x2]

Ixlo = max{|xy], |x2|}
Thus, we have

lIxlleo < 1x1l4

lxll < 201l

So,

0501l < lIxlleo < Ml

Optimality conditions
Proposition 1: (Necessary optimality conditions for unconstrained nonconvex case)

Let x* be an unconstrained local minimumm of f : R” — R where f is continuously differentiable over an open set containing x*. Then,

V&™) = O
which is called first-order necessary condition.

If in addition, f is twice differentiable over the open set, then the Hessian matrix at x* is positive semidefinite, i.e.,

V2 £ = O
which is called second-order necessary condition.

Proposition 2: (Sufficient optimality conditions for unconstrained nonconvex case)
Let f : R" > R be twice continuously differentiable over an open set, which contains x* such that
Vf(x*) =0, V2 f(x*) > 0.
Then, x* is a strict uncontrianted local minimum of f. Moreover, there are scalars y > 0 and € > 0 such that

F(x) = f(x*) + %llx - X3, for all [|x — x*|| < e.

Are the necessary conditions sufficient as well? The following counterexample shows they are not!
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In [25]: import matplotlib.pyplot as plt
import numpy as np

#plt.style.use( 'fivethirtyeight')

1
2
3
4
5 fig = plt.figure(figsize=(14,3))
6 increm=0.01

7 x = np.arange(-3, 3, increm)

8

9 plt.subplot(131)

10 yl = np.absolute(x**3)

11 plt.plot(x, yl)

12 plt.xlim(-3.2, 3.2)

13 plt.ylim(-30, 30)

14 plt.title("s$f(x) = [x"3|s")

15 plt.grid(True)

17 plt.subplot(132)

18 y2 = x**3

19 plt.plot(x, y2)

20 plt.xlim(-3.2, 3.2)

21 plt.ylim(-30, 30)

22 plt.title("$f(x) = x"3s8")
23 plt.grid(True)

24
25 plt.subplot(133)
26 y3 = -np.absolute(x**3)

27 plt.plot(x, y3)

28 plt.xlim(-3.2, 3.2)

29 plt.ylim(-30, 30)

30 plt.title("$f(x) = -[x"3[$")
31 plt.grid(True)

33 plt.show()

© flx) = [x7 10 flx) =x3 » fix) = — ||

20 20 20

10 10 10

0 0 0

-10 -10 -10

-20 -20 -20

-30 T T T T T - 30 T T T T T - 30 T T T T T T
=3 -2 -1 0 1 2 3 -3 -z -1 0 1 2 3 = -2 -1 0 1 2 3

In-class assignmcnt 5:

Consider the problem of minimizing the function f(x) = x> over x € R.
(@) Is x* = 0 a (local) optimal solution? No

(b) Calculate V f(x) and V2 f(x). V f(x) = 3x2 and V2 f(x) = 6x

(c) Is the first-order necessary condition satisfied for x* = 0? Yes

(d) Is the second-order necessary condition satisfied for x* = 0? Yes
(e) Are the sufficient optimality conditions met for for x* = 0? No

(f) What do you conclude? That the necessary conditions are not sufficient.

Eigenvalues and eigenvectors
Foran n X n matrix A, scalars 4 and vectors v € R" satisfying:
Av = Av

are called eigenvalues and eigenvectors of A, respectively, and any such pair, (4, v), is called an eigenpair of A.

About positive definiteness of a matrix

A symmetric matrix A € R™" is positive semidefinite if all its eigenvalues are nonnegative, i.e.,

A > Oyxn = min )A,-(A) >0.

i€{l,....,n

A symmetric matrix A € R™" is positive definite (denoted by A > 0, if and only if

nxn)
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A>0_. = min  1.(AV >0

How to evaluate eigenvectors and eigenvalues of a matrix in Python

In [ ] 1 import numpy as np
2 from numpy import linalg as LA
3
4 my matrix_1 = np.diag((2, -3, 6))
5 my _matrix_ 2 = np.array([[4, 1 ,-1],[1, 2 ,1],[-1 ,1 ,2]])
6
7 print(my_matrix_1,"\n\n",my matrix 2)
In [ ]: 1 w, v = LA.eig(my_matrix 1)
2 print(w)
In [ ]: 1 w, v = LA.eig(my_matrix_2)

2 print(w)
Review of linear algebra basics
Singular matrix: A matrix with a zero determinant is called singular. Otherwise, it is nonsingular or invertible.
The spectrum of A, denoted by o(A), is the set of distinct eigenvalues of A.

Proposition A.1: Let matrix A be n X n. Then, the following hold:

e A€ 0(A) &< A— Al is singluar < det (A — AI) = 0.
« N (A — Al)is called eigenspace of A. The setof {x # 0 | x € N (A — AI)} is the set of all eigenvectors of A.
« Nonzero row vectors y* such that y* (A — AI) = 0 are called left-hand eigenvectors of A.

« The eigenvalues of A are the solutions of the characterisic equation p(4) = 0, where p(A) £ det (A — AI) denotes the characteristic polynomial of A.

Altogether, A has n eigenvalues, but some may be complex numbers and some may be repeated. Note that even if the entires of A are real numbers, some
eigenvalues may be complex.

trace(A) £ Y a; = Y, A where {4;}"_, denotes the set of eivenvalues of the square matrix A.

o det(A) = Hf:] Ai.

« The eigenvalues of a symmetric matrix A are all real numbers.

« The eigenvectors of a symmetric matrix A corresponding to different eigenvalues are orthogonal to each other.
« The eigenvalues of a triangular matrix are equal to its diagonal entries.

« The eigenvalues of A and AT coincide.

« The eigenvalues of A* are ﬂf.‘ where {4; }!_, denotes the eigenvalues of A.

« If S is nonsingular, the eigenvalues of SA,S~! and A coincide.

« Eigenviaues of A + cI are euqal to ¢ + A; where {4;}]_, denotes the eigenvalues of A.

« A is singular if and only if it has an eigenvalue that is zero.

« Let A be symmetric. Let {4;}]_, and {v;}!_, denote the eigenvalues and eigenvectors of A, respectively. Assume the eigenvalues are normalized, i.e.,
|lvill = 1fori = 1,...,n. Then, we have

n
A= 2 AvivE.
i=1

Positive definite matrices: A symmetric matrix A € R™" is called positive definite and is denoted by A > 0 if x” Ax > O forall x € R", and x # 0.

« A symmetric matrix A € R"™" is positive definite if and only if all eigenvalues of A are positive.
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. If A € R™" is positive definite, and H € R™" is invertible, then HAH T is positive definite.

Positive semidefinite matrices: A symmetric matrix A € R™" is called positive semidefinite and is denoted by A > 0 if x” Ax > O forall x € R”".

« Asymmetric matrix A € R™" is positive semidefinite if and only if all eigenvalues of A are non-negative.
« If A € R™" is positive semidefinite, and H € R™" is a matrix, then HAH T is positive semidefinite.

Proposition A.2: Let A € R™" be a symmetric matrix. Then,
j'm[n”x”% < XTAX < j-max”x”%’ forall x € Rn’

where 4,,, and 4,,,, denote the minimum and maximum eigenvalues of A.

Proposition A.3: Let A be an m X n matrix. Then,

o AT A is symmetric and positive semidifinite.
« AT Ais positive definite if and only if Rank(A) = nand m > n.

« Ifm=n, AT A is positive definite if and only if A is nonsingular.

Matrix norm: Let A be an n X n matrix and || - || denote a vector norm. Then, matrix norm induced by the norm || - || is defined as
Al £ sup [Ax].
lIxlI=1
« Note that we have ||A|| = ||A7]|.
e Let A € R™ and x € R". Forany norm || - || and its induced matrix norm, we have
IAx| < Al x]I-

This inequality serves as an equivalence of Schwarz inequality for vectors.

Spectral radius of a matrix: Let A be an n X n matrix. The spectral radius of A is denoted by p(A) and is defined as

p(A) 2 max |4,
i=1,...n
where {4;}!_, denotes the eigenvalues of A.
Proposition A.4:
Let A be an n X n matrix. For any induced matrix norm || - ||, we have
p(A) < Al

If A is symmetric, we have p(A) = ||A|l> = max {|Aninl, | Amax|} » Where || A]|, denotes the matrix norm induced by Euclidean norm.
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Stochastic OPtimization (Moclule 2. Gradient Descent)

minimize  f(x)
subject to:
x € X.

Notation: Throughout the course, often by writing x > 0 we mean X is an n-dimentional vector whose elements are all non-negative. Here, 0 is also an n-
dimentional vector. We also use the notaton R, , = {x € R" | x > 0} and R, = {x € R" | x > 0}.

When does a feasible optimization problem have a solution?
Generally, an optimal solution may not exist. For example,

« minimization of f(x) = x for x € R does not have a solution

« minimization of f(x) = e* for x € R does not have a solution

« minimization of f(x) = —log(x) for x € R, does not have a solution

= 0, does not have a solution. We say the optimal value is not attained.

o minimization of f(x) = & for x € R,. Here, even though f* = inf,ep,, i

Weierstrass' Theorem: Let f : R” — R be a continuous function and X C R" be a nonempty compact set. Then, both inf,cx f(x) and sup,cy f(x) are finite
and are attained, i.e., minimizer in inf,ex f(x) and maximizer in sup,cy f(x) exist.

Examples of a nonconvex function

« Composition of two convex functions could be nonconvex. For example, suppose g(x) is convex. The function f(x) = (g(x))2 is not necessarily convex. For
example, f(x) = (x> — x)? for x € R is nonconvex.

o f(x)= %xTQx when Q € R™" has some negative eigenvalues (see the examples in the last lecture).

o f(x) = |Ix|lp over R" where ||x||o denotes the number of nonzero elements in the vector x.

Proposition (Composition of convex functions): Let # : R — R and g : R” — R be given. Let f : R” — R be defined as:
F(x) 2 h(g(x)).
Then, f is convex in the following two cases:
« gis convex, h is nondecreasing and convex

« gis concave, h is nonincreasing and convex

Definition (bounded set, closed set, compact set):

« Aset X C R"is called bounded we have
[[x]| < M forall x € X for some M > 0.

o Aset X C R"is called closed if its complement is open. Recall that Y C R" is open if every point in Y is the center of an open ball contained in Y.
« Aset X C R" is compact if and only if it is closed and bounded.

Bounded mapping: Let F : R” — R" be a mapping. F is called bounded over X C R" if we have

[|[F(x)|| £ M forall x € X for some M > 0.

Definition (Strong convexity): Consider a continuously differentiable function f : R" — R. We say f is u-strongly convex over X C R”" if for some u > 0 we
have

D+ VI x =+ %le -WIP < f), forallx,y € X.

In-class assignmcnt 1: Show that for a y-strongly convex function f, we have
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(VS(x) = VIG) (x = y) 2 ullx =y, forall x,y € X.
FO)+ 10 =3 + Zllx =3I < fo.
JG) = VST (x =)+ Dl = 31> < 1)
V) (=) = V@) (x = y) + pllx = ylI> <0
plix = ylI> < (V) = VAN (x = p).

Remark: A strongly convex function is also a strictly convex function; and strictly convex function is also a convex function.

Proposition (Second derivative characterizations): Let X C R" be a convex setand f : R" — R be twice continuously differentiable over R”".
(a) If V2 f(x) > O forall x € X, then f is convex over X.
(b) If V2 f(x) > O forall x € X, then f is strictly convex over X.

(c) If X is open and f is convex over X, then V2 f(x) > O forall x € X.

The notion of L-smoothness

Definition (Lipschitz continuity): A differentiable function f : X — R is called L-smooth if it has Lipschitz continuous gradients with parameter L, i.e., if there
exists a scalar L > 0 such that

IVf) = VDIl < Lllx —yll  forallx,y € X.

« L-smoothness of a funciton, that is Lipschitz continuity of its gradients, is a stronger assumption than f being continuously differentiable.

Examples:
« f(x) = x%is 2-smooth over R (why?). Is it 3-smooth as well? What do you conclude?

IVFG) = VWl = 12x = 2y = 2[x = y| < 3|x - yI.

ln-class assignment 2: Consider f(x) = |x| for all x € R. Prove that f is not L-smooth.

[1— (=D < Llle - (=) =2Le = e > 1.

Descent Lemma: Let / : R” — R be L-smooth over the set X C R". Then, for any x, y € X we have

L
F) S fO)+ VT (x -y + Sl - ylI%.

ln-—class assignmcnt ?: Let f : R" - R be L-smooth over the set X C R”. Show that for any x, y € X we have

(VFx) = V) (x = y) < LlIx -yl

Lemma (Second derivative characterizations for quadratic function): Consider the quadratic function

1
flx) 2 ExTQx +q¢"x+d,
where Q is a symmetric matrix, ¢ € R", and d € R. Then,
(a) f is convex if and only if O > 0.

o]

min”

(b) f is p-strongly convex if and only if @ > 0, where y := A
(c) f is always L-smooth, where L := max {42, |, [19ax|}-
In-class assignment 4+

(a) Show part (c) of the above lemma.
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(b) Extend the results of (a), (b), and (c) to cases where Q is not necessarily symmetric.

f(x1,x2) = x1x2 = 0.5x1x2 + 0.5x2x;

We have that V f(x) = Ox + q.

IVf(x) = VDI = 10x + g — (Qy + @l = 10(x = Wl < 101llIx = yll = max {|A2, |, |49} lIx = lI-

If Q is not symmetric, then we have the following:

0+#07

xTOx =xTQTx

xT0x = (xTOx)T = xTOT(xT)T = xTOTx

lxTQx = LxTQx + leQx = leQx + leQTx = LyT <Q+—QT) X
2 4 4 4 4 2 2

) A 0+0" .
Let us define matrix Q = - - Now we can write

1

1 -
fx) = ExTQx +q"x+d= ExTQx +q"x+d

_ -7 _ _
we do have Q = Q' . Thus, Q is symmetric and so, all the results stated in the lemma hold for Q. Thus, we always have

7
(a) f is convex if and only if % > 0.

o+o”

.
(b) f is p-strongly convex if and only if % > 0, where p := 4_;2

o+o” o+o”
(c) f is always L-smooth, where L := max { [ApiZ | [ Amdx |}.

Lemma 1: Let || « || denote the Euclidean norm of a vector. For any u € R" and v € R", the following holds.
(a) Schwarz inequality: |u” v| < ||ul|||v]], with equality holding if and only if u = av for some & € R.

o) [lu + ol* = flul® + 2u"v + |lo]>.

© 2u"o] < |lull® + lloll>.

(d) 2[uTv| < allul)® + illull2 where a > 0 is a given scalar.

(@ llu+vl|> < 2lu||* + 2]lv||?.

Out-class assignment: Prove parts (b) to ().

Gradient descent method

Let function f : R" — R be given. We consider solving the following unconstrained optimization problem:

minimize  f(x)
subject to:
x € R".

lw.drawing

Today, we will focus on the case where we choose a constant step-size.

Convergence and rate analysis

a) When f(x) is an L-smooth and nonconvex function
b) When f(x) is an L-smooth and convex function

c) When f(x) is an L-smooth and -strongly convex function
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The details are as follows:

a) The smooth nonconvex case

Theorem 1: Let f* := min,cr" f(x) where f is L-smooth and possibly nonconvex. Then, when y < %

2 -1 _ fE
min IV aIP < ZYEO =Tk s 1
kel{0,....K~1} K
Proof of Theorem 1:
L
Sfxq1) < flxp) + Vf(xk)T(ka — X)) + 7||xk+| - xk||2 « from the Descent Lemma for x := x4, y := x;

= )+ VSO (= V f(e0)) + %II -Vl « from the update rule x;; := x¢ =V f(xi)

2L
= f(x0) —yIVFN* + yTHVf(xk)llz « from the definition of Euleadian norm sqaure, i.e., uTu = ||u|)? forallu € R"
yL

=flx) -7y <1 - 7) IV fGeoll?

< 14 2 . . L yL 1

< fxe) — EllVf(xk)ll . < obtained by assuming y < 1, i.e., 1 — 5 > >

Thus, we have:
Gk < S0 = IV A0 M

Observation 1: f(x ) is nonincreasing in terms of k.

Rearranging the terms, we obtain
5 2
IVAGIl® < ;(f(xk) = f(xr1)) -

Summing both sides over k =0, ..., K — 1 where K > 1, we obtain

K-1

2
DAV < (o) = Sk

k=0

From f* < f(xk), we have

i 2 2 UG = )
remin IVAxI” < X .

b) The smooth convex case

Theorem 2: Let min, g+ f(x) have at least one global optimal solution denoted by x* € R", where f is L-smooth and convex. Then, when y < %:

-1 _ ® 12
fGg) — f(x*) < W forall K > 1.
Rcading assignmcnt: Read the proof of Theorem 2.
Proof of Theorem 2:
FO) + V)T = xp) < f(x). « from convexity inequality in the Lecture 20230120 for y := x*, x := x;

Note that equation (1) in the proof of Theorem 1 holds here as well. Adding both sides of the preceding relation with equation (1), we obtain
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Fpan) + VAT = x0) < f(x*) = §||Vf<xk>||2

by rearranging terms = f(x;41) — f(x*) £ =V ()T (x* — x;) — %IlVf(xk)ll2

1 1
replacing V f(x; ) from the update rule = f(x;y ) — f(x*) < —(xpy; — x0)T(X* = x4) — 2—||xk+1 —x?
Y 14

1 1
adding and subtracting x* in the last term = f(x,1) — f(X*) < —(xppy — x0T — x;) — 2—||(xk+, —x") = (o = x9)|?
Y Y

1
> fOg) — () < ;(xk+1 —x)T(x* = xp)

1 .
- 2_y(||xk+1 = x* 1+ llx = X% = 20041 — x5 g — x))

N oo \ PR N 1 (n_. _kn2 n-. RENTPAN
LEt us assume that f is Lg-Lipschitz continious.
1/ Cex) = I < Lollxe — x|l

G = £ < L3((1 = 2y + v2L2) N llx* = xol2

c) The smooth strongly convex case

2u,

Theorem 3: Let x* € R" denote the unique global optimal solution of min,cp~ f(x), where f is L-smooth and y-strongly convex. Then, when y < 5

lxk — x> < (1= 2yp + > L?) ¥ |Ix" = xo)? forall K > 1.
Proof of Theorem 3:
xerr = x 1% = llxx = ¥V £ Ge) = x* [P « from the update rule for x4
=l = x* [ = 27V ) G = x) + IV @I? < from Lemma 1
= llxe = X 17 = 27 (VG0 = VAGN)) e = x) + P21V (e0) = VEOIR < why?
< lxk = x*11? = 2yullxe — x*|1* + y2 L2 ||xe — x*||? « from in-class assignments 1 and 3

272 2
= (1=2yu+y>L?) lIx, — x*|1%
Let p 2 1 — 2yu + y?L?. Note that since y < i—’; we can show that 0 < p < 1. Then, we obtain:

llxer = X117 < p* g = X717 for all k > 0.

Implementation of the gradient method

Consider the regularized logistic regression loss function given as follows:

L&
f(x) = <ﬁ ; ln(l +exp(—u[u,.Tx))) + %HX“z,

where u > 0 is a known scalar and u; € R" is the input vector associated with label i and v; € {—1, 1} denotes the binary class of the ith label.

It can be shown that
& 1 +exp(vul'x

1 & —vu
Vf(x)=<ﬁz%>+yx.

In-class assignmcnt 5:

Suppose U is an nparray of size n X N and v is an nparray of size 1 X N. Write a line of code to return an nparray whose ith column is equal to v; multipled by
the ith column of U, for all i.
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In [207]:

Out[207]:

In [208]:

Oout[208]:
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1 np.dot(A, np.diagflat(np.array([[2]1,[1]1]1)))

array([[ 2, 2],
[ 6, 4],
[10, 611)

Resolving a computational error in Python

1 from math import *
2 exp(709)

8.218407461554972e+307

Evaluate exp(710). What do you observe?

Resolving a computational error in Python

exp(709)
exp(710)
To avoid this overflow error, in the code, insead of writing
exp(some term),

we use
exp(min(709, that term).

Theoretically, In(e*) = x. Also, when x is large enough, In(1 + ¢*) = x is a very accurate approximation. So, in the code, insead of writing
log(1 + exp(some term)),

some term

Define gradient and objective function

N N
Vix) = <% Z %) + ux, fx) = <% Z In(1 + exp(—u;uiTx))) + %llxll2

& 1 +exp(vul'x P
Rcac]ing assignmcnt: Read the remaning sections below.

Projection mapping
Projection onto a convex set is applied in a variety of constrained optimization solution methods.

Projection problem: Let X C R” be a nonempty set and X € R” be a a given arbitrary vector. The projection problem is the problem of determining a point
x* € X that is the closest point to X among all x € X with respect to the Euclidean distance. This problem is given by

minimize  ||x — X|13

subjectto  x € X.

In general, this problem may not have an optimal solution and even when a solution exists, it may not be unique. However, when the set X is nonempty, closed and
convex, the solution exists and it is unique. This is presented in the following result.

Projection Theorem:
Let set X C R”" be a nonempty closed convex set and X be a given arbitrary vector.
(@) The projection problem has a unique optimal solution.
(b) A vector x* € X is the solution to the projection problem if and only if
x=0Tx-x>0 for all x € X.

Projection notation: Projection Theorem implies that the projection of a point onto a nonempty closed convex set is a unique point. We let Py (36) denote the
unique projection of a point X onto a nonempty closed convex set X, i.e.,

Py (%) = argmin ey llx — X[13.
The projection operator Py (+) has some important properties. Some of these properties are provided below.
Projection Properties: Let set X C R"” be a nonempty closed convex set. Consider the projection mapping Py : R" — X.
(a) The projection mapping Py is nonexpansive, i.e.,

[1Px(x) = PxWl2 < [Ix = yll2 for all x,y € R".
(b) The distance function from a set, given by:
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dist(x, X) = [|Px(x) — x|,

is a convex function in terms of x.

Lemma (Properties of convex sets):
(a) For any collection {C; | i € I} of convex sets, the set intersection N;c; C; is convex.
(b) If Cis a convex setand f : C — R is a convex function, the level sets {x € C | f(x) < a}and {x € C | f(x) < a} are convex for all @ € R.

Lemma (A variant of Jensen’s inequality for convex functions): Consider a convex function f : C — R over convex set C. Let x4, ..., x,, € C and
aj,...,a, > O0suchthat )" | a; = 1. Then, we have

i=1

S (2 aixi> < a; f(x;).
i=1

Out-class assignment: Prove The above two lemmas.

Characterization of differentiable convex functions
When the function is convex and smooth, we have a nice set of properties given in the following proposition.
Proposition (First derivative characterizations): Let C C R" be a convex setand f : R” — R be differentiable over R".
(a) f is convex over C if and only if
fO)+VfO)T(x -y < fx), forallx,yeC.
(b) f is strictly convex over C if and only if the above inequality is strict whenever x # y.
(c) Let f be convex, For a scalar L > 0 the following statements are equivalent:
E) V) = ViWIl < Lllx - yll, forallx,y € R".
(i) S) + VS (x = ») + 3£ IV/0) = VA®I? < f(x), forallx,y € R".
(i) f(x) < fO) + VW (x =y + Flly = x|?,  forallx,y € R".
(V) (VF(x) = V) (x = p) 2 £IIVFG) = V/W)II?,  forallx,y € R".

V) (V) = VA (x =) < Lllx = y|?,  forallx,y € R".

Characterization of convergence speed

Error function: To perform convergence analysis, we define an error function e : R” — R to characterize the progress of the scheme at each iteration. A well-
defined error function is the one that statisfies the following:

« Forany x € R", we have e(x) > 0.
o e(x*) = 0 where x* is the local (global) minimum.

Examples of error functions include: e(x) = ||x — x*||%, e(x) = f(x) — f(x*), and e(x) = ||V.f(x)]|.
Linear convergence:
We say {e(x;)} converges linearly if there exist some g € (0, 1) and ¢ such that for all k:

e(xp) < gp.

This is equivalent to finding a # € (0, 1) such that

lim sup e0%e1)
koo €(xXk)

<8
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Stochastic Optimization (Module 3. SGD)

Stochastic gradient descent method: theory and implementation

Problem formulation

We consider solving the following stochastic optimization problem.

o Here, f : R" - R is an unknown deterministic function.
e Here, F : R" X Q = R is a known stochastic function.
« £:Q - RY%is a d-dimensionl random variable.

« [E[e] denotes the expectation operator with respect to &.

={(x,x2) | x; = 1,x <2}

X

X={xeR"| x| <1}
X={xeR"| Ax =b,x >0}
X

={xeR"|gx) <0}
% =50]

We can write for every given x € X,

minimize f(x) £ E[F(x,&)]
subject to:

x € X.
E[F(x,8] = /Rd F(x,8)p(6)déE.

(P)

« Challenge: In implementing gradient method, computing V f(x) is either impossible or undesirable due to the presence of multi-dimentional integral involved

in taking the expectation.

Example: Consider the function f(x) := E[|x> + &£|] where & € R is uniformly distributed in the interval [—0.5, 0.5].

localhost:8888/notebooks/Downloads/Module03_20230203_SGD_Theory_and_MNIST.ipynb

1/8



5/2/23,11:42 PM Module03_20230203_SGD_Theory_and_MNIST - Jupyter Notebook

In [3]: 1 import matplotlib.pyplot as plt
2 import numpy as np
3 plt.style.use('fivethirtyeight')
4
5 x = np.arange(-1.5, 1.5, 0.01)
6 s =5
7 z= 0*x
8

9 fig = plt.figure(figsize=(10,4))

11 plt.subplot(121)
12 for i in range(s):

13 ksi = l*(np.random.rand()-0.5)

14 y = np.absolute(x**3+ksi)

15 #y = np.absolute(x**3-1)

16 plt.plot(x, y, marker='*', markersize=2,linestyle='dashed',label=r"$F(x,"+str(round(ksi,2))+")s$", linewidth=4)
17 z+=y

18 plt.xlabel('x', color='#1C2833',fontsize=18)

19 plt.title(r"Stochastic functions $F(x,\xi) = |x"3+\xi|$",fontsize=18)

20 plt.legend(loc='upper center', bbox_to_anchor=(0.5, -0.05),

21 fancybox=True, shadow=True, ncol=5,fontsize=12)

22

23 plt.subplot(122)

24 plt.plot(x, z/s, marker='*', markersize=2,linestyle='solid',label=r"$f(x)$", linewidth=4)
25

26 plt.xlabel('x', color='#1C2833"',fontsize=18)

27 plt.title("Average function",fontsize=18)

28 plt.grid(True)

Stochastic functions F(x, &) = |x> + &| Average function

3.5
3.0

3
2.5

5 2.0
15

1 1.0
0.5

0

-1 0 1 -1 0 1
=1 Fx,0.49) == Fx, —0.13) F(x,0.13) == Flx,0.38) == Fx, —0_14)‘ X

0.5
fe) =E[Ix* +¢ =/R|x3+:| 263) d¢=/05 Ix* + &] dé&.

Case 1: x > 1/0.5. This implies x> > 0.5. Thus, x> + & > 0 forall & € [-0.5,0.5].

Case 2: x < —4/0.5. This implies x> < —0.5. Thus, x> + £ < 0.

Case 3: x € [—\X/ﬁ, m

In case 1:
0.5 2 05
f(x)=/ PG +rode=x+= =X
-0.5 2105
In case 2:
0.5 2 05
== [ wrod=—v-5[ —-0
-0.5 2105

In~class assignment 1:
Find the formula of f(x) in the third case.

In case 3:
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0.5 —x3 0.5
f(x)=/ |x3+5|d§=/ |x3+fld6+/ 0 + 8] de
-05 ~05 3

—x3 0.5
=—/ (X3+§)d§+/ (o + &) de

0.5

0.5

ar
b}

(P -0.5) - + 3% +0.5) + =

-0.5 —x3

— 6 1 nng

Algorithm outline

l».drawing
Convergence and rate analysis

a) When f(+) is an L-smooth and nonconvex function and X = R"

b) When f () is a convex function and X is compact

Notation: We let the histroy of the method of random variables used up to iteration k be denoted by:
Fr & {x0. &0, &1, Gt } forall k > 1,

and Fo 2 {x,}. We also let E[+ | %] denote the conditional expectation with respect to the filteration F.

Assumption 1: We have:
)E[VF(x,&) | x] = Vf(x)foral x € X.

i) E[||VF(x, &) — V()| | x] < 62 forall x € X for some ¢ > 0.

Assumption 1(j) implies that the stochastic gradient V F (e, £) is an unbiased estimator of the true gradient of the objective function, that is V f(x).

Assumption 1(ji) implies that the stochastic gradient V F (e, £) has a bounded variance.

Definition 1: Let us define the stochastic erros wy, 2 VF(xy, &) — V f(x;) forall k > 0.

VF(xy, &) =V [f(xp) + wy

Remark: If & is known, then x; would be known and can be treated as a deterministic vector. Also, any x, for t < k would be known as well.

For this reason, in taking the conditional expectation E[e | %], we would treat x; as a known value, but note that x;,; must be treated a random variable.

Because it requires & to be computed and & & F.
What about wy, ? Is it deterministic when & is knwon?

In-class assignmcnt 2 Fill out the blanks.
ELfCe) | Fil = f(xp).
ELfCerrr) | Fil # fElxpqr | FiD).

E[V/(x0) wi | Fil = V) Elwg | VFL] = V) EIVF (g, &) = V() | Fil = Vx0T EIVF (g, &) | Fl = Vf(x) = 0.

ELVF(x. &) | Fil = VELF(x¢, &) | Fil = VE[F(xi, §)] = V f(xx).
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E[VF(xy, &) | Fil = VF(x, &i1)-

E[VF (e, )T (ppr = x1) | Fi1 < 0.5 (ENVFGer, EONI? | Fil + Elllxesr — xl1? | Fl)

We assume that &y, &, ... are i.i.d. They all have the same distributions as &.

E(aX +b) = aE(X) + b
glwe = Y, gl wy

Elgfwy | 4] =E[YL, &w | F 1= Y0 Elglw | F1 = Y0, eElw | F,] = glElwy | F]
E(XY) # E(X)E(Y)

Lemma 1: Consider Definition 1. Under Assumption 1 we have for all k > 0:

Elwy | Fk1=0,
Elllwell* | F¢] < o2

Lemma 2: From the probability law, we have that E[E[s | %, ]] = E[e].

E(X) = Ey(Ex(X|Y))

a) The smooth nonconvex case

Theorem 1: Consider problem (P) and Algorithm 1. Let us define f* £ min,ep~ f(x). Suppose f* > —co. Let X = R". Assume that f is L-smooth (and

nonconvex). Then, the following results hold.

lLety, =y := ﬁ Then, we have:

2(ELf(x)] = f*) + Lo?

E(O,.,j,K—l \/f

ii) Let 7 be such that Y 74 = 00 and Yoy ¥2 < 0. Then, we have:

forall K > L?.

Jim E [V £Gxo)ll?] =0.

ln-class assignmcnt 5: Read the proof and fill out the blanks.

Proof of Theorem 1 (i): From the Descent Lemma, for y := x4 and x := x; we obtain:
T L 2
SGrr1) £ fx) + V)" (g — X)) + 5||Xk+1 = x|l

Note that since X = R", we have x;; := x; — yx VF(xy, & ). From the update rule of the algorithm, we obtain:

2
yiL

SFOat) < fCe) = vV F )T (VF(xi, &) + kT”VF(xkvé:k)llz-

Invoking Definition 1, by replacing V F(xy, &) for V f(x) + w) we obtain

J/2

L
FOren) £ f) = V)T (Vf () + wy) + "Tqu(xk) +w?
2

Ly
= ) = el VLGN = 7 VAo wy + Tk(HVf(xk)n2 + llwill® + 2V £ ) wy) -

Taking conditional expectations on both sides, we obtain

2

Ly,
ELfGeesn) | Fil S ELFx0) = neIVFGOI? = 7V f () wye + Tk(qu(xk)n2 F lwi P +2V £ o) wi ) | Fil

2

L
< 050 = BV SN = 19 S0 g | 551+ = (IV S I + Ellag I | 56 + 2609 £ w0 | F41)

From Lemma 1, we obtain

Ly?
ELfGoeat) | Fil < £ — vV LGl + Tk(an(xk)n2 +07%).
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Assuming 7, < % we obtain

2

L
ELf o) | 5] € 7600 = el VAP + 22 (I 7)) + S5 (o)
Ly2c?
k

2

< flu) - %(HVﬂxk)nz) +

Taking expectation with respect to % from both sides and invoking Lemma 2, we obtain

o Yk 2 Ly,faz
EIELCexer) | Fi1l < BLA(x)] = TE[”Vf(xk)” 1+ —
Thus, we have:
Yk 2 Lyio’
ELf )] < ELF )] = TIE[IIVf(xk)II I+ 7 (1
Under a constant step-size y, = y we obtain
2
ELNV A0l < ;([E[f(xk)] — E[fCGees)]) + Lyo™.

Summing both sides over k = 0, ..., K — 1 where K > 1, we obtain

K-1 )

X EV/xolP] < ~(ELS o)) = B/ G + KLyo.

k=0

From f* < f(xg) for any realization of x g, we have:

min ELIV Sl + Lyo®.

) < 2000 = )
ke{0. - Ky

The bound in part (i) is obtained by substituting y := ﬁ above.

b) The convex case with a compact constraint set

Theorem 2: Consider problem (P) and Algorithm 1. Let Assumption 1 hold. Let X C R". Suppose X is nonempty, compact, and convex. Assume that
f : R" = Ris continuously differentiable and convex.

Let the step-size be diminishing given by:

Vi = S - for all k > 0.

Vk+1

Consider the averaged iterate defined by:

-1
A Zk:O Xk

forall K > 1.
K

Xk
Then, there exists some scalars M > 0 and C > ( and an optimal solution vector x* € X such that:

ELf(xx)] — f(x") < (2% +70 (C* + 62)> ﬁ for all K > 2.

Proof of Theorem 2: From the update rule of the algorithm and the nonexpansivity of the projection, we obtain:

lxeer = x* 12 < 1Px (e = 7 VF e, &) = P (I
< lxe = x* 17 + 72N VF G, EONIP = 27 VE (g, €07 (e — x7).

From Definition 1 we obtain:

et = X117 < llxe = X117 + 721V £ Gai) + will> = 27V £ (x) + wi)" (g = x¥)
= lx = x*|I* + 7;(2 (||Vf(xk)||2 + llwell + zvf(xk)rwk) =21 (V£ () + wi)T (xy = x%).

Taking conditional expectation on both sides, we obtain:

Elllxger — x 17 1 Fid < llxe = x* 117 + 72 (IVLGl? + Ellwell* | Fid + 2V G Elwy | Fil) — 2 (VfGe) + Elwy | FiD) (e = x5).
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Since X is compact and that f is continuous (due to convexity), there exists C > 0 such that sup,cx ||V f(x)|| < C. Invoking Assumption 1 and Lemma 1, we
obtain:

Elllxeer = x* 17 | Fil < llxe = x* 17 + 72 (C? 4+ 6%) = 21V £ (o) (o = x).
From convexity of f, we have that V f(x;, )T (x; — x*) > f(x;) — f(x*). We obtain:
Elllxisr = X1 | F4 < llxie = X117 + 72 (€7 + 67) = 2 (fxi) = S ("))

Dividing both sides by 2y, and rearranging the terms, we obtain:

1 .
S0 = 1) £ 5= (g =2 IF = Ellloe =571 | F4) + T (CP +67)

Taking expectation with respect to & on both sides and invoking Lemma 2, we obtain:
« 1 - . Y
EL/G)] = fG") < 5= (Elllx — x 1 = E(EQlxen = x* I | Fell) + -(C? +07)
k
1 *
= —— (Elllxc = x*IP] = Elllxies = x°1P1) + 2 (€2 +6%) .
2}/k 2

Adding and subtracting #[E[llxk — x*||?], we obtain:
k=1

1 1
E[f(x0)] — f(x*) < (—[E[nxk = x* |11 = =—Elllxgs1 — x*||2]>
2¥k—1 2¥k
1 _ 1 2 Yk (2 2
+ <2yk e ) E[lx, — x*||*1+ > (C*+6%).

From boundedness of the set X, there exists a scalar M > 0 such that max,cy ||x — x*||> < M. Thus, we have:

1 1
EL/G0] = f(x7) < <—[E[||xk = X1 =l =" ||2]>
k

2¥i1
1 1 Yk (2, 2
+{— - M+ —(C +0o7).
(2}% 2}%—1) 2( )

Implementation of SGD method on MNIST

In some meachine learning problems, the goal is to solve the following expected loss minimization:

minimize  f(x) £ E[Lu” x, v)]

subjectto: x € R”,

where L is a loss function such as regularized logistic regression loss function and (u, v) is a random pair of input and output. To address this problem, one can
assume a sample average approximation (SAA) as follows:

1
[

minimize f(x) £

2 L(ulx,v;)

i€Srain

subjectto:  x € R".

where D 2 {(u;,v;) € R" X {=1,4+1} | i € S} where S 2 {1, ..., s} denotes the index set and S is partitioned into Sy, and S

Consider the regularized logistic regression loss minimization problem given as follows:

1S ] In{1 + ""P(-vfuiTX))> " %llxu2

minimize  f(x) £ <

1€Sirain

subjectto: x € R".

Applying the gradient descent method, we have:

1 -
Xigl (=X — ¥ Z = - + pux; ). (Gradient Descent)
[ Stz s, T+ exp(vul'xy)

The challenge in implementing GD method is the expensive computation of the summation above when the training set has huge number of data points.

In SGD, we view (u, v) as &. So, each (u;, v;) chosen from the training set can be viewed as a realizaiton (sample) of the random variable &.

Ul . .
Xkgl = Xp — Y '7} + pxy |, (Stochastic Gradient Descent)
1+ exp(vi*u‘.*xk)

where i* is randomly chosen from S,;, using a uniform discrete distribution.
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Binary classification

Suppose that a dataset {(u;, U,»)}{il is given where u; € R" denotes certain charactristics (also called features) of an object i and v; € {—1, +1} denotes the
class of the object. If v; = 1, object i belongs to a certain class and if v; = —1 it does not.

The goal is to classify a new object using the given dataset. Using a linear predictor, we can consider a vector x € R that represents the weight of the n features.
We seek values of x such that for "most" of the given feature-labeled data (u;, v;), we have

xTu; > 0, if v; = +1,

xTu; <0, if v; =—1.
We can view the term vixTui as a quantity whose sign characterizes misclassification (why?). Let us define a loss funciton that penalizes misclassification of the
data. Then, it makes sense to solve the folloiwng optimizaiton problem

z| -
M=

min L(vu! x), )
X

S.t.
x € R".

Here £ : R — R denotes a function that penalizes negative values of its arguments. Some of the polular choices for L are given as follows:

L(z) = exp(—2z), (exponential loss)
L(z) = In(1 + exp(-2z)), (logistic loss)
L(z) = max{0,1 — z}, (hinge loss)

In the case that a logistic loss function is used, formulation (7) is called "logistic regression".
In the case that a hinge loss function is used, formulation (7) is called "support vector machines".

ln-class assignmcnt 4. Explain why the logistic loss function is a well-defind penalty function for misclassificaiton.

Logistic loss function

In [18]: import matplotlib.pyplot as plt
import numpy as np

from math import *

return log(l+exp(-2))

X = np.linspace(-10, 10, 100)

y = np.asarray([logistic_loss_func(i) for i in x])
9 fig = plt.figure(figsize = (6, 4))
10 plt.plot(x,y,color='green',linestyle='solid',label="logistic loss function",linewidth=4)
11 plt.legend(loc="upper right",fontsize=12)
12 plt.axvline(x=0, color='k')
13 plt.axhline(y=0, color='k')
14 plt.grid(True)
15 plt.show()

1
2
3
4
5 def logistic_loss_func(z):
6
7
8

0 === |pgistic loss function
8

3

4

2

o —

-0 -75 50 -25 0.0 25 50 75 10.0

How to classify a new sample after training the optimization model?

Let us denote the optimal solution of the preceding problem by x*. To classify a new sample (i.e., not in the training data) denotes by upew € R”", it suffices to
evaluate urTlew x*. Then,

Unew = +1, if urTlewx* >0,
Unew = —1, if u;rlewx* <0.

Projection onto a box

Let X C R" be given as an n-dimentional box:
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X =1[,u]",

where | < u are scalars and [/, u]" denotes the Cartesian prodoct of the one dimentional intervals [/, u]. It can be shown that:

(a) Px(x) = min{max{/1,,x},ul,}, where 1, € R" denotes a column vector with unit elements and the max and min operators are taken elementwise.

[N PV %S [ S T n o T
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Stochastic OPtimization (Moc]ulc 4 Quasi Newton methods)

Deterministic quasi-Newton methods: Motivation, theory, and implementation

Problem formulation

We consider solving the following deterministic optimization problem:

minimize  f(x)
subject to:
x € R".

o Here, f : R" - R is function.

« Challenge:
« Gradient descent method may perform poorly for ill-conditioned problems.
« Also, it does not utilize the curvature information of the objective function.

Recall that
llxx = x*[1* < pXlIx* = xoll*,

here p := 1 — 2y + y2L2. When p & 1, the method doesn't make much improvement.

For example, suppose p = 0.9999. Find the least number of iterations such that || xx — x*||> < 0.001]|x* — xo||>.

K <000l « Kin(p)<n©00) <« K3 MOOD _ 66 475
1n(0.9999)

L
The ratio — is called the condition number of the problem. When it is very large (e.g., 10'2), the problem is ill-conditioned.
U

The issue with conditioning in gradient descent method

Consider minimizing

a b
f(x1,x2) = EX% + Ex% - X1,

where 0 < a < b are given scalers.

ln-class assignmcnt 11 Find the condition number of function finterms of a and b.

b
a

Suppose b = 10. Run the gradient method for a € {0.1,0.01,0.001, 0.0001}.
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In [13]:

import numpy as np
import matplotlib.pyplot as plt

1
2
3
4 (a, b) = (10%*-1, 10)
5 opt_sol= np.array([[1/a]l, [0]])
6 tol_a, tol b = 2,1

7 Q = np.array([[a,0],[0,b]])

8 = np.array([[-1],[0]1)

0 = np.array([[20],[500]1])

10 k_max = 200

11 stepsize = 2/(a+b)

12

13 def obj_f(x):

14 output =0.5*np.dot(x.T,np.dot(Q,x))+np.dot(g.T,x)

15 return output[0,0]

16

17 def grad f(x):

18 return np.dot(Q,x) +gq

19

20 def GD(x_0,k max,stepsize):

21 x_history = np.zeros((2,k_max+l))

22 x_history[:,[0]] = x 0

23 for k in range(k_max):

24 x_history[:,[k+1]] = x_history[:,[k]] - stepsize*grad_f(x_history[:,[k]])
25 #x_history[:,[k+1]] = x_history[:,[k]] - np.dot(np.array([[1/a, 0],[0, 1/b]]),grad f(x history[:,[k]]))
26 return x_history

27

28 sol_history =GD(x_0,k _max,stepsize)

29

30 fvals = [obj_f(sol_history[:,[k]]) for k in range(k_max+l)]
31 sol_dist= [np.linalg.norm(sol_history[:,[k]]-opt_sol) for k in range(k_max+1l)]

33 fig = plt.figure(figsize=(16,4))

34 plt.subplot(131)

35 plt.plot(range(k_max+l),fvals,color='green',

36 marker='x',markersize=4,linestyle='dashdot',label="GD method",linewidth=4)
37 plt.xlabel('Iteration', fontsize=14)

38 plt.ylabel('Objective function value',6 fontsize=14)

40 plt.subplot(132)

41 plt.plot(range(k_max+1l),sol_dist,color='blue’,

42 marker='*"', markersize=4, linestyle='dotted', linewidth=2)
43 plt.xlabel('Iteration',6 fontsize=14)

44 plt.ylabel('Norm of solution error',fontsize=14)

46 plt.subplot(133)

47 plt.plot(sol_history[[0], :][0],s0l_history[[1l], :][O0],

48 marker='o', markersize=4, linestyle='dashed', color='magenta')
49 plt.xlabel(r'$x_1$',fontsize=14)

50 plt.ylabel(r'sx 2$',fontsize=14)

52 plt.grid(True)
53 plt.show()
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Newton's method
The update rule of the Newton's method is given as

Xipl = X — 7k(V2f(xk))_1Vf(xk)~
Newton method with y, = 1 and any arbirary x, solves the above problem in only one iteration!
In-class assignment 2:

Revise the code above to implement the Newton's method. Use the constant stepsize y = 1. Explain your observations.

¢ =V flx)
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H := V2 f(x;)
The question to find d := H !¢
Hd=c¢

min 10

d
Hd =c.
. 1 2
min  —||Hd - ¢||
d 2

diyy :=d; —a,H(Hd; — ¢)

Quasi-Newton methods

Even though the Newton's method can enjoy a very fast convergence rate (a quadratic rate), for large scale problems, where n is large, it requires storatge and
computation of inverse of the Hessian. As such, in large-scale optimization, the Newton's method becomes inefficient due to high computational cost and
memory requirements per iteration.

Motivated by these issues, and to improve the slow convergence speed of the gradient descent method, quasi-Newton (QN) methods were developed. This class
of methods seeks to approximate the Hessian without requiring to compute the Hessian or its inverse directly. This way, the curvature information of the objective
function is captured throughout the algorithm.

The class of quasi-Newton methods takes the form of

Xig1 = X + yidi, where dy := =D,V f(xy).
Here D) > 0 represents the Hessian inverse approximate at x; and carries the curvature information of f.
Note that D, is updated iteratively.
The intuition:

Let us consider the kth iteration. By quadratic approximation of f at x,, we have
FGat) m FO) + V)T (gt — x1) + %(xkﬂ = x0) " Hy (X1 — Xp)s
where H) > 0 is an approximation of Hessian. Let us assume x| := X; + d) with unit stepsizes. We have
SOsk) ™ F00 + V.00 di + S df Hidy
Minimizing the right-hand side in terms of d;, we obtain

Vi) + Hidy =0 = diy =-DiVf(xp),

where D) & Hk‘l.

In-class assignmcnt %: Under the condition that D, > 0 for all k > 0, show that the above iterative method is a descent method.

How to update D;?

The main idea is to use the information of two successive iterations to approximate the Hessian inverse. Let us define:

Xk+1 — Xk

Vi Gesr) = Vf (xpo)-

Note that from the generalization of the first-order expansion for the gradient mapping we can write

Vi & V2 F(x)s.

Sk
Yk

1> 1>

This is in view of
Vi) & V() + V@K -2) = V/x)-VfiEz)~ V) -2)
For x := Xj41 and z 1= xi
Intuitive idea by William C. Davidon:
Consider the scheme
Xiq1 = Xg + apd;, where d; := =DV f(xp).
Next, we develop an update rule for Dy, .

Instead of computing Dj, afresh every time, Davidon tried to build up a recursive rule. Suppose x| is obtained and we wish to find H; | such that
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SOk12) % M (@ 2 [ + 9 ) d + 2" Hpd
Here d £ x — x441. We have
Vi1 (d) = V f(xpq1) + Hyipd.

Question: What is the value of Vmy,q at Xp41?

The idea is to enforce V., (d) to match with V f(x,) at x;, i.e., at d := x; — X1 . We obtain
Vg1 (d) =V f(xpe1) + Hip1 (0 = Xpe1) = Vf(Xk),
which results in V f(xp41) — Hypr15c = V. f(xp).
This implies that
Vi = Hip151 or Sk = Diy1 k-
where we used Dy = Hk_+]1 and the definition of s, and yj.

Secant equation: The equation s, = Dy 1Yy is called secant equation.

How to ensure a descent direction?
We want to find matrices D using {(s;, y,~)}f‘=‘01 such that D; > 0 to ensure a descent direction at each iteration. The following lemme provides such condition.
Curvature condition: Note that in order to have a descent scheme, i.e., D, > 0 for all k, we have to meet a condition called curvature condition given as follows:

S[yk > 0.
Lemma 1: (curvature condition) Let function f : R” — R be strictly convex over R". Show that for any k, the curvature condition is satisfied.

In-class assignment 4 Prove Lemma 1.
Hint: A function f is strictly convex if we have for all x, y
FC)> fM + VI (x =y
Sk = Xppp — Xk
Ve =V flx) = VIx)
FGoan) > @) + V)" (vt = x0)

FO) > fOert) + Vo Cor)T (e — Xpt1)

FGoen) + fOa) > FGa) + F () + VI Gorr = x10) + VI ) (ke = Xpey1)
0> V() Gorpr = xi) = VI Kie) (it = Xi0)
0> (Vi) = V(X1 ) Cetar = Xi0)
0> —yl's;

y[sk >0

BFGS method: The most popular quasi-Newton method

When the curvature condition is met, the linear system s, = Dy yx may have infinite solutions for Dy ;. One way to find a good solution is to solve the following
model:

min  ||D - Di|lr
D

s.t.

Dy = si.
D >0,

where ||. || r is called Frobinious norm and is defined as

Al

Solving this problem will result in a recursive formula for Dy . In fact, it an be shown that Dy, can be obtained from Dj, and vectors s, and y; using the
following recurve rule
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1
A

-
Vi Sk

Dy = (I— PkSkYZ) Dy (’— PkYkSZ) +Pk5k3lv Pk

Lemma2: f : R” — R be strictly convex over R". Consider the quasi-Newthon methods where D, is generated by the BFGS rule. Then, D, > 0 forany k > 0
and the method is descent at each iteration.

Pros and cons of BFGS method

The global convergence of the BFGS scheme can be established under strong convexity and smoothness of f. Under additional smoothness assumptions on the
gradinet map, i.e., Lipschitizan property of Hessian, it can be shown that the BFGS scheme attains a superlinear convergence rate.

However, at each iteration, in the BFGS update formula, D, or alternatively, {(s;, yi)}f.‘zl have to be stored.

Fir) & ) + V)T (ke — x5) = i) + V)T (=y DV f(xi) = f(xx) = ¥V ()T DV f (i)

In [1]: 1 import numpy as np
2 n = 10**10
3 np.random.normal(size=[n, n])

ValueError Traceback (most recent call last)
/var/folders/vx/8xj88£13319g21166w222zkx40000gn/T/ipykernel 79251/1211782645.py in <module>
1 import numpy as np
2 n = 10%*10
—----> 3 np.random.normal(size=[n, n])
mtrand.pyx in numpy.random.mtrand.RandomState.normal()

_common.pyx in numpy.random._ common.cont()

ValueError: array is too big; “arr.size * arr.dtype.itemsize” is larger than the maximum possible size.

Limited memory BFGS (L-BFGS) method

To address this issue, a limited-memory variant of BFGS was developed in 1989 where at each iteration, D, V f(x; ) is computed only by storing and manipulating

a limited number of vectors, i.e., {(s;, y,-)}f‘=k_m+] .

It was shown that the L-BFGS method attains a linear convergence rate and performs significantly better in large scale optimization problems and specifically in
the case where the condition number of the objective function is very large. This addresses a main shortcoming of the gradient descent method.

The underlying idea in limited memory BFGS is to do m updates of BFGS rule at each iteration and then restart the computation of Hessian inverse approximation
at the next iteration.

The intuitive description of L-BFGS method:

Let {x, } be generated by the following quasi-Newton method:

L if k < m,

Xi41 = xk—akaf(xk) Wlthbk = {Dk ifk>m
ms = m.

where matrix Dy, is recursively generated using the BFGS update rule m times as follows:

1 .
Dy = (I— PiSiyiT) Dy ji (I— Pi}’is,-T) +psist, p £ s forall j=1,...,m, 1)
i o
T
wherei £ k — (m — j)and Dy £ ;@ik I and we define
(343
A
Si = Xi = Xi-1,
2

Yi = Vi) = ViGxi).
In-class assignmcnt 5:

a) What is the memory requirement of L-BFGS update rule?

O(mn)

b) Let m = 3. Consider the k = 10th iteration. List the pairs of (s;, y;) that are used to compute blO-
j:1,2,3

i:8,9,10

(si5 yi) + (58,8, (59, ¥9), (S105 ¥10)

b) For a any given m and k > m, list all the pairs of (s;, ¥;) that are used at iteration k to compute i)k.

j:1L2,....m
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itk—-m+1,..,k

(si> vi) = {(sis yi)}llz_m-f-]

An efficient implementation of L-BFGS method
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In the following result, it is shown that the L-BFGS method does not require sotring matrices and the direction of the method can be computed efficiently by a too-

loop recursion with only (I(mn) memory requirement.

Proposition (L-BFGS Two-loop recursion): Consider the L-BFGS scheme described above. Let vector r be generated at iteration k where k > m, as follows:

q:= Vfi(x;)
foriin(k,....,k—m+ 1)

Yk—ivl = PiS| q
q:=4q— Vk-i+1)i

T
Sk Yk

ViVk

foriin(k—m+1,...,k):
r=r+ (Ve-iv1 — piy,'Tr)Si

return r

Then, we have r = bk V f(xy), where bk is the matrix of L-BFGS scheme given by (1).

Rcading assignment: Read the following proof and do the outclass assignments.

Proof:

For clarity of the presentation, throughout this proof, g;_;+1 is used to denote the value of the vector ¢ € R" after being updated at iteration k. Similarly, we use
Fi_k+m to denote the value of the vector r € R" after being updated at iteration k. Also, we use the following definitions:

T
A Sk Yk
- T qm>

q 2V e, 1o
Vi Yk

1>

yi S

Consider relation (1). By applying this recursive relation repeatedly, we obtain

m T m
Dy, = <H Vk—(m—j)> Dy <H Vk—(m—j)) @
=1 =1
m T m
+ Pr-m+1 H Vicn-i | Skemt1 5t s H Vie-m-j

j=2
3

J=2 J

J

T
m m
+ Pk—m+2 <H Vk—(m—j)) Skemt2 S0 mia <H Vi—m-j)

=3
+ ...
+ pe1 Vi sior st Vi
+ psist.

Out-class assignment 1 (a): Use induction to prove the above equation for Dy ,,.

Next, we derive a formula for g;. We have

1
i T—,andV;éI—piy;s,.T, foralli=k—(m—1),...,k.

)

)

Qi = Qe — Vet i = Qi — P (5T @) 91 = i = i (0iT) @i
= (X=pysT) qies = Vigwy,  foralli=kk—1,...,.k—m+ L.

From the preceding relation, we obtain

m
qr = < H Vk_(m_j)) qo, forallz=1,2,....,m.

Jj=m—>£+1
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From the update rule for y,_;+; in the two-loop recursion scheme, using the definition of p;, and applying the previous relation, we have y; = py sfqo and

Ye = Prera1Sh_pi < H Vk_<m_j)> qo, forallz=2,3,...,m. 4)

Jj=m—£+2
Multiplying both sides of (2) by gy and employing (3) and (4), we obtain

Dimgo = <H Vk—(m—j)> Diogm + <H Vk—(m—j)) Sk-m+1Ym ®)
=2

J=1
.
m
+ <H Vk—(m—j)> Skemi2Ymet F - F VI sii172 + sk71-
Jj=3

Next, we derive a formula for r;. From the two-loop recursion scheme, we have

_ T
Fick+m = Fi—k+m—1 + (7k—i+1 = PiY; r[—k+m—1) Si
_ T
= Ficktm—1 = PiSiVi Vick+m—1 F Yk—i+1Si
ViTrikemet + Vieip1s,  foralli=k—m+1,.. . k—1,k.

Combining the preceding two relations, we obtain
ry = sz(m_f)rf_l + Ym—t4+1Sk—(m—¢)» forall =1,2,...,m.
Using the preceding equation repeatedly, we obtain

Iy = (H Vk(mj)) 7o + ¥m <H Vk(mj)> Sk—m+1 (6)
=l

j=2

T

m

+ Ym-1 <H Vk(mj)) Sk—mt2 + ... T+ yZVkTSk—l + 71 5k-
j=3

Out-class assignment 1 (b): Use induction to prove the above equation for r,,.

From (5) and (6), and the definition of ry and g, we obtain r,, = Dy ,,qo = bk V£f(xp)-

Suppose a, b,¢c € R". We have
(abDe = (b7 c)a.
Stochastic quasi-Newton methods: theory and implementation

Problem formulation

We consider solving the following stochastic optimization problem.

minimize  f(x) 2 E[F(x,&)]
subject to:
x € R".

o Here, f: R" = R is an unknown deterministic function.
o Here, F : R" X Q — R is a known stochastic function.
e £:Q > R is a d-dimensionl random variable.

« [E[e] denotes the expectation operator with respect to &.

Convergence and rate analysis
a) When F(», £) is an L-smooth and nonconvex function

b) When F (e, £) is a strongly convex function

Notation: We let the histroy of the method of random variables used up to iteration k be denoted by:
Fr & {x0.80. &1, oo &t} forall k > 1,

and Fo 2 {x}. We also let E[+ | %] denote the conditional expectation with respect to the filteration F.
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Assumption 1: We have:
) E[VF(x,&) | x] = Vf(x)forallx € X.

i) E[||VF(x, &) — V()| | x] < 62 forall x € X for some o > 0.

Definition 1: Let us define the stochastic erros wy, 2 VF(xy, &) — V f(x;) forall k > 0.
Lemma 1: Consider Definition 1. Under Assumption 1 we have for all k > 0:

Elwi | F¢1=0,
Elllwe | | %] < 62

Lemma 2: From the probability law, we have that E[E[e | F;]] = E[e].

Assumption 2: Let the following hold for all k > 0:
a) The matrix H;, € R™" is & -measurable, i.e., E[H; | F,] = H,.
b) Matrix H, is symmetric and positive definite, i.e., there exist positive scalars Apin, Amax We have

Amin] < Hy < AL forall k > 0.

A > 0,x, means that A is positive semi-definite
A > Bmeansthat A — B > 0,4,

A > nI,, mean that the minimum eigenvalue of A is greater or equal to #.

Outline of the SQN method

Let x; be generated recursiely as follows for k > 0:

Xir1 = Xk — Ve Hi VE (e, &)

Rate analysis for the smooth nonconvex case

Theorem 1: Consider problem (P) and the SQN scheme. Let us define f* £ min,eg f(x) where f(x) = E[F(x, £)]. Suppose Assumptions 1 and 2 hold. Let
X = R" and let f be L-smooth (and possibly nonconvex). Then, the following results hold.

Lety, =y := ﬁ Then, we have:

_ 2 2 214
] < 2 (IE [f(Xo)] f ) + L/lmaxg forall K > L jmax .
€0, K-1 /‘lmin K j'min

ii) Let y, be such that Y22 7, = co and Y73 y2 < oo. Then, we have:

Jim E [V £Gxo)ll?] =0.

In-class assignmcnt 6 : Read the proof and fill out the blanks.

Proof of Theorem 1:

L
FGuan) < fGa) + V(x0T Goeer = xi) + 5||Xk+1 - xi .
Note that we have x| := x; — y, H,V F(xy, & )- From the update rule of the algorithm, we obtain
2
T L 2
S i) < fCe) = v V)" HiVF (x, &) + T”HkVF(xksgk)” .

Invoking Definition 1, by replacing V F(x,, &) for V f(x;) + w, we obtain
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}/2

L
) < FO) = i V)T Hil(V f () + wy) + kT”Hk(Vf(Xk) +wpll?

2L
= f(x) = i V)T HiVf(x) — iV )T Hywy + ykT(Vf(xk) +wy) HI Hy (V f(xp) + wy)

Note that from Proposition A.2 from the Lecture notes on Jan. 20, we can write

T 2
V()" Hi V(X)) 2 Ain IV SOl
Invoking Propositions A.1 and A.2 from the Lecture notes on Jan. 20, we have

(V) + wy) HEH (V) + wi) < s IV FGe) + wiell

Taking conditional expectations on both sides, we obtain

Likuxr? (

ELfGoeat) | Fid S E [ £ = Amin?e IV F O = 7V fGe)” Hywy + VAN + llwell* + 2V f(x) wie) | Fi

LAZu7?
< S0 = dmia IV S GNP = 2V S )" HiEluwg | ) + = (IV ) lIP + Elllaog I | F3] + 261V S () wi | 1) -
From Lemma 1, we obtain
, LA} y
ELf (k1) | Fid £ i) = Aminve IV SN + T(”Vf(xk)” +0%).
Assuming 7, < Z/‘l‘;i“ , we obtain
A Ly2 2,
ELAGeien) | F4] € £00) = Amnrc IV £l + 28IV Gl + == (o)
A LA v2o?
< flx) = 2RI )+ =
2 2
Taking expectation with respect to % from both sides and invoking the total probability rule, we obtain
. L2 y202
ELEL/ () | ] < ELA ()] = “22LE BNV £ G 7] + == —
Thus, we have:
AninTk L% vro?
ELfGeen)] < ELFG0] = 2228 BV £l + =2 O]
2 2
Under a constant step-size y, = y we obtain
2 LA%yo?
ELNYSG0I’] € (LGl = ELfGrn)]) + =
min min
Summing both sides over k = 0, ..., K — 1 where K > 1, we obtain
K-1 2 2
2 LA o
3 ENVAOIP] € —— (ELf(x0)] - ELfGx)]) + K=222L2
k=0 /lminy Amin

From f* < f(xg) for any realization of xg, we have:

20/ G0) = f*) | Litwre®

min_ ELIV f(xlI%] <

ke(0,....K— Kminy Amin
The bound in part (i) is obtained by substituting y := ﬁ above.
Appendix
Definition (little o notation):
For a positive integer pand amap h : R" — R"™, we write h(x) = o (||x||?) if
limy_ hx) =0
llxi |17

for all (nonzero) sequences {x; } such that x; — 0.
Remark: Loosely speaking, the above notation means o (||x||?) becomes much smaller than || x||?, when ||x|| is small enough.

Example: h(x) = x> is o(x).
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Proposition (Second order expansion): Let / : R" — R be twice continuously differentiable over an open sphere S, and let x € .S. Then for all y such that
x+y €S, we have:

« There exists an @ € [0, 1] such that

1
[+ =) +y V) + EyTVZf(x + ay)y.
« The following holds:

1
fx+y) =@+ V) + EyTVZf(xw + o(llylI*).
In-class assignment 7:

1. Generate an nparray of size 20 by 1 of random integer numbers ranging from -10 to 50.

2. Create a dataframe called "df_data" whose only column is the nparray with the name "Some data".

3. Randomly shuffle the indices of the dataframe using np.random.permulation. Call it "shuffled_indeces".

4. Create a new array that is the first 15 elements of shuffeled indeces. Call this train_indeces.

5. Use iloc[] command to generate the subset of the df_data that is corresponding to the train_indeces. Call this dataframe "df_train".
6. Create a dictionary called dict_train and store the df_train as an item in this dictionary.
7. Repeat steps 4 and 5 for the other 5 elements for test data.
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Stochastic OPtimization (Module 5: Zeroth-Order SGD)

Zeroth-order methods are some of the most important iterative methods in convex and nonconvex optimizaiton.

In minimizing a function f over some set X, there is one main reason for the need to a zeroth-order method: The gradient mapping of the objective function may
not be available.

This could be because of the following reasons:

« The objetive function is nondifferentiable.
« The gradient's closed-form formula is not available. Often in this case, we may not even know if f is differentiable or not. Even if it is, we may not know what
V f is to use it in gradient-type methods (a.k.a. first-order methods).

Spherical randomized smoothing

Let function & : R" — R be given. Define the function hy, as

hy(x) £ Euenlh(x + nu)],

where 1 > 0 is an arbitrary smoothing parameter, u is a random vector in the unit ball B, defined as

B2 {ueR"|ul <1}

Example: Consider the function f(x) 1= |x3 + 1].

Define fy5(x) := E[|(x + 0.5u)> + 1|] where u € R is uniformly distributed in the interval [—1, 1].
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In [5]:
import numpy as np

X = np.arange(-2, 2,

0N WN
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import matplotlib.pyplot as plt
plt.style.use('fivethirtyeight')

0.001)

9 fig = plt.figure(figsize=(14,6))

11 plt.subplot(121)
12 for i in range(s):

13 u = l*(np.random.rand()-0.5)

14 y = np.absolute((x+u)**3+1)

15 plt.plot(x, y, marker='*', markersize=2,linestyle='dashed',label=r"$| (x+("+str(round(u,2))+"))"3+1|$", linewidth=4)
16 z+=y

17 plt.xlabel('x', color='#1C2833"',fontsize=18)

18 plt.title(r"randomized functions § |(x+u)"3+1|$",fontsize=18)

19 plt.legend(loc='upper center', bbox_to_anchor=(0.5, -0.05),
20 fancybox=True, shadow=True, ncol=5,fontsize=12)

21
22 plt.subplot(122)

23 plt.plot(x, z/s, marker='*',6markersize=2,linestyle='solid',label=r"$f(x)$", linewidth=4)

24

25 plt.xlabel('x', color='#1C2833"',fontsize=18)
26 plt.title("Sample average function",fontsize=18)

27 plt.grid(True)

14

12

10

- lx 4017 +1]

— | H (0377 1] = | H{0.16))° +1]

randomized functions [(x + u)* + 1]

-15 -1.0 -05 00 0.5 10 15

2.0

Jox+(-0.2903 +1] == lx+(-032)°+1] ==1 [ix+(—0.09})3+1]|
— |4+ (—0.46)F 41| == |lx+(0.26)F+1]

Sample average function

—-2.0 -15 -1.0 -05 0.0 0.5 1.0

Jix+ (01502 +1] X

- |lx+(-0.37)F +1]

Remark

Let us define & := nu. Note that & is uniformly distributed over #B. In view of u =

1
n

i (viewing u as a function of i) we have

Eue [h(x +m)l = [ h G+ ma) p)dii = [ h (x+n (%)) p@di = [, h(x + i) p@)di = Ezeyp[h(x + @)].

In view of this relation, throughout, we may use E,cg [h(x + nu)] and E,c,z[h(x + u)] interchangeably.

Case 1: x > —0.5. Thus, (x + i1)> + 1 > O forall s € [-0.5,0.5].

Case 2: x < —1.5.Thus, (x + &1)> + 1 < 0 forall iz € [-0.5,0.5].

Case 3: x € [—1.5, —0.5].

In case 1:
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0.5 1 0.5 1 1
foj(x)=/ (x+@*+1) di=1+-(x+d)* =1+—-(x+05*"-—(x-0.5"*
-0.5 4 4 4

-0.5

4 4

Lo (4 i Lo () as e
=1+-) R i(=0.5)
* 4 i=0 <l>x 4 <l>x ( )

i=1

=141 i <4>x4-f (0.5" = (-0.5)")
4 & \i ' '
=1+lz )t (0.5" = (-0.5)")
4 i ’ '
0

In case 2:

0.5 0.5
fos(x) = —/ (x+ay}+1) di= —%(x +f = —%(x +0.5)* + %(x -0.5)*=-x>-025x — 1.
-0.5

-0.5

In-class assignment I:

Find the formula of f(x) in the third case.
0.5 —x—1 0.5
fo_s(x)=/ |Gx+a)* +1] da:/ |Gx +a)* +1] da+/ |x +@)* + 1| da
-0.5 -0.5 —x—1

—-x—1 0.5

=—/ (x+@)®+1) da+/ (x+@°+1) di
-0.5 —x—1

0.5

—x—1

=2x+2)— (%(x+ﬁ)4

1 =4
+ —(x+u)
—-0.5 > 4 —x—1

1_1
4 4

1

1
= — —0.5)4 Z 54— =
(2x+2) < (x 05)>+ (x+0.5)

1 1 1
=2x+2)+ —(x+05*+ —(x —0.5)* - =
2x+2) 4(x ) 4(x ) >

—@x+2+ 1 > <4> x* (0.5 + (=0.5)") - 0.5
4 ma\

=Q2x+2)+ %(x“ +3x% 4+ 0.125) - 0.5
=0.5x* + 0.75x + 2x + 1.53125.

Thus, we have that

—-x*-025x -1, ifx<-15
fo5() = Ezeose [|(x +@° + 1] =9 0.5x* +0.75x% + 2x + 153125,  ifx € [=1.5,-0.5]
x> +0.25x + 1, if x > —0.5.

Key observations

Note that f( 5 is continuous over its domain, in particular at x = —0.5 and x = —1.5 with f{,5(—0.5) = 0.75 and f5(—1.5) = 2.75.

Also, it is continuously differentiable with

Preliminary definitions and notation

Let us define S as the surface of the ball B, i.e, S £ {v € R" | ||v|| = 1}-

Also, let B and #S denote the ball with radius 7 and its surface, respectively.

Afunction f : R" — R is said to be in the class C*” if it is k times continuously differentiable and it's rth derivative is Lipschitz continuous.
Given aset X C R" and a scalar # > 0, we let X, denote the expanded set X + nB.

Given a function f : R" = R and aset X C R", we write f € C*0(X) if f is Lipschitz continuous on the set X, i.e.,

If(x) = FR < Lollx — x|l,  forall x,x € X,
and some Ly > 0.

In this case, when X = R", we write f € C%0.

Given a continuously differentiable function and a set X C R", we write f € C1!(X) if V f is Lipschitz continuous on the set X, i.e.,
|IVf(x) = VF)| < Ly||x — x|| forall x,x € X and some L, > 0.

In this case, when X = R", we write f € chl

In-class assignmcnt 2:
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Let X = {(x1,x2) |2 <x1 <4, 1 <x, <3}.In R?2, draw the shape of Xo.1-

In-class assignmcnt b

Consider the function f(x) = |x® + 1|. Is this function Lipschitz continuous?

Properties of spherical smoothing

Lemma 1: Let i, be defined as ,(x) = E,eg [h(x + nu)]. Then the following results hold.

(i) The smoothed function A, is continuously differentiable over X. In particular, for any x € X, we have that

Vil () = (2) Eueps [+ 0055 | = (4) Eueys [0+ 0) = heo 755
Suppose h € C%0(X,) with parameter L. For any x, y € X, we have that (i) -- (iv) hold.
(i) 1,(x) = By < Lollx = Il
(iii) |1y (x) = h(x)] < Lon.
@) 1V hy () = Vi, < 222 1x = ]l
(v) If his convex and h € CO'O(X,,) with parameter L, then A, is convex and satisfies the following for any x € X.
h(x) < hy(x) < h(x) + nLo.
(vi) If 1 is convex and h € C0(X,)) with parameter Ly, then
h(y) +nLo > h(x) + V hy ()T (y — x), forally € X.
(vii) It h € C" (X)) with constant L,, then ||V h,(x) — V, h(x)|| < nL,n.
(viii) Suppose h € CO'O(X,?) with parameter L. Let us define for v € #S

A n (h(x+v)—h(x))v
8y(x,0) = (ﬁ) ol

Then, for any x € X, we have that E,e,s [I|g,(x, )II?] < L3n?.
Jensen's inequality: Given a random variable Z and a convex function g(Z), then we have q (E[Z]) < E[q(Z)].

Z = h(x + nu) — h(y + nu)
9«Z)=1Z|

Proof: (For a complete proof, see https:/link.springer.com/article/10.1007/s10107-022-01893-6 (https://link.springer.com/article/10.1007/s10107-022-01893-6))

(i) Omitted.

(ii) We have
Jensen's ineq.
[hy(x) = by = |Euen [h(x + m)] — Eyep [A(y + nu)]| < " Even [1hCx + mu) = h(y + mu)|]

heC(X,)

< EuenlLollx =yl = Lollx — yll.

(iii) Next, we show that |, (x) — h(x)| can be bounded in terms of 7 and L.

|hy(x) = h(x)| =

/ (h(x + u) — h(x))p(u)du,

nB

< /B [(h(x + u) — h(x))| pw)du
n

<Ly / [lullpw)du < Lon / puw)du = Lon.
nB nB

(iv) Note that we have X +#S C X + #B. Thus, from the definition of X, and h € CO'O(X,?), we have h € CO0(X + #S). As such, we have

”Vxhr](x) - Vxhn(Y)” =

S PR I
Epeps [“(h(x +0) = h(y + ) e H

Lyn (1] Lon
B2 x = ylEueys [ ] = 2220x =yl

I\

IA
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(v) Omitted.
(vi) From part (v), function h, is convex and h(y) + nLo > h,(y) forany y € X. Thus, for all x, y € X we have

h() +nLo 2 hy(y) 2 hy(x) + V()" (y = x) 2 h(x) + Vi ()" (v = x).

(vii) Note that we can show that fnS vol p,(v)dv = %I. We may then express V, h(x) as

V,h(x) ; ( / vapU(v)du> V. h(x) = ; < / vTVxh(x)vpv(U)dv>
nS S

5(/}7§ UTVxh(x)ﬁpv(v)mJ) = "Ereys [(Vxh(x)Tu) ﬂ] ,

where the third inequality follows from ||v|| = #for v € #S. From this relation, part (i), and by recalling that %[EU€,1§ [h(x ﬁ] = 0, we can write

1V,hy) = VhGOll = || 2By [Chx + 0) = 160 75| = 2Eucys [ (VAT 0) 5]

IN

%[EuEnS [|h(x + U) — h(x) — Vh(X)TU %]

IN

2Eeps [Lillol?] = mmLy.

(viii) We observe that for any x, E,es [l g, (x, )||?1 may be bounded as follows.

” / G + 0) = ol
S

n lloll?

[Euerl§[||gr/(xa U)llz] pu(v)dv

2
n

S} / L3llvl*py(v)dv < n® / po()dv =’ L.
n- Jys nS

Zeroth-order stochastic gradient descent method: theory and implementation

Problem formulation

We consider solving the following stochastic optimization problem.

minimize  f(x) 2 E[F(x,&)]
subject to: P)
x € X.

o Here, f : R" - R is an unknown deterministic function.
e Here, F : R" X Q — R is a known stochastic function.
« £:Q — RYis a d-dimensionl random variable.

« [E[e] denotes the expectation operator with respect to &.

« The gradient mapping of F is not available. We only have access to an oracle that returns F at given x and &.

To address (P) in the nonconvex constrained case, we consider solving a smoothed approximate problem of the form

minimize  f,(x) £ Euepe[F(x + nu, &)
subject to: ®,)
x € X.

Algorithm outline (ZO-SGD for nondifferentiable nonconvex case)

Initialization: Choose a random vector xo € X, a stepsize y, K > 1, arandom value R from {0, ..., K — 1},

fork=0,..., K -1

Generate random realization of &, denoted by &,

Generate random realization of v € #S, denoted by vy
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Evaluate the zeroth-order stochastic gradient as follows.

n Uy
8n(Xks Uk, &) = <—)(F(Xk + v, &) — Fxi, &) .
n lloell
Update the main iterate as follows.
X1 = Px (X6 — v&(xk, v &) -
end for
Output: Return xr
Py (X) is the projection of X onto the set X.
We let the histroy of the method of random variables used up to iteration k be denoted by
Fre £ {x0, 80, 00, &1, 1, oo » Gt Ukt ) forall k > 1,

and Fo 2 {x}. We also let E[+ | ] denote the conditional expectation with respect to the filteration F.

Assumption 1: Random samples {&; } are iid drawn from €. Random samples {v } are iid drawn from #S. Also, {&; } and {v, } are independent. Moreover,
f(x) = E[F(x,&) | x]forall x € X + nyB.

Assumption 1 implies that F (e, £) is an unbiased estimator of the true value of the objective function, that is f(x).
Assumption 2: The set X C R" is closed, convex, and bounded.
Assumption 3: Suppose for any arbitrary & € Q, we have F(s, &) € CO0(X + 5yB), that is, F(x, £) is Lipschitz continuous on the set X + 7yB, i.e.,

[F(x,8) - F(x,9| < Lo@llx - x|, forall x,x € X + nolB,

and some L (&) > 0. Also, suppose L := 4/E [Lg(:)] < 0.

Why is g, (xk s Uk, fk) a suitable stochastic gradient?
Lemma 2 (Properties of the zeroth-order stochastic gradient): Consider the ZO-SGD method. Let Assumptions 1,2, and 3 hold. Then, we have:
0 E [g,(xi, vi &) | Fie] = V 1y (x0)-

@) E [llg, (xi, vk EONI? | Fi] < L2n?.

Proof: To show part (i), we can write
n v
E [gy(xi v &) | Fi] = E [(;) (FCxi + 01 60) = FOuo &0) 7 7| %]
k

llol
Law of total expectation [ n Uy
= (;) E,, [[Egk [(F(Xk + vk, &) — F(xg, &)) Todl | Fr U {Uk}”
Assumption 1 <%> E,, [(f(xk + o) = fOa)) - | %k]

lloll

[E[ ) ]=0 n U
E (—> E,, [f(xk + o) — I%]
" lloell

Lemn_la 1(1)

V ).

To show part (i), we can write
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2 2
n v
E [”gr](xkvuksék)llz | gk] = <;) E H (F(xg + vk &) — Fxg, &) ”U—k”‘ | gk:|
k
Law of total expectation [ p 2 Uk 2
= - E, [E.fk (F(x + v &) — Fxp, &) ——|| | Fi U {oi}
n [logll
VAN
Uk 2 _ 1 2
ol | e lloll

Definition 1: Let us define the stochastic errors wy, 2 &y (Xie, Ui, &) = V [y (x) for all k > 0.
Note that the main update rule of the algorithm can be rewritten as

Xir1 = Px (x = v(Vf (i) + wy))

The notion of stationarity for nonconvex optimization over a convex set

Lemma 3: Consider the minimization of an L-smooth but possibly nonconvex function over the closed convex set X. Then, x is a stationary point of this problem
if and only if

IGL®Il =0
where G'; (x) is called the residual mapping and is defined as

Gr(x) 2 L(x - Py (x = 1V, f(x)).

Definition 2 (The residual mappings of the smooth problem): Suppose Assumptions 1-3 hold. Given a scalar # > 0 and a smoothing parameter > 0, for any
x € R", let the residual mapping G,,Aﬂ and its error-afflicted counterpart G,,,ﬂ be defined as

Gyp() 2 p(x = Px (x = $Vfy0)) ).
Gy 2 p(x=Px (x = § (VS0 +0) ).

where & € R" is an arbitrary given vector.

Remark 1: Consider the compact representation of the update rule of ZO-SGD. Let us define € := wy.

Note that we have
2 211 7 2
Xk = xicll” = ¥7IIG, L (xOII™
Y

[1xks1 — xk”2 = ||Px (Xk - }’gn(xkvvk,gk)) - Xk||2 = |IPx (Xk - J/(ny,(xk) + wk)) - Xk||2
Lemma 4: Let Assumptions 1-3 hold. Then the following holds for any f# > 0, n > 0, and x € R".
G sOIP < 201Gy s O + 211211
From Definition 2, we may bound G, s(x) as follows.
2
1GNP = |8 (x = Px (x = $ver,) )|
=8 (x=Px (x - 5Vt + D))
2
+ Py (x= SOV f, 0+ @) = pPx (x = V.S |
2
<2 (x-Px (x— (Vs +0) )|

+2[pPy (x = 5 Vs 0 +0) = Py (x = 497,00
< 201G, @I + 20121,

where the last inequality is a consequence of the non-expansivity of the Euclidean projector.

llu+ ol < flull + ol

llu+ ol* < (lull + lolD* < 2ull® + 210]1?
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Convergence analysis of ZO-SGD (nonconvex case)

Theorem 1: Let f* := min,cr" f(x) and let Assumptions 1,2, and 3 hold. Suppose xy, is generated by the ZO-SGD method. Also, choose ¥ and # such that
%LO < 0.5. Then,

K-1
< SELfG) = f* +2Lon) 8 Yo Elllwyll*]
< K X .

E (G, el

Proof:
Note that from Lemma 1(iv), the function fn is %—smooth. Invoking the descent lemma for the smoothed function f,,(x) we have

nL
FuGeer) < ) + V(00T Gear = x4) + 2—,7“ llxeer = xill%

Invoking the projection theorem (see Lecture_notes_20230127 by choosing X := x; — 7(V f,(x)) + wy)), we obtain
T
(xer1 = (xk = 7(Vfy(x) + w01))) (x = x141) 20, Vx € X,
Let us choose x := x; . Then we have
T
(xXx1 = xx + 7V fy () + wy)) (X = Xpeq1) 2 0.
Thus we have
—llxx = xpp1 II* + vl O = xp11) = Vr £ Ge)T e — x0)-

Rearranging the terms we obtain
T 1 2 T
V() (g — xi) < —;”Xk = X1 17+ wp e = Xpqp) -
From the preceding relation and the first inequality we obtain

1 2 T nLo 2
SnXir1) < fy(xp) — ;||Xk+1 = xil” + wl G — xpq0) + Trl”xkﬂ = xi|l*.

We can write w? (x; = Xg41) £ 2wy || + %lelﬁ,l — xi||?- This implies that

1 2, 7 2, nlg 2
X, < fux) = — X1 — X + —llw + X1 — X
JnXir1) < fy(x) 2}/” K+l «ll 2|| el 2 [1%k41 el

ynlo

1 4
= fulxp) — 2 (1 > Ixeer — xilI* + §||Wk||2-

Invoking Remark 1, we obtain

1 ynLlo\ o~ 2, Y 2
Sara1) < (i) = 2—]/(1 - T) 14 ||G,,Y§(Xk)|| + 5||wk|| .

rnlo

Suppose .

< 1. Invoking Lemma 4, we get

1 nL 1 nL
Foisn) < Fy00) = = (1= Z22) 205116, - ol + o= (1= 2222} 2w 1 + Ll )1?
2y n ny 2y n 2

Y ynL
< fylxi) = Z(l - TO) IG,, 1 Caoll? + pllwi .
T

Suppose 2222 < 0.5. Then, (1 —rh ) > 0.5, implying that

Fan) < 350 = LG, 1 Gl + e
Thus we have

216, 1 ll? < fyG) = fyeean) + 7l

3 e Xk = T Xk n(Xk+1 YW~

Taking sum on both sides for k = 0, ..., K — 1 we obtain

K- K-1
Y
g 2 NG, 10l < f3(x0) = fyGex) + v Y el
k=0 k=0
Also, note that from the definition of xz we can write
K-1
Y 1G, 1 GOl = (K = ko)E [IIG, 1 <ll2]
k=0 ! !

We obtain
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K K-1
EEER [IG, 1 (cnl] < £ o) = fyei) + 7 3, ol
4 k=0

Invoking Lemma 1(jii) we have

[£3(x) = F()| < Lon = f&x) = Lon £ f,(x) £ f(x) + Lon.

We obtain

K K-1
LB (16, el < fx0) = FOxi) +2Lon+7 Y, N
! k=0

We have

B(f(xo) = /" +2Lom) | 8 Xy Il

Ex [IG, 1 o)l < yK -

Taking expectation on both sides (with respect to F ), we have

8 (ELfC)l = f* +2Lgn) , 8 Ticy Elllwel]
7K K ’

E[IG, . GolP] <

Analyzing the term E[||wy]|?]
Lemma 5: Consider Definition 1. The following hold for all k > 0.
() E[wy | F¢]=0.
(i) E [Jlwel?] < L3n?.
Proof:
Part () is implied by Lemma 2(j).
Part (i) is shown as follows.
E [lewill® | Fe] = E [llgy ek v &) = VS ll* | Fie] = E [l gy G i EON | Fe] + IV £l = 2E [, Cex, v )TV Sy (i) | Fo]

L 2(i
220 E g, (e v &I | ] = IV el

< E[llgyGexs v EONP | Fi]

Lemma 2(ii)
< L%n2 .

Applying the law of total expectation, we have [E [||wk ||2] = E¢ [[E [||wk 11 | 97;{” < Lgnz.

Remark: The fact that E [|| Wy ||2] is bounded by a persistent constant term makes it hard to establish the convergence of the ZO-SGD method. Indeed, we need
to employ "variance-reduciton" to be able to decrease the value of this variance. This will be discussed at length in a separate module in this course.
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Stochastic OPtimization (Module 6: Randomized block methods)

Module's main topics/objectives:

« What is the ranomized block coordinate techgniue?

« How to design a randomized-block SGD method?

« Theoretically, how fast does Randomized-Block SGD converge?
« Numerically, how does it perform on MNIST dataset?

Randomized block-coordinate stochastic gradient descent method

Problem formulation

We consider solving the following stochastic optimization problem.

minimize  f(x) 2 E[F(x,&)]
subject to: P)
x € X.

e Here, f : R" - R is an unknown deterministic function.
o Here, F : R" X Q — R is a known stochastic function.
e £:Q > R? is a d-dimensionl random variable.

« [E[e] denotes the expectation operator with respect to &.

Assumption 1:
)E[VF(x,8) | x] = Vf(x) forall x € X.

i) E[IVF(x,&) — V()| | x] < 62 forall x € X for some o > 0.

Assumption 2:
i) The set X is given as X £ H,}il X; where X; € R" and Z,’il n; = n.

ii) The set X; is nonempty, compact, and convex foralli = 1, ..., N.

Assumption 3: At iteration kK > 0, a random variable i, is generated from an independent and identically distributed discrete probability distribution such that
Prob(i;, = i) = p; where p; > O foralli € [N]and lel pi = L.

For example, if we have 3 blocks, one can consider a descrete probability distribution as follows.

P11 = 0.5,p2 = 0.1,]73 =04

Xi={xeR|1<x £2}

Xzz{x2€R|2§x235}

an= ([} <[] < 2]}

n =1
ny =1
N=2
n=2
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In [20]:

Py, (3) =2

Py, (1.5) = 1.5

Py (=2)=1

Py, (2) =2

Px([5,3D) = [2,3]

N U e WN

Block structure of vector x € R" is as follows.

import numpy as np

blocks = [1, 2, 3]
probabilities = [0.3, 0.3, .4]

Module06_20230310_20230324_Randomized_Block_SGD - Jupyter Notebook

ik=np.random.choice(blocks, 1, p=probabilities)[0]

print(ik)

[ D

Ve

| ™)

Note that we can consider a block structure for V f aliged with the block structure of the set X as follows.

where V., f(x) : R" — R"™ denotes the i-th block-coordinate of V f.

Similarly, we consider

Note that under Assumption 2, we can rewrite problem (P) as

[ Vi f(x)
V 2)
Vo =| 9|
[ Vi f(%)
Vi F(x,6)
V(&) = VX(Z)Ii(x, &) ’
Ve F(x,8)
minimize f(x) £ E [F (xD, ..., xN) ’[5]
W e x,
x? e X,
x(N) c XN
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Algorithm outline (RB-SGD)

Module06_20230310_20230324_Randomized_Block_SGD - Jupyter Notebook

Initialization: Choose a random vector xy € X, a stepsize sequence {y;}, K > 1 fork =0,..., K — 1

Generate a random realization of &, denoted by &

Generate a random realization of block index, denoted by iy, drawn from {1, ..., N} where P(i;, = i) = p; foralli € {1,..., N}

Update the iterate x; as follows. For all i,

end for

Output: Return x g

@)
Xpt

1= -
<0,

Lemma 1: Let Assumption 2 hold. Then, for any x € X, we have

ln~c|ass assignmcnt 1: Prove this lemma.

Px(x) =

Compact representation of RB-SGD

The update rule of the algorithm implies that

X1 =

pX(’k) (

(ix)
X" =

Invoking Lemma 1, we obtain

We have

Xk+1

Xfe+1

Definition (Operator U;):

Let U; € R™" fori € [N] be the collection of matrices such that I, = [Uj, .

(1)
Xk

Xk

Vi Voo F (X, fk))

Y

Px

Px

Invoking this definition we can write

X = Yk

x;:k) = ¥k Vi F(xi, &)

1)
Xi - Ykon,xl

2)
Xi — Yk Onle

N
xi ) - ykoanl

[ On,xn,k vx(’k’F<xks§k) ]
0n2><n,»k VX('k)F(xk! ik)

Inlkxnlk Vx(’k> F(xi, &)

Py, (xg) - }/ka<,>F(xk,§k)) ,

pX(w (xgk) - ykvx“k’F(xksék))

| Onyscn, Voo F(Xks i) |

ifipy =i

ifig #1i

Py, (x)
Px, (x?)

Py (xV)
PX| (XS))
7))(2 (xiz))

Py, ()

x;{l) -
2
= Px Lo [T Yk
k
(N)
X L
Onlxn,k
Onzxn,k
= Px Xk — Vk
In,kxn,k
| OIINXVI,A |
.., Uyx] € R™",
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Onle
Vo F(xi, &)

OnNXI

le (chl) - }’kon.xl)

sz (Xf) - ykongxl)

PX(:k) (xgcik) - ykvx“k)F(xbék))

PXN (XECN) - }’kOanl )

Vi F(xp, &)
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Xert = Px (xk = 7cUp Voo F(xx, &)

In-class assignment 2:

Let N =2,n =2,andn, = 5.Suppose VF(x;,&)=| =2 |

Write the following terms:
() Vo F(xe, &)

(i) Vo F(xg, &)

(i) I,

(iv) Uy

v Uy

vi) Uy Ve F (g, &)
(vii) Us Ve F(xg, &)

Answer: Note that n = Zﬁl n =17.

0 Voo Fues 0 = |5
6
-2
(i) Vi F(xg, &) = | -1
3
| 91
[1 0 0 0 0 0 O
01 00000
0010000
@L=[{0 0 0 1 0 0 0
00 001 00
00 0O0O0T10
|0 0000 0 1]
V) U, € R™?

U

Il
o O 0o o o~
o oo o = O

0
0
1
U, =[]0
0
0
0

S O = O O o O
S = O O O o O
- o O O O o o
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U Vo Fxg, &) =

S O O O O W

(=]

ln~c|ass assignmcnt %: Use the definitions A, and w), to write U;, Voo Fxy, &) interms of V f(x, ) added by some noise.

Randomized block errors: Let us define the randomized block erros for k > 0 as
A 2 Pa] U;, Voo F(xg, &) — VF(x, &)
Stochastic errors: Let us define the stochastic erros for k > ( as

Wy £ VF(xp, &) =V f(xp).

A+ wi = p;' U Vo F(xie, &) = VF(x, &) + VG, &) = Vf(xi) = p ' Us, Vo FOx, &) = V f(xi)

pi’klU,-k Vo Flx, &) = Vf(xp) + Ay + wy
Then we have

Ui Voo Fxie, §) = pi, (V(xi) + A + wp) .

E[Z] = fz zp(z)dz
Elis] = XY, ip
Elhi0)] = X, hi)p,
Notation: We let the histroy of the method of random variables used up to iteration k be denoted by:
Fr 2 {x0, Eosigs Ervits v Exmtsipor } forall k > 1,
and Fo 2 {x,}. We also let E[+ | %] denote the conditional expectation with respect to the filteration F.
Note that knowing F, we would know X . Here we say x; is #-measurable.
In-class assignment 2:
Find the following terms.
Elwy | F¢] = |E§k,ik [w | Fi] = |Eik [[Egk [wy | Fi U {ik}]] = [E;A [0]=0
Elwi] = Eg, [Eg i, [wi | Fi]] =0

E[Ac | F U{EH = E [57'Up Voo Fxio &) = VF( &) | F ULED] = E [p Uy, Vo F(xia &0 | Fi U (&) — VF(x &) =
I, 7 UV FGx, 80p = VF (e, &)

= (TN, UiVao F(x, &) = VF(xi, &) = VF(xy, &) — VF(xi, &) = 0

E[Ax | F4]

E[A4]
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In [28]: 1 import numpy as np
2 n = 10**100
3 a = np.random.randint(1l,size=n)
ValueError Traceback (most recent call last)

/var/folders/vx/8x3j88£13319g21166w22zkx40000gn/T/ipykernel 59937/3092069270.py in <module>
1 import numpy as np
2 n 10**100

-——=> 3 a np.random.randint(1,size=n)

mtrand.pyx in numpy.random.mtrand.RandomState.randint()
_bounded_integers.pyx in numpy.random._ bounded_integers._ rand int64()

ValueError: Maximum allowed dimension exceeded

In-class assignmcnt 3: Use the definitions A, and wy, to write U;, Voo Fxy, &) interms of V f(x, ) added by some noise.

Lemma 2:
_ 2 _
E (177 U Voo B, (s 20If | < pla(0® + €.

Proof: Note that knowing #, x; would be known but V F(x;, &) would not be known (why?). Also, FV ¢, F(xy, &) would not be known (why?). But knowing
F i U {&}, both x, and F(x,, &) would be known. Taking these into account, we have

N
E (1770, Voo Fev 80 1 #0183 = X millor UiV e 0

i=1

pi (P72 11U V0 F(xy, §k)||2)

i

N
< Py 2 N0V 0 g, 011
i=1

N
= P O IV FGx, €011

i=1

= prb IIVF(xg, EOII%.

Es, [E (197 Ui Vo Fri €0l | F 0 180 | = E [l U Vi Fors 801 | F] < by [IVF o 8012 | 4]
= P E [IVF(Gxi, &) = VA + VI | Fi]

= Dt (E[IVF (i, 60) = VGO | Fi] + IV + 2V f () "E [V F(xg, &) = V() | Fil)

= Pain (E [IVF(xi. &) = VAOIP | Fi] + 11V x0lI?)

where such C > 0 exists because of continuity of F over the compact set X.

Compact representation of the RB-SGD method

Given i, € [N], foralli € [N] we have

o Py, (x¢ = eV Fx &) ifi =iy
Xir1 =

xg) otherwise.
Equivalently, we obtained
xea1 = Px (% = 72Uy, Voo F(xi, &) -
Or equivalently,
Xt = Px (X = pi v (VF (e, &) + Ap))

Or equivalently,

X1 = Px (xx = pi v (VF(xp) + wi + Ap)) .

Output of the method in the convex case

Definition: Let us define the weighted averaging sequence as follows.
K
Xx 2 Zak’ka, for K >0,
k=0

where o ) Zky—" fork=0,...,K,andr € [0, 1).
=0 11
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Distance function: For any x, y € R", function D : R" X R" — R is defined as
N - .
D(x,y) 2 Y XY =y
i=1

Remark 1: Let ppin = minie[N] pi and Pmax e max;e[n] p;- Note that we have
_ 2 - 2
Pracllx = ¥II* < D(x, ) < pfyllx = ylI,
and

pminD(x, y) < ||X - y”Z < pmaxD(x, y)~

Theorem 1: Consider problem (SVI) and Algorithm 1. Let Assumption 1, 2, and 3 hold. Let us define the weighted averaging sequence as follows.

- A
XKk = A K Xk» for K > 0,

M=

b
Il

0

where a; g £ ZZ“ ” fork =0,...,K,andr € [0, 1).
=0/t

(a) Assume that {y, } is a nonnegative and non-increasing sequence. Then, we have for all K > 0

0.5 My +0.5p5) (C? +6%) iy !

E[fGol - f* <

K
Zk=o }’/:
(b) Let r := 0 and the step-size sequence be given by y; ) :‘ - forall k > 0. We have forall K > 3
Vk+
~1
. . p M 1
E[fGl = f* < | 05— +pop7), (CP+67) | ——.
70 VK+1

Proof:
(a)

From the update rule of the algorithm and the definition of the distance function we have
N i 2
D(xi1 ) = 37t 6 =7
i=1

N
i AR IR Y e
i=1, iiy
N
=07 |Px, (3~ Ve Fxn80) = P, )+ Y w7t 0 =@
i=1, i#iy

N
<5 Y = Ve Fo g0 =y I+ Y 5t x0, =0
i=1, iy

where we used y(ik) € X; . (see Lemma 1) and the nonexpansiveness property of the projection operator. We obtain

N
_ . . 2 . . _ R
D(xy41.) < pj;! (nx;’“—y“*’n + 721V o0 F s EOI = 210V o F (i, &) (xfg“—y<'”))+ DIl
i=1, i#ig

_ y<i)||2

N
=07 (I =3I + 72V Foxk 012 = 20V o Foxn 807 (3 =59 )+ 3 ot [ =0

i=1, iy

i

N
= 2 =+ 2 (R FOr 801 = 20V o Fxi 807 () = 5*))
i=1

= D(xi. ) + 7 VIV oo Fei, EOIP = 297 1V o Fxge, &7 (x =y .
Next, we consider the term p;{l Vi Vo F(xi, ' (x;:‘) — i ) . We have

P 7 V0 Fr, €07 (X0 = ) = prty (x09 = )1V o Fxi &)
=p; v = 9" (Ug, Vi F(xis &)
=7 = " (97 Ui, Vi Fxis &)
=70 = 0T (VF(xp, &) + Ap))
=70 = DT (V) + wy + Ay)).
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We obtain

D(xpp1:¥) < Dy 1) + P 72 IV s F s G0N = 271y = 0T V(i) + 27y = )" (wie + A
We have
v — MV (xp) < 0.5D(x;, ¥) — 0.5D(xp 41, ¥) + 0.5pa' YRV oo F(xk EON? + 7y — x0)7 (wr + Ag).
Note that the from the convexity of f we can write

fO) =) 2 =x)' Vi) = fx) =)= a ="V [

From the two preceding relations we obtain

7k(f () = f() £0.5D(xg, ¥) — 0.5D(xp41,¥) + 0-517;1 P2V i F (i, EONI* + 7 (v = x0T (wye + Ay).

Multiplying both sides by y/~!, we have

7E(fGa) = FO)) < 057871 (DGxk, ) = DXt ¥)) + 0.5p v IV oo F G, NI + 750 — x0)" (e + Ag).

r—1
Adding and subtracting the term %D(xk, ¥), we have

r—1 r—1 r—1

VL) = F) < %(D(xk,w — D(xrs ) + 7"7 D(x;.y) — %D(xk,w

+ 0-5Pa1 PNV o0 FGep EONF + 78 (v — x0T (wy + Ap) -

From compactness of X, there exists M > 0 such that sup,cy |[x — ylI> < M forall x, y € X. Thus, from Remark 1 we have

D(xi,y) < pabllxe = ylI* < ppb M

min .

r—1 r—1
Note that since ¥ < 1 and ¥, is nonincreasing, we have VkT - sz—" > (. Thus we obtain
v vl
=5 Dl ) = =Dl ) £ 05 (177! = 17) i M-
Thus we obtain
v

Y (fCo) = ) < (D(xks ) = Dxis1, ) + 0.5 (™" = 77} pha M

2
+0.5p Y IV oo F s GNP + 7E (0 = xi)" (g + Ay

Summing from k = 1, ..., K we obtain

7
2

K
(D(xi» ) = D(xgs1, ) +0.5 Y (ri™" = vi7}) P M
k=1

K K
PRUCUCOENEDY
k=1

k=1

K K
+0.5 ) P IV Foos GO + 3 7 (v = xi0" (wi + Ay
k=1 k=1

This yeilds

K yrfl
2 A0 = f0) £ = (D61 p) = Dlxker. V) + 05 (7 = 757" ) pph M
k=1

K K
+0.5 3 5 IV FOe 8017 + ) vf v = x) (o + Ay).
k=1 k=1

Consider equation (2). Letting k = 0 we have

14 (f(x0) = F() < 0.575™" (D(xo, ) = D(x1, ) + 055, 1 ¥ IV oo F(xo, E0)II” + 75 (v = x0)” (g + Ag) -
Adding (2) and (3), we obtain
5!
2

K K
D v fGa) = X v f0) £ ——(D(xo, y) = Dk ) + 0.5 (v = 17!) pph M
k=0 k=0

K K
+05 ) ol IV oo FGai 801 + Y rfr = x0T (wic + Ay).
=0 k=0

Dropping D(xk.,y) and dividing both sides by Z’K:O y{ we have
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K v K -1 v
2 (Z (f(xk))> -f» =< (Z J/,r> < 2 D(xp,y) + 0.5 (v = v57") Pl M )

k=0 =0 Vi =0

K K
+0.5 ) P IV oo FGxi €017 + D vi (v = )" Gy + Ak)> :

k=0 k=0
In-class assignment 4

Consider the definition of X g . Show that we have

K r
GO Y < (f(xk)>>
k=0

_o Zi
Using the definition of M, and invoking the aforementioned result, we have

K Ry
f(ik)—f(y)s<2y,’> <y“2 Pl M +05 (vt = y5Y) prl M

=0

+052p,;1 IV o0 F(xk,§k>||2+2y,:<y—xk) (wk+Ak>>

k=0

Thus we obtain

K -1 K K
fGx) = f) < <Z y,f) (0.5p;}nMy;g' +0.5 ) P IV o oo, EOIP + 3 iy = %) (i +Ak)>
=0 k=0 k=0

Next, taking expectation on both sides we obtain

K -1
E[fGo)] - f) < (Z y:) <0 P MrE! +0521f1 HE [V o0 Fxis €017 +Zr£[E = x0) (wk+Ak>]>4

t=0

Invoking Lemma 2 we obtain

K -1
ELf(xx)] - fO) < (Z yf) (o SPaa Myt +0.5 Z P k(0 + c2)> .

=0

(b) From part (a), substituting the step size and y := x* and r := 0 we obtain

0.5p7) My; 'K +1+05p7L (2 +CH XN e
K+1 ’

E[fx)]-f* <

It can be shown that

K
Z 7 <270VK + 1, forall K > 3.

k=0
Thus, we obtain

< ()SpmmMy0 VK+1+ y()p;l}n (C2 + 0'2) VK+1

ELfGOl-f K+1

This implies the desired bound.
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Stochastic OPtimization (Module 7: Two-stage Stochastic Programming)

Module's main topics/objectives:

« What is stochastic programming?
« What are the standard approaches in addressing stochastic programs?
« How to solve two-stage stochastic programs using zeroth-order SGD?

Stochastic programming

Consider a stochastic optimization problem of the form

minimize, h(x) + E¢ i
T lyeY(x

min_:) q(, é)]

. P)
subject to:
x € X.
« x € R" and y € R" are decision variables
o h:R" - R is a deterministic cost function.
o gq:R"xQ — Ris astochastic cost function.
« £:Q — RYis a d-dimensionl random variable.
« Y :R"™ X Q — Risaconstraint set for variable y.
« [E[e] denotes the expectation operator with respect to &.
Problem reformulation as a two-stage problem
We consider solving the following two-stage stochastic programming problem.
minimize, h(x) + E[O(x, &)]
subject to: ")
x € X.
where Q(x, &) is called value function that is the optimal objective of the following problem
ox,¢ = min ¢ (y,¢)
y
(25)
s.t. P
yEY(, 9.

x : First stage decision
y : Second stage decision
h(x) : First stage cost

E[Q(x, &)] : Second stage cost

Note that the optimal obkective function of Pfs) is characterized by x and &. This is becasue any optimal solution of this problem will be in terms of x and £. Let us

denote an optimal solution as y* = y(x, &), where y(x, £) denotes a mapping (possibly unknown). Then,
q (¥, &) =q((x,8,8.
The value function Q(x, &) is indeed an implicit representation of g (y(x, &), £).

In applications, often Q(x, &) is unknown to us.

Example: The news vendor problem

x: A news vendor goes to the publisher every morning and buys x newspaper

c¢: unit purchase price from the publisher

u: an upper bound on x, due to the news vendor's purchase power

The news vendor then walks along the streets to sell as many newspapers as possible.
q : unit selling price
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r: value of unsold newspaper returned to publisher where r < ¢
&: demand for the newspaper per day

Decision to make: How many newspaper to buy from the publisher?

Let us define

y, : effective sales

2 : number of newspapers returned at the end of the day
Then, the optimization problem is as follows.

minimize cx + E[Q(x, &)]

subject to:
0<x<u
where Q(x, £) is the optimal objective of the following problem
Q(X, é) 2 rninyl,yZ - ( ayi +ry )
s. t.
Y1 < 59
o Sx=y,
y1 20,
» Z 0

In-class assignment I:

Write the following terms by reformulating the news vendor problem as a formal two-stage stochastic programming model given by (P) and (Pz).

3
h(x) = cx
X =[0,u]
y=01.)

a8 =—(ay +ry)

Y, ={(y1.») ERI |y <& y +y <x}

A linear program solve: scipy.optimize.linprog

https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.linprog.html (https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.linprog.html)

Let us assume that

c=1.5
q=2
r=1

£ is uniformly at random between 40 and 50
x =30
u =100

Now, consider a random realization of the demand.

In [363]: 1 import numpy as np

2 ksi = np.random.randint (40, 51,size=1)[0]
3 print(ksi)

4 x = 45
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In [364]:

In [365]:

In [366]:

Out[366]:

1 from scipy.optimize import linprog

2

3 c_vector = [-2 , -1]

4

5 A= [[1,1]]

6 b = [x]

7

8 yl_bounds = (0, ksi)

9 y2_bounds = (0, None)

10

11 news_vendor_ output = linprog(c_vector, A ub=A, b_ub=b,
12 bounds=[yl_bounds, y2_bounds],
13 method="'simplex')

1 print(news_vendor_output)

con: array([], dtype=float64)

fun: -90.0
message: 'Optimization terminated successfully.'
nit: 2

slack: array([0.])
status: 0
success: True
x: array([45., 0.])

1 news_vendor_output.fun
-90.0
In-class assignmcnt 2:

Find the closed-form formula of Q(x, &) for a given x and &.

yi = min(x, )

Y = x —y; = x — min(x, £) = x + max(—x, —¢) = max(0, x — &)

0(x,8) = min, ¢(y,$) = — (qmin(x, §) + r max(0, x — ) ) = — (2 min(x, §) + max(0, x — &) )
Q(45,47) = -90

Reformulation of SP as stochastic optimization (SO)

minimize, E[F(x,¢)]
subject to:
x € X.

F(x,8) £ h(x) + 0(x, ).

or

F(x, 9 & h(x)+ min _q(y.9.
yEY(x,$)

Xie1 = Px(xx — v (VA(X) + VO(x, £)))

Monte Carlo sampling schemes

1. Sample Average Approximation (SAA)

This is the most direct sampling approach. In this approach, problem (SO) is apprximated by the following (SAA) problem for a sufficiently large sample size N

&
minimize, N Z F(x, &)
=1

subject to:
x € X.

Then, a deterministic optimizaiton, such as gradient descent, is usually employed to solve Pg4 4.

Employing this approach for (SP) results in the following approximate problem

. 1
minimize, h(x) + N j; O(x, &)

subject to:
x € X.
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where O(x, &) 4 my@n q(y, gj)

s. t.
y € Y(x,&)).

Under some assumptions (to be discussed later), we reach as the following problem

N
1
minimize, A(x) + min — X, &), &;
x HC0+ min o le a0y (x, &), &)
subject to:
x € X,
Wx, &) € Y(x, &), forj=1,...,N.

where y (x) £ ()(x, £1); -, ¥(X, EN))

2. Stochastic Approximation (SA)
In this scheme, sampling is done as the computational method progresses.
The most popular example of an SA method is SGD and SQN discussed before.

Applying SGD to (SO), we have

Challenges in employng SGD for solving SP

« F(x, &) may not be differentiable
« Evenif F(x, &) is differentiable, we may not know the formula of its gradient
« F(x, &) may not be convex

This motivates the use of zeroth-order SGD for solving SP problems.

Algorithm outline (ZO-SGD)

Initialization: Choose a random vector x, € X, a stepsize sequence {y, }, K > 1, a smoothing sequence {7, }

fork=0,...,K—1

Generate random realization of &, denoted by &
Generate random realization of v € 7, S, denoted by v

Evaluate the zeroth-order stochastic gradient as follows.

n Uk
8, (Xks Uk, &) = (ﬂ-) (F(xg + v, &) — Flxg, ) 7—-
k

lloel
Update the main iterate as follows.

X1 = Px (Xk = 78y, (s 04, &) -
end for

Output: Return a suitable output (depends on convexity or nonconvexity of F)

Variance reduced zeorth-order methods for nonconvex implicit functions

Algorithm outline (VR-ZO-SGD for nondifferentiable nonconvex case)

Initialization: Choose a random vector xy € X, a stepsize y, K > 1, arandom value R from {0, ..., K — 1},
fork=0,...,K—-1
forj=1,..., Ny
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Generate random realization of &, denoted by & ,

Generate random realization of v € %S, denoted by Vjk

Evaluate the zeroth-order stochastic gradient as follows.

Yk
llojucll

Xk U Es) = <%> (Fxi + 030, €100 — FOj0 E100))

end for

Update the main iterate as follows.

Xpe1 = Px <Xk -y N
k

> &y Uik i) )

end for

Output: Return xg

Lemma 1 (Properties of the zeroth-order stochastic gradient): Consider the VR-ZO-SGD method. Then, for all j and k we have:

ME [gq(xk»Uj,k,fj,k) | xk] =V fu(xp)-
(@) E [llgyCeicr 000 &N | xi] < L3n?.

Proof: To show part (i), we can write

E[gn<xk,v,-,k,é,,k)|xk]=[E[< )(F(xk+v,k,5,k> Flu &) — o ||| k]
J

- ) |EUJI¢ [[E/f,,k

=< ) ik [(f(xk+vjk) f(xk)) ” ” | k]
Ujk

[E[L/k]—() | |
( > Vjk f(xk Lj k) |
” j ”

=V fy(x0)-
2
| xk:|
Law of total expectation [ n 2
= ; IEujk |E5/k F(xk+Ujk,§/k) F(xksgjk))

=

(FGok + vjger 00) — Fxie, &) —2—

=S |3

|I/II

S I

To show part (i), we can write

[E[||g.,(xk,u,-,k,¢,-,k>||2|xk]=(%) [” Ft+ 00 &) — Fxi 10)) —25

ol

n

2
= (—) Euye [Ee, [|(FOk + 0300 8100 = Foa 50) 100 (0300
n
2
S(S) E,,, [[Egjtk [Lo(fj,k)2||Uj,k||2 [ xx U {Uj,k}”
2
(2) & (2300l 1]
vix€nS ( n 2 )
= - lEU,,k [LO” |x’<]

n
= L.

Let us define

Ne A Zj\iﬁ gn(xk, Uj,k’éj,k)
&n " (xk) = .
Ny
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Also,

and

Corollary 1: For any j, k we have
(i) E [wj,k | xk] =0.
i) E [llw;,ll® | xe] < Lgn’.

Proof:

0 E [gCeks vjaes €)= V(x| xk] = E [y v &) | x| = V(i)

Module07_20230324_Two_Stage_Stochastic_Programming - Jupyter Notebook
A _Ng
wi = gyt (x) = V[ (xp).

Wik 2 gy (e Uik, Eix) — V()

L 1(G
emrga @) 0

(ii) In-class assignmcnt %: Show (ii)

See Module 5

Lemma 2 (Properties of the mini-batch zeroth-order stochastic gradient): Consider the VR-ZO-SGD method. Then, for all kK we have:

) E [wy | x]=0.

L‘Z,n2
Ne °

@) E [[lwell? | x¢] <

Proof:

(i) From the definition of g,j,vk (xy), we can write

E g () | x¢] = E

(ii) We can write

In-class assignmcnt 5:

Zjv:k] gq(xk, Ujks -fj,k) |

_ va:kl E [gr,(xk,Uj,k,ij,k) | xk] Lemma 1(i) Zjvzkl V(i) NV ()

Xk =
Ny Ny Ny

Z,N:kl gn(xk’ Vjks éj,k)

E [||Wk||2 | Xk] =E N,

= V/fy(x)

[ xi

2
'|Xk

E (12X (anoee 00100 = V) [ 1 4]

S (8ot Vs Eii) = V Fy(x1)
Ni

=E

N{
£l walf 1]
= 2
_ E [Zjvll ”wj,k”2 +2 Zfl:kl Zﬁkj kawj,k | xk]
N;

Show that for any i # j, k, we have E [w{kwj,k | xk] =0.

Hint: E [wj,k | xk] =0.

Thus, we obtain

E [||wk||2 | xk] =

N
g +uz + ... +unl> < N XL llull?

E [ [lw;ill’] _Zh E [flw;l’] Corollary 1(i) T L NLy  Lg

Ny

Ni Ni NE Ni

Corollary 2: Consider the ZO-SGD method. Then, for all k we have:

() E [wi] = 0.

Lgn2
N °

@) E [lwill?] <

Proof: The proof follows by employing the law of total expectation on Lemma 2.
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Convergence analysis of VR-ZO-SGD (nonconvex case)

Theorem 1: Let f* := min,cr" f(x) and let Assumptions 1,2, and 3 hold (See Module 5 for these assumptions) Suppose Xy, is generated by the VR-ZO-SGD
V"L“ < 0.5.Let N; := N = y/K forall k. Then, for all K

method. Also, choose y and # such that —

(ELf(xo)] = £* +2Lon + L3n?)

€ [IG, . o] < 2 o

Proof:

Note that from Module 5, the function f,7 is %—smooth. Invoking the descent lemma for the smoothed function f,,(x) we have

Sn(Xie1) < fy(xi) + an(xk) (X1 — Xg) + 20 2” O lxeer — xill>.
Invoking the projection theorem (see Lecture_notes_20230127 by choosing X := x; — y(V f,(xx) + wy)), we obtain

(xps1 = (3 = 7(V fy i) + wk)))T (X —xk41) 20, VxeX.
Let us choose x := x; . Then we have

(%41 = xp +7(V 1 (x0) + wk))T (Xk = Xk41) 2 0.
Thus we have
—lIxg = Xt 11> + ywl (g — xp41) > V}’fn(xk)T(XkH - Xi).

Rearranging the terms we obtain

1
Ve Gegy — xi) < _;”xk = Xy 1P+ 0T Gep = x40 -

From the preceding relation and the first inequality we obtain

1 2
SaCr) < f(xe) — ;||Xk+l = xll” + WZ (o — Xk+1)+ 2 ||xk+1 - xell*
We can write w] (x; — xp41) < %Ilwkll2 + 2]_y|IXk+1 — xi||?. This implies that
nLy
2, 2, 2
SaGag1) < fr(xp) — ||Xk+1 xil _”wk” m 2 Ixgepr = Xl

ynLo 2, Y 2
= fulxi) = 2—}/(1 - T) 1xe41 — xell” + 5||wk|| .

Invoking Remark 1, we obtain
1 yhlo\ o~ 2,7 2
SoGerg1) < fy(xe) = 2—y<1 - T) rIG, t(xOll” + Ellwk” .

Suppose

7"”1“0 < 1. Invoking Lemma 4, we get

1 nL nL
Fyian) < fy(x) — —( ! °> rO)G, 1 oll” + —<1 - u) Plwell? + Lwell?
2y n 2y n 2

L
sf,,m)—g( y"ﬂ“)nc GOl + 7l |12

(1 - y"y’L" ) > 0.5, implying that

FoGeun) € S0 = 2IG, 1 Ol + rllwg
Thus we have

216G, + xol? < fy(xi0) = fyCien) + 7wl

3 e Xk = T Xk nXk+1 YWk Il™-

Taking sum on both sides for k = 0, ..., K — 1 we obtain
K-1
14

K-1
3§ 2 NG, LGOI < fyx0) = fyGe) +7 3 el
k=0 k=0

Also, note that from the definition of xg we can write

K-1

D16, 1 GollP = (K = k) [11G, 1 ol
k=0

We obtain
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K K-1
EEER [IG, 1 (cnl] < £x0) = fyei) + 7 3, ol
4 k=0

Invoking Lemma 1(jii) we have
[f7(x) = )| < Lon = S(x) = Lon < f(x) < f(x) + Lon.

We obtain
}’K K-1
LB (16, el < £x0) = FOxi0) +2Lan+7 Y, N
! k=0

We have

B(f(xo) = /7 +2Lom) | 8 Xy el

Ex [IG, 1 o)l < yK -

Taking expectation on both sides, we have

8 (EL/(xo)l = f* +2Lon) 8y Elllwi 1)

E[IG, . GolP] <

yK K
Invoking Corrollary 2 we obtain
8 (E 2L 83K S
- f* k=0 "N,
E[IIG 1(XR)”z] < ELfo] = f*+2Lon) N
"y yK K

Let Ny := N for all k. Then

8 (ELfCo)l = f* +2Lon) 8Ly’
yK N

4212
—C_ Then
7

E[IG, : colF] <

Let N =+/Kandy = # Note that in view of %L" < 0.5, we must have K >

8 (ELf (o)l = f* +2Lon) | 8Lyn’

VK VK

E[IG, 1 coll?] <

Iteration and sample complexity

Let us assume that we want to choose the maximum iteration number K and the sample size N such that we have
E[IG, s Gl < e.

where ¢ is a desired accuracy level.

How large K and N should be chosen to meet this accuracy level?

Let us choose N = 4/ K and K such that

8 (E[f(xo)] = /* +2Lon + L3n?)

NG <

This is satisfied if we choose K such that

L SHELG)l = £ +2Lon+ )’

= 2

4L}

But note that from Theorem 1 we must have K > . Thus

KZmax{

64(E [f(x0)] — f* +2Lon+ L3n?)’ 4n* L2 Lin* L2

s } = O | max { s } .
&2 el &2 e
This is called iteration complexity. Also, the sample complexity is as follows.

E[f(XQ)]—f*+2L071+L(2Jn2) anO}—O max{L%nz M}
’ rl - e 9 .

8
NZmax{ (
€ n

Total sample complexity is N X K

We say g(N) = O(N?) if there exists M > 0 such that g(N) < M N*“
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Stochastic OPtimization (Module 8: Federated Learning)

Today's main topics:

« What is federated stochastic gradient descent (SGD) method (FedAvg) and Local SGD?
« How fast does Local SGD converge for nonconvex stochastic optimization?

Problem formulation

We consider solving the following multi-agent stochastic optimization problem.

R 1 m
minimize  f(x) & — 3 Ezep, [F(x, &)
= ®)

subject to:
x eR".

where
« D; denotes the local dataset associated with agent i, for i € [m] 2141,....m)
« F; : R" X D; > R denotes the local stochastic loss function,

Throughout, we let f;(x) £ E ep, [Fi(x, &)] denote the local objective function of agent i € [m].

Agent: An entity (e.g., mobile phone, sensor, computer, self-driving car, ...) that has a limited memroy and computational power.
Xik € R" denotes the local copy of x maintained by agent i at time k

The goal is to develop a decentralized scheme where X; ; is updated using a variant of SGD by agent i and eventually (when k — o), all X; ;s converge to x*.

Challenges: https://arxiv.org/pdf/1602.05629.pdf (https://arxiv.org/pdf/1602.05629.pdf)

Data and device heterogeneity and communication among the agents are among the key challenges of FL. In more details, challenges are as follows:
« Data privacy: Each agent privately stores the local data.
« Non-IID: Often, agent’s local dataset is not representative of the population distribution.
« Unbalanced local datasets: The local datasets maintained by the agents may have different sizes.
« Massively distributed: The number of agents may be exteremly large.

« Limited communication: Agents (mobile devices) may be offline or afflicted by slow connections.

Algorithm outline (a simple variant of FedAvg)

Initialization: Server chooses a random initial point Xq € R”", stepsize ¥, synchronization indices Ty := 0 and T, > 1, where r > 1 denotes the
communication round index

forr=0,...,R—1

Server broadcasts X, to all agents x; 7. 1= X,, Vi € [m].

fork =T,,...,T,.; — 1 inparallel by all agents i € [m]

Agent i generates the random replicate &; , € D; locally

Agent i does a local update as X; 41 := X;x — ¥ VE (Xik, & k).
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end for

Server receives x; 1., from all agents

. . ~ 1 m
Server does an averaging step, i.e., X41 1= o D) XiT,,,

end for

Output: Server returns X g

Algorithm outline (Local SGD)

Initialization: Agents choose x; ) = xo € R", stepsize y, synchronization indices 7 2 (K, Ky, ...}

fork =0,..., K — 1 inparallel by all agents i € [m]

Agent i generates the random replicate &; , € D; locally

If k € 1, a global update is done as X; x+1 = # Z;.":l (xj,k —yVFi(xjk, é‘j,k)) .

If k & I, agent i does a local SGD update as X; x+1 = Xjx — ¥ VF;(Xik, &ik)-

end for

Convergence and rate analysis of Local SGD
Notation: We define the histroy of the method of random variables used up to iteration k as follows. Let ¥ = {x,} and
Fr2ur U (&, U {xy}, forallk > 1.

We also let E[ | %] denote the conditional expectation with respect to the filteration F .

Assumption 1: We have for all i € [m]:

) Eg [VF(x,&) | x] =V fi(x) forall x.

i) Eg [IIVFi(x, &) — V£:(0)|? | x] < o2 for all x for some ¢ > 0.

Assumption 1(i) implies that each agent i has access to an unbiased local stochastic gradient.

Assumption 1(ji) implies that the stochastic gradient V F(e, £) has a bounded variance.

Note that in the case of heterogenious datasets, we may have

E;[VEx.&) | x]  # Vf(x).

Definition 1: Let us define the stochastic erros w; 4 VE (X, &x) — Vfilxix) forall k > 0.
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Lemma 1: Consider Definition 1. Under Assumption 1 we have forall k > O and all i € [m]:

Elw, | Fc1=0,
ElllwlI* | Fel < o™

Lemma 2: From the probability law, we have that E[E[e | F]] = E[e].

Notation and definitions:
We use the notation
A
8ik = VF(xix, &ix)-

Also, we define the auxiliary averaged iterate X, as

1>

=1
3=

" Z Xk, forallk>0.
i=1

We define the average squared consensus violation denoted by ¢, as

A

e llxix — %>, forall k > 0.

-

3=

i=1

We also define the averaged stochastic gradient mapping as

m
G2~ gy forallk>0.
mi3

8= 1 X0 VEGu &) # L 30 VEG &)
f) 2 LY i)

Vi) =+ 3V fi(x)

Vi) # 3L Vilxig)

ﬁ Y VE Xk &)

Lemma 1: Consider Local SGD. Then, for all k > (O we have

Xkl = Xk — Y8k

Remark 1 (Compact representation of Local SGD):

The following equation, for k > 0, compactly represents the update rules of Local SGD.

w2 (e —rgu), kel
Xik+1 =
Xik = V8ik> kel

ln~c|ass assignmcnt 1: How are FedAvg and Local SGD different from each other?

Proof of Lemma 1:

Case 1: When k € T, from Remark 1 we can write

1 m
Xik+1 = " Z (xj,k - ng,k)
J=1
1 < I « i} _
= — Xir —YV— = Xp — .
m Z ik }’m A &)k k — Y8k
Jj=1 Jj=1
where the last equation is implied by the definition of X, and g, . Taking an average on the both sides overi = 1, ..., m, we obtain
here the last tion is implied by the definiti f d g . Taki the both sid 1 bt
Xi41 = Xk — V8-
Case 2: When k & 1, from Remark 1 we can write
Xik+1 = Xik — V8ik-
Summing over i = 1, ..., m on both sides and then dividing both sides by m, we obtain

1< 1< 1<
- thlﬂ-l =— in,k -r— Zgi,k~
m i=1 m i=1 m i=1
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This implies the desired result.

The smooth nonconvex case

Assumption 2: Let each local function f;(x) be L-smooth.
suppose each f; is L;-smooth. Then, can we find L such that Assumption 2 is met? Yes: L := max,=;,_ . L;

Lemma 2: For all k > 0 we have
2
_ _ _ o
E[Igll® | Fi] <207 + 20V fGoll* + —

2
- - - o
E[l3el?] < 2L°E (@] + 2 [IVfGolP] + —-
Proof of Lemma 2:

Elgl* 7] =E Fi

I < ’
- Z &k
mi3

1 m
— PV Silxix) + wig)
mi3

2

=E | F

1 m
; 2 Wik

i=1

+E

i=1

2 T
1 & 1 <
| Fi | +2E (ZEWI(MJ‘)) (;Zm.@)ﬁ’k

I -« ’
= H— > VSixix)
mi3

Let us analyze the first, the second, and the third terms.

We can bound the first term as follows.

2 2

[~

3 (VAilxin) = Vi) + V(%)
i=1

1 m
— 3 Vfixie)
m i=1

2

1 m
— Z V fi(xix) - Vf,-<>‘ck>> + V£

- ~ E

2
+2V/GEOI?

L3 Vi) - Vf,-(fck)>
m i=1

Note that given vectors y; € R" for i € [m], we have || # v I? < # I [ly;1|%. Utilizing this inequality together with Assumption 1, we obtain

l m
”— XV filxie)
m i=1

2
||Vf,(x, O = VGO + 20V GOl

IA
N SN
R\

m
<— 2 llxik = %l + 21V /GOl

= 2L2 & +2||Vf<xk)||2

We can bound the second term as follows. Invoking Lemma 1 and utilizing the independence of the random variables, we have

1 m 2 m 2

o 2 i 2 wi

mig izl

Z llew: el +22 Z wiwi | Pk]
i=1 j=i+l

m
||Wi.k||2 | Fk:|
=1

2
|
- L ; E [l 1 7]

1
| Fi|=—E | Fi

1
m
1
_2 .

i

L

IN

m2
0.2
m

We can bound the third term as follows. We can write

T
1 1 «
<;;Vf,-<x,-,k)> <;;wi,k)>|rk =

S
™M=
SR
™M=

T
Vfl(xzk)) [( Wi.k)> | Fk:|

vV filx; k))T <% Y E [wik | rk])

3

=1

1]
.O/IN/\

I |=

M=

Thus, from the preceding inequalities we obtain
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One approach is to add/subtract V f; (X))

another approach is to add/subtract V f(x; ;)

Lemma 3: For all kK > 0 we have
E[V/G) g | Fi] 2 051IV/GoI* - 0.5L%,

E[V/ G | Fi| =E [Vf(nf( Zg,-,k) | rk]
i=1

=Vfx)'E [( > gi,k> | m]
i=1

Proof of Lemma 3:

SR
3

SR

= Vfo-ck)T( 1 E [gix | n])

=VfiGo)T <% zm{ Vf,(x,k)>

= VG (% il (Vi) = V fiG) + foozk)))
=VfGE)T (% Zm} (Vfilxi) = Vi) + Vf()'ck))
=VfG)" % zm; (Vi) — w,up)) + VGNP

Next we utilize the following ienquality. For any u, v € R", we have u” v > —0.5||u||? — 0.5]|v]|2. We obtain
2
=32
+IVAGOI*.

T _ I < _
E[V/&) 8 | Fi] 2 =051VAGOII* = 0.5]— Y (Vfilxia) = Vfi(%0))
m
i=1
Note that given vectors y; € R" for i € [m], we have ||ﬁ Vi II? < # oy ||2. Utilizing this inequality we obtain
o T ; 0.5 -
E (V760" | 7] 2 0SIVFG0IF = 22 30 IV iGwe) = VGl
_ 0.5L% 517
> 05| V./Eol* - Z ik — el

=05V fGOI* - 0-5L2 e

Definition (Communication frequency bound):
Let H > 0 denote an upper bound on the communication frequency, i.e., H > max,_q; . |T,+; — T;|.

Throughout, we assume that H is bounded.

Assumption 4 (Bounded gradient dissimilarity): Assume that there exists B; > 0 and B, > 0 such that for all x € R" we have
1 m
2 2
— 2 IVAWIP < B + BV
i=1
Lemma 4 (Bound on average second momenet of the local stochastic gradients): Let Assumption 1, 2, 3, and 4 hold. Then, for any k > 0, we have

I -« ; i,
— Y Elgl’] <2L°E (2] + 2B} + 2B3E [IVGoll’] + 07

Proof of Lemma 4:
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A

1 | o
—~ g{ E (gl 1 7] < — D E[IV Ao + wisll® | 7]

1]
3=
M

E [IIV £i Gyl + Nl ll* + 207, V £ | Fi]

(V£ Ol* +E [||Wi,k||2 | Fk])

§I|I’_‘
M= 1M

IA

(IV fixip) = V i) + VA EOI + 62)

Il
RIS
M=

(||Vf,(xlk> VAEOIP + IV fizol?) + 6

N
h

= ik~ +— Vf; +
- lluxk Sl Zn [EOIP +6°
<2L%g + 2B} +ZB2||Vf(xk)|| +0.

Taking expectation with respect to F, on both sides, and invking the total law of expectation, we obtain the bound.

Lemma 5 (Bound on average consensus violation):

Let Assumptions 1, 2, 3, and 4 hold and let H > 1 be given. Let B, = 0andy < m . Then, for some arbitrary ¢ > 2 we have
max{1, q

V32847
Ele] < ————.

q
Proof of Lemma 5: For any i at any communication round r > 0, forall T, < k < T,,; — 1 we have

Xijk+1 = Xik — V8ik-

Equivalently, we can write

Xik = Xik-1 = ¥&ik-1, forallT, +1 <k <T.

This implies that

Xik = XiT, =7V Zg,;,, forall T, +1 < k < T,yy.

Again, we have X, = X; r,. From the definition of X, , we can write
)_CT, = &r

This implies that X7, = x; 7, for all i and r. In view of Lemma 1, we have

Xe=xir, —7 ) &y forall T,+ 1 <k < Ty

Forall T, + 1 < k < T,,1, we have

& k=1 =1 P
=;Z[E yzgf,r—yzg,
i=1 =T, =T,
7/2 m k-1 2
= ; Z E Z (gi.t gr)
i=1 t=T,

201 _ m k=1
<D N S e s - &l

i=1 =T,
2 k=1 m
y H _ _
3 E il + 12117 - 267,
m =T, i=1
k—1 m
1 _ _
r’H ) E [(; > IIgi,fnz) +lg I - 2||g,||2]
t=T, i=1
-1 1 m )
SE DN 2:, E [llgu ]

We utilize the following result to establish a nonrecursive bound for the average consensus violation.
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Lemma: Suppose for 1 <t < H, the nonnegative sequence {a, } and parameter 6 satisfy a recursive relation of the form

1—1
a < Hy* ) (Ba; +0),

Jj=0

where g > 2. Then, we have

1
WhereO < y < H max{1 Rla

FO) S M+ VI (x =y + ZlIx - yl%

FGran) £ FG) + VFEOT Repr — %) + §||5Ck+1 =%
Xiel = Xk = —Y8y

) < fG) + VGO (—rg0) + 51 - vali>

FGan) < FG) = 1V GO 7 + LNzl

Taking expectations on both sides

E[fGie)] < ELfGO] - 7E VGO 7] + 22E [z 117 -

EL/Gin)] < ELSG] - 7 <0.5tE (Vs GoIP] - 0.5L2@> + 1 <2L2w + 26 [IVSGOIP] + 7> .

r<4p =L <

=

1
rs H max{12L%}q
ZE[IV/EOIP] < B/ Gl - ELfGre)] + <L + S5

4Cy 4Cyy

E[IV/EOIP] < 477" ELSGOl = ELfGry)D + -t

= 1 K-1 = ELfGoI-ELfxD 4G 4C:

E[IV/GelI?] = % Zisy E[IVAGOI?] < 4 S 4 22 4 2
k* is uniformly selected from O, ..., K — 1
y = L

=R
q:=/k
e 1 gV
VK T Hmax{12L%}/k ~ max{1.2L7}
The optimal rate for FedAvg in nonconvex case TI_K

m

14 ﬁ

localhost:8888/notebooks/Downloads/Module08_20230331_20230407_Federated_Learning.ipynb 771



5/2/23,11:50 PM Module09_20230414_20230421_Distributed_SGD_on_Networks - Jupyter Notebook

Stochastic OPtimization (Module 9: DSGT)

Today's main topics:

« What is a distributed stochastic gradient tracking method over undirected networks?
« How fast does DSGT convere for strongly convex functions?
« Implementations on the MNIST dataset and comparision with SGD

Problem formulation

Consider solving the following unconstrained optimization problem of the form

2 1 ¢
minimize f(x) £ . Z Esep, Lfi(x. 8]
i=1

subject to:
x e R".

« Here, we assume there are m agents.

« The function f;(s, &) : R” — R is known only locally.

« The function E [ f;(x, &)] is possibly an unknown (or unavailable) deterministic function to agent i.
« Here, function f;(s, &) : R" — R is a stochastic function and is locally known to the agent i.

« & € R%is a d-dimensionl local random variable.

« [E[] denotes the expectation operator with respect to &;s.

Algorithm outline
lw.drawing

« This is a a distributed algorithm for optimization in synchronous, static, and undirected networks.

« Here, [m] denotes the set of agents, i.e., {1, ...,m}.
Notation:
X =[x, %0, Xl Y=y, yelT €R™Y,
1 1
x:=—1"x e R™, y:=—1Ty e R™,
m m

A 1 m A 1 m
fO &~ S, f0E—F T fix),

[i() 2 ELfi(x. &) | x1,
E=1[8,8,....6,1" € R™,
G(X, &) 2 [Vfi(x1, &) ooy V(s EIT

Gx) 2 EIG(x, & | x],

! 1 «
662 1176 o =~ 3 Vi, &),
m m im1
G 2G5 | = — 3 Vit

_ N 1 &
G £ Gx") = — 3 Vi) = V/().
i=1

History of the method: We define the filteration as follows:
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Fr BUL {x10.E10:Ents oo s Gt} forall k> 1,

A
Fo = UL {xi0}.

Throughout, we assume || « || denotes the Euclidean norm of a vector and the Frobenius norm of a matrix.

Frobenius norm: For A € R™*", we Frobenius norm is defined as [|A|| r £ /Y, Yo A7

Throughout, sometimes we use ||A|| to denote the Frobenius norm of matrix A.
Definition 1 (Frobenius inner product):

Letu,v € R™" Then,

n

m
(u, vy £ Trace(u”v) = Z UjjUjj
i=1 j=1
Lemma 2: Letu, v € R™" . Then,
@ u,v) =¥ w.ol = X ulv,.
() |lu+ v||Z = |[u]|> + 2(u, v) + ||v||?, where || « || denotes the Frobenius norm of a matrix.
(c) For any scalar 4 > 0, we have [(u, v)| < |lul|||v] < %(illu”z + %HVHZ).
@ [lullr = /().
(€ (u,v) = (v, u)
(f) Let n = m. Then, the spectral norm of u (possibly non-symmetric) is equal to |[u||, where || » ||, denotes the induced £, matrix norm.
@ " vl < lulllIvile.

(h) Let n = m. Then, [lull; < [lu]lz < +/nllull>.

i) For x € R™! we have [|ux||; < [[ull ¢l|xl>.

Proof is left as an exercise.

#lTu denotes the average of u across its rows.

In-class assignment 1: Letu € R™". Leti £
Show that
o Letu € R™ . Then, [[1ull3 = m||ull}
« (u, 1) = mljull3.
11u]|% = (1u, 1u) = Trace(u” 17 1u) = mTrace(u”u) = mTrace(||u||3) = m||u||3
(u, 1) = (1, u) = (1117w, u) = (11" v, u) = LTrace(” 11" v) = L Trace(@" w)1"w) = L (17w, 1" u) = L Trace(d”" v)"1"w) = m(i, i)

= mllal3

Compact representation:

Xip1 =W (Xk - J’kYk)
Yirr = Wy + G(xpy1 1) — G(xi, &)
« The step-size is a scalar and is shared among the agents. It could be diminishing.
Assumption 1:
« The matrix W € R™" is doubly stochastic, i.e., "W=1" andW1 =1.

« The matrix W is nonnegative.

« For all i, we have W;; > 0.

Assumption 2: For all i € [m], function f; is u-strongly convex and L-smooth.
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Assumption 3: For all i € [m] and all x € R", random vectors & € R? are independent from eachother, and

E[Vfi(x, &)Ix] = V fi(x),
E[IVfi(x, &) = VAN Ix] < v for some v > 0.

Also, for each agent, the {&;,&;1,&;2, ...} are an i.i.d. from the random variable &;.

Choosing the weights

To choose the weights and create the matrix W, if all nodes have the same number of neighbors, then the following formula would satisfy doubly stochasticity
assumption:

P it e Nw(@)

WNw @]’
W= B, ifj=i
0, otherwise

Where 0 < f# < 1 and |Nw(i)| denotes the number of nodes that are neighbors with node i.
In-class assignment 2:

« Use the above weight rule to obtain W for an undirected network with 4 agents that communicate over a ring graph. Use f§ := 0.6

06 02 0 02

02 06 02 0
0 02 06 02

02 0 02 06

W=

« Show that the above-mentioned weight rule satisfies Assumption 1.

Lemma 1: Consider Algorithm 1. Let Assumptions 1-4 hold. Let x* denote the unique optimal solution of the problem (P). Then, the following hold for all k > 0:
(a) y;, = G(xx, & ). This implies that y, tracks the average of stochastic gradients of the agents at iteration k.

(b) E [j}k | f“?k] = G(x)- This implies that y, is an unbiased estimator of the average of the true gradients of the agents at iteration k.

() E [||ij - GxOI? | 9-',(] < % This implies that variance of y, is bounded by %

(d) For any u, v € R™", with u;, v; € R" denoting the i row of u, v, respectively, we have:

IGw) - GW)|| < #uu —vl.

@ 1Gx) — GEIl < = 1xl.

ﬁ”xk
0 IGEOI < LlIZ — x*||.

Proof:

(a) We use induction to show this statement. For k = 0, we have:
_ 1.5 I « I ©
Yo=—1"yg = — Y yio = — Y, Vfi(xig. &0) = GXo, &).
m m i=1 m i=1

This implies that the hypothesis statement holds for k = 0 due to the initialization of the algorithm. Let us assume that ¥, = G(Xy, &) holds for some k > 0. We
show that it holds ture for k + 1 as well.

1T

, we have:
m

Multiplying both sides of ¥, .| := Wy, + G(Xk41, &k+1) — G(Xy, &) by the averaging operator

1 1 1 1
—1"y = =1 Wy, + —1"G(xpu1, Ekit) — —17 G(xi. &)
m m m m

_ 1
> kel = ZITYk + G(Xpy15 &) — G(X, Ek)

= Vet = Vi + G&Xep1s Ekrr) — G(xi, &k)
= Vi1 = G, &) + G(Xpey15 Epr1) — G(Xye, &)
> Vi1 = Gyt S 1)

Hence, the proof of (a) is completed.
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(b) Taking conditional expectation on the both sides of the equation in part (a) and invoking the definition of G(x), we obtain:

E [ | 1] = E[G(x. &) | Fi] = G(xy).

(c)
E [y = GxoI* | Zi| = E [IGG«, &) = GxolI* | F]

i &
lfnrnfio]

1 m
= —E [Z IV £k &0 = VGOl + X (VfiCeine &0 = Vi) (V000 600 = VF500) | %]

i=1 i#j

Z Vfilxi, &) - Em) Vfi(x:)
i=1

(xl kvgrk) - Vfl(xlk))

1 m
= — LEIVAitie 600 = VAol |9fk]+—2 (V08000 = V1,600) T (V36008100 = V £55,0) | 5]
i=1

i#j
1 m
<2V — Z (V£ (i &) = Vi) | Fi] B (V15000 800 = V£50x,00) | ]
i=1 i#j
j— V2
=

Proofs of (d), (e), and (f) are left as an exercise.

Lemma 2: Let Assumption 2 hold. For any @ < we have:

+L‘

%, — aG(x) — x* || < (1 — pa)[| %, — x*].

Consider the first update rule:
X =W (xk - ykyk) .
Multiplying both sides by the averaging operator ilT and noting that 1"wW = lT, we obtain:
X1 = Xg = Vi Vi
Let us consider the error metirc [||)?k+] —x* ||2]. Using Lemma 1(b) and (c), we can write:

E [ = x* 17 | Zo] = E (1% = viede = x* 17 | F]
= [1% = x"I1* = 21 G = x)TE [ | Fo] + 72 (1317 | F4]
= 15 = x" 17 = 21 & — X G + 72E 13 — Gxi) + Gxio)lI” | Fe]
= |15 = X1 = 2n G = ¥ Gxi) + v2E (113 — G | Fi] + 72E [IGxN* | Fi] + 272G E [3 — Gxio) | Fu
=[5 = x" 17 = 2 & — X G + v2E 13 — GolI* | Fi] + 721Gl

2
_ . _ \%
<% = X717 = 27 G — )T Glxi) + i+ PG

Adding and subtracting G(%), we obtain:
- 12 = %112 = s\T Ty = s\T = 2‘/2
E [||Xk+| = X771 97/(] <3k = X7 = 2n G = X)) (G(xi) — G(x)) = 2y (X — X7) G(xg) + v P
+ 721160 — GEOIP + 2IIGEON + 272 (G(x0) — G(xi) G
vl * are 2 b #\T e 2 Vz
< xe = x* =y GxONI™ = 27 Gex — x™)" (G(xi) — G(xp)) + 7 m
+ 721160 — GEROIP + 272G (xi) — G(E) G(x)-
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Invoking Lemma 2, we obtain:

E [I%ker = X117 | Fi] <0 = mp)* 15 — X717 = 20 G — 7 GGe) — ¥ (Gxk) — G(3p))

2
1% P
+7f— + rEll G — GO
Invoking the Cauchy-Schwarz inequality and Lemma 2 again, we obtain:

E (% — X 17 1 Fi] <= mp)? 15 — X717 + 2p(1 = wpollze — x* NIGxi) — Gl

2
% =
+7f— + 7l G0 — GG

Using Lemma 1(e), we obtain:

2y, L(1 = pyy)

\/ﬁ

- #1112 2= %112 - -
E (% = x" 17 | Zi] < (4 = pp)* 13 = 711 + Xk = x* llxe = 1xll

272
v L -2
IIxx — L l”

v
+yi— +
m
Note that we have:

2y LA = pyi)

L
X — x* —1Ix ]| =2 1- X — x* —1x
\/_rﬁ 136 = x* [HIxe Xell Yk (ﬁ( urollxe — x ||><\/W”Xk Xk||)

L2

2= #112 =12

< Yk (M(l =) X = xXTI° + —Ixe — Ll ) .
um

From the preceding two relations, we obtain:

Yk L’
um

E (%1 = x* 117 | Fi] A= wr) L+ wyllxe — x> +

Therefore, we obtain the first recursion:

V2

7 L? _
(1 ol = 15|17 + 7 —.

um

E (%60 — X 17 | Fi] < (1= wrollxe — x" |17 +

Assumption 4: Let the graph G corresponding to the communication network be be undirected and connected.
Lemma 3: Let Assumption 1 hold. Let py, denote the spectral norm of the matrix W — illT.
Then, py < 1 and

[[Wu - 1| < pw |lu— 14| for alu € R™",

where i1 2 #lTu.

In [27]:

u = np.random.randint(5, size=(m, n))
print("u = \n",u,"\n")
ones = np.ones([m,1])

bar u = (1/m)*ones.T@u
print("bar u = \n",bar_u,"\n")

ones_bar u = ones@bar_u
print("ones_bar u = \n",ones@bar_u)

H O WONOU B WN R

=

u =
[[01144)]
[0131 2]
[30110]]

bar_u =
[[1. 0.66666667 1.66666667 2. 2. 11
ones_bar_u =
[[1. 0.66666667 1.66666667 2. 2. ]

[1. 0.66666667 1.66666667 2. 2. 1
[1. 0.66666667 1.66666667 2. 2. 11

The second recursion

Here, we find a recursive relation for the term ||x;, — 1X ||2. Invoking Lemma 2(b), we have
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e = 1z 1P = IWxe = e Wy, = 1Gx = ol

= [IWxe — 121> = 27 (Wi — 135, Wy, — 13) + 72| Wy, — 131>
Invoking Lemma 3 and Lemma 2(c), we obtain

Ixest = Lxepr 12 = 23 ke — Lxg|” + 2l Wi — 1z [IWy, — 13,11 + 02, 72 1ly, — 13, 11

< Ayl = 1507 + 203, yellxe = Wxellllye = 1l + 23 v llye = 1311

) 1% 2 2 l_p%/V 1% 2 ZY’CP%’V 13 2 ) 13 2
< py e = 1xic||1” + pjy v e = 1xll” + ——=llye = 1317 ) + o v llye = 13l
2vi Py 1 - py
1+ 05 ] v+ Py oy _
=— P llxe — 1x]I* + ——lly - Lyl
l-p
w
So, taking expectations from both sides, the second recursion is as follows:
1 1+ 2 2 1+ 2 2
Flive .. 17021 « — =P £ lie, — 15,021 & ww lv, — 1%, 12]
Next we obtain the third recursive relation. For the ease of presentation, we use the compact notation
Gy 2 G(Xk),
Gy 2 G(x, &k
Vi £ Vfilxi),
=/ a
Vi,k = V/filxik>&ik)-
From the update rules of the algorithm, we have
1¥es1 = 1 |12 (Eq. 1)

< IWye + Gist — G = 13y + 13 — 134112

= [Wy, = 1511 + 1Gesr — Gell?

+2(Wy, — ljfk’ékﬂ - ék)

+ 2 = 6105 = Yip)) + mllFy = Fi 112
= 22 e = 15lI* + 1Gpsr — Gell?

+2(Wy, = 13, Gipr = Gi) — mllyy = Yy I

<Py = 1951”4 1Gsr — Gell?

+2(Wy; = 15, Gy — Gy).

In the following, we present a few intermediary results that will be used to derive the third recursive inequality.

Claim 1: The following holds
E [IGk+1 — Gill® | Fi| < E [IGrs — Gell” | F4]

+2E [(Gk+l ) _Gk + Gk> | (O/Tk] + 2mv2.
Proof of Claim 1: We can write

E [IGir1 — Gill* | Fi] = E [IGis1 — Gell* | 7]
+2E [(Gk+1aék+l ~ Gy~ Gy +Gy) | gk]
-2k [(Gk’ékﬂ =G~ Gy +Gy) | 57’k]

+E [IG1 = Gk = Gt + GilI* | F4 -

Note that since X, is characterized in terms of &, , we have

E [Giat — Grat | F]
=E, [[Egkﬂ [ék+l = Gyt | 9k+1” =E, [0]=0.

similarly, E [Gy. — Gy | Zi] = 0. Thus, we obtain
E [(Gk,ckﬂ ~Gi =Gyt +Gy) | gk] =0.

We can also write
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E [(Gir1>Girt = Gi = Gyt + G} | Fi]
=, [[ng [(Gis1-Grsr = Gk = Grat + Gi) | Fpn]]
=k, [<Gk+1’Gk+1 =Gk = Gyy1 +Gy) | 97k]
= E [(Gis1»—Gi + Gu) | F]
From the preceding relations, we have
E [I1Gis1 = Gell® | Fi] S E[IGus — Gull® | 4]
+2F [(Gyyr» =Gy + Gy) | 7]
+E [1Gis1 = Gk = Gryr + Gil* | 7]
<E [”Gk-H - Gell? | 9k] +2E [<Gk+17_(}k +Gy) | 97/(]
+E [IGi1 = Gt 17 | Fi] +E [IGi = Gell* | Fo] + 2E [(Gresr = G5 Gk — G} | Fo| -
It suffices to show that

E [IG+1 = Gra I | Fi| < mv?,

Claim 2: The following holds

E [(Gir1- =G + Gi) | Fi| < my Ly,
Proof of Claim 2: Let us define for all i € [m]
Kikr1 = Xigat + Wi (Vi &) = Vi) -
We can write

=f
E [<V£k+1’ —Vik = Vt{k> | ‘c;k]

=E [(vi{lﬁ—l = VfiRige1)s _eij,.k + V,{k> | ‘O/"k]
+E[(V i) =V + V0 | 7]
It can be shown from the update rules of the algorithm that 5c,-’k+1 is independent of &; ;. (proof is left as an exercise). Thus, we can write
E (VG =V + V[0 1 5] =0,
Also, from the Lipschitzian property and the definition of 5(,;,(4_1 we have
IV g1 = VfiGips)l S Lllxigsr = %o | < i LIVY, = Vil
From the preceding relations, we have
E (Vw90 + V0 1 4]
<E[IV/ier = VG IVk = Vil | 74
< LE IV, = VLI | 7]
<y Lvi.
Summing from the preceding relation over i, we obtain Claim 2.
Claim 3: The following holds

IGs1 — Gill?

< L2 (BL%72 +2IW = 1)1%) 1%, — 1%, 12
+2L7p% 72\l — 131

+3mLAy2 |3 = x*|I?

+ 3L2v2yk2.

Proof of Claim 3: From the Lipschitzian property of the local objective functions we have (proof is left as an exercise)

2 _ g2 2
1Gk+1 = Gill” < L7|1Xpqs — X[l

We also have
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%1 = X1 = IWxe = Wy = xi1?
= I(W = D(xe = 1) = e Wy = xell’
<IW = TP lIxe = 1xl” + 72 I Wy, 1
= 2 {(W = D(x¢ — 1x1), Wy )
= IW =Tl = 15 l? + 72 IWy, = 1317 + mpZ 13017
=2 {(W = D(x¢ — 1xx), Wy, — 13;)
< IW = TP IIxe = 1z M1 + 23, 72 llye — 13117 + my2llze
+ 20 v W = IlllIxx — Lxicllllyie — 13l
< 20W =107 lxe = 1% + 203, v lyie = 1l
+my2 ||yl

llx +y+ 2l < 3llx)I> + 31yl + 3lzII>

Claim 4: The following holds

E [(Wyi = 13, Giegr — Gi) | F]
= E [(Wy; = 134, Gi1 = Gi) | F¢]
+E [(Wy, = 13, =Gy + Gy} | Fi] .

Proof of Claim 4: We have
E [(Wyi = 134, Grsr = Grs) | F

=Eq [Ez., [(Wyi = 13, Gis1 = Gi) | Frat]] =0.

The result follows by adding the above expectation to the left-hand side of Claim 4.

Claim 5: The following holds
E [(Wyy — 135, =Gy + Gy) | Fi| < V2

Proof of Claim 5: First, note that from the algorithm's update rules, we have for any i, j € [m]
=f
E [ =Vik + Vi) | 4
m =f  &f =f Nl o
=E [(Xooi Wiever-1 + Vik = Vik=t>=Vik + Vi) | Fu
=f =/
= E[(Vie. =V + Vi) 1 7]
Multiplying by W;; and summing over j € [m], we have
m o/ f (o4
E (Z/:] I/Vijyj,ks_vi,k + v,',k> | Fi
=f = f
=E [(V‘/[ivi,k’_vi,k + V{;) [ gk]
=/ =/
= WiE [(Vi = V] =V + V) 1 7] <0
We have
- &f f
—E |3 =Vik + Vi) | Fi

= f = f
=_E [(# X VeV VI | %]

3 |=

E[(=9k=Vii + V) | 4]

3 |=

=f =f
E [<_Vi,k + V{k’_vi,k + V{U | gk]

3=

o/
E[IV] = Vil 1 7]

IN
<N

5|

Employing the preceding two relations, we have
E [(Wyi = 135 =Gy + Gy) | F]
=YL E [<Z;n:1 Wiyjx — i’k’_ﬁif,k + Vt{k | Fu
<YL V_mz =v2

This implies that Claim 5 holds.

Claim 6: The following holds for any # > 0

AWy, = 13, Gy — Gy)
<oy 1y = 191 + 77 Gt — Gl
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From Claim 4 and Eq. 1, we have

E [I1yesr = Wi 1P 1 F

<o Ny = 13l + E [IGky — Gall® | Fe
+2E [(WYk =13, Gy — Gi) | 57k]

+2E [(Wy, — 13, =Gy + Gi) | Fe -

Claim 5 and 6 imply that

E [I1yesr = Wi 1P | F

< +mnp,E [||Yk —1y1* | gk]
+ 1+ 7 E [1Ger — Gell* | F]
+ 202

From Claim 1 we obtain

E[llyey = e 117 | F4]

<+ mE [llye = 13”1 #4]

+ (144 DE [1Gst — Gill? | F4]
+2(1+47"E [(GkH’_Gk +G) | gk]
+2(1 + 11_l)mv2

+ 22,

Claim 2 implies

E (11 — s 17 | Fe

<A+ ol E(llye — 133 l1” | ]

+ A+ 77 YL (3L +2IW = 1)) lIx¢ — 15 ]I
+ (L + g 2L% 0% v2E [llye — 13117 | Fo

+ (L + 7 )3mLy 1% — x*|1?

+ (L + 7 3Ly}

+2(1 + 7 Hmy, Lv?

+2(1 + 77 Hmy?

+2v2,

Rearranging the terms and taking expectations from both sides, we obtain

E [||Yk+1 S ||2]

< (T+n+ A+ 2L%2) o3 E [llye — 13,117

+ A+ YL (BL%E +2IW = I|I°) E [lIx, — 1%, 1%
+ 1+ 7" )3mLA2E (1% — x*117]

+ ((L+ 77" (3L + 2my, L+ 2m) +2) V2.

This implies the third recursive inequality.
To sumamrize the three recursions are as follows

= * - % Y L? . v2
B [kt = x"I%] < (1= i (1% = x"117] + S04 aro (I = 1%01°] + 720

_ L+ 4 _ v+ 2y )y -
E [Ien = 150n ] < —52E (I = 1200 + === [l ~ 151,
~Pw

E (i1 = Wit 7] < (L4 n+ A+ 172L%2) 93 E [llyx — 13117
+ A+ HE? (BL% +2IIW = IIP) E [IIx, — 1% 11%] + (1 + 7 )3mL*y2E [[1%, — x*|1]
+ ((1 +77h (3L2yk2 +2my, L + 2m) + 2) V2,

where 1 > 0 is an arbitrary scalar.

Choice of
To guarantee the convergence, it is important to choose # to have that

(T+n+Q+7NH2L%2) 0%, < L.

Let us assume
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Equivalently, we need to have

l—p;v
2
4pW

. We must have

Letus set# :=

We must have

This can hold if we set

and

Convergence Rate of DSGT
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1+ p,

(1+n+0+n2L%2) 5, < 3

1_
n+ 1 +n 2Lty < —=%

1-—
(2L < — w,

l—p%V

2Lpy /2 + 602,

IA

Yk

1-p3
wn=——W

It can be shown that there exist some E{, E,, E; > 0 such that for k > 0

Proof sketch

- E
E [I1%s1 — x*[I7] < ﬁ

E
E [ = e IIP] € —2,
[11%1 e ] " l?

E [llyxs1 — e II°] < Es.

We use induction on k. Let us assume Eq. 2 holds for k. We obtain

Thus, it would suffice to show

Equivalently,

. E | nd? E, %
E (% —x*I17] < (1= —+—(+ = +yi—.
[||Vk+1 x| ] <( HYK) X . ( Il}’k)kz Yk "
E,  yL? E, 52 E,
1- — 4+ =1+ — +y}— < .
(A= mnd— m A+ prd 5 + e S

L’ E v 1
y;—m(1+/4yk)k—§+yk2; < <——1+m> E,.
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