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Abstract

We study online principle component analysis (PCA), that is to find the top k eigenvectors of
a d x d hidden matrix 3 with online data samples drawn from covariance matrix 3. We provide
global convergence for the low-rank generalization of Oja’s algorithm, which is popularly used
in practice but lacks theoretical understanding.

Our convergence rate matches the lower bound in terms of the dependency on error, on
eigengap and on dimension d; in addition, our convergence rate can be made gap-free, that is
proportional to the approximation error and independent of the eigengap.

In contrast, for general rank k, before our work (1) it was open to design any algorithm with
efficient global convergence rate 9 ; and (2) it was open to design any algorithm with (even
local) gap-free convergence rate 8.

1 Introduction

Principle component analysis (PCA) is the problem of finding the subspace of largest variance in
a dataset consisting of vectors, and is a fundamental tool used to analyze and visualize data in
machine learning, computer vision, statistics, and operations research. In the big-data scenario,
since it can be unrealistic to store the entire dataset, it is interesting and more challenging to study
the online model (a.k.a. the stochastic model or the streaming model) of PCA.

Suppose the data vectors z € R? are drawn i.i.d. from an unknown distribution with covariance
matrix ¥ = E[zz '] € R¥9, and the vectors are presented to the algorithm in an online manner.
Suppose without loss of generality that the Euclidean norm ||z]|2 < 1 for such random vectors, and
we are interested in approximately computing the top k eigenvectors of 3. We are interested in
algorithms with memory storage O(dk), the same as the memory needed to store any k vectors in
d dimensions. We call this the online k-PCA problem.

For online k-PCA, the popular and natural extension of Oja’s algorithm originally designed for
the k = 1 case works as follows. Beginning with a random Gaussian matrix Qg € R¥* (each entry
i.i.d ~ N(0,1)), it repeatedly applies

rank-k Oja’s algorithm: — Q; « (I+mzx) )Qi—1, Qi = QR(Qy) (1.1)

where 7; > 0 is some learning rate that may depend on ¢, vector z; is the random data vector
obtained in iteration ¢, and QR(Q;) is an arbitrary QR deomposition that orthonormalize the
column vectors of Q; (i.e., the Gram-Schmidt Orthogonalization).

Although Oja’s algorithm works reasonably well in practice, very limited theoretical results are
known for its convergence in the k > 1 case. Even worse, little is known for any algorithm that
solves online PCA in the k£ > 1. Specifically, there are three major challenges for this problem:
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Table 1: Sampling complexity comparison. Since we assumed ||z|| < 1 for each sample vector, we have A; € [0, 1/
and A1 + -+ A < 1. We define gap = A\gy1 — Ax € [0,1/k]. We assume € € (0,1).

e Gap-dependent convergence: ||QrZ||% < e where Z consists of the last d — k eigenvectors.

e Gap-free convergence: ||Q7W/|% < ¢ where W consists of all eigenvectors with values no more than A, — p.

e We say a global convergence is “efficient” if it only (poly-)logarithmically depend on the dimension d.

~ 2
“Li et al. proved their result under a stronger 4-th moment assumption, and obtained running time O(gﬁg . %), a

factor A1 € (0, 1) faster than what we show in this table. We believe their running time will be slowed down at least
by a factor \; if the 4-th moment assumption is removed.
Their result gives a guarantee on the spectral norm I Q-TFWH% so we increased it by a factor k for a fair comparison.

1. Provide an efficient convergence rate that only logarithmically dependent on the dimension d.
2. Provide a gap-free convergence rate that is independent of the eigengap.
3. Provide a global convergence rate so the algorithm can start from a random initial point.

In the case of & > 1, to the best of our knowledge, there is no convergence result that is gap-free.
In the gap-dependent regime, the convergence result of Shamir 16 is efficient but not global. The
convergence result of Hardt and Price 8 is global but not efficient. We discuss them more formally
below (and see Table 1):

e Shamir 16 provided implicitly a local but efficient convergence result for Oja’s algorithm !
which requires a very accurate starting matrix Qg: his theorem relies on Qg being correlated
with the top k eigenvectors by a correlation value at least k—1/2. If using random initialization,

this event happens with probability at most 2—(d),

!The original method of Shamir (16 is an offline method that uses variance reduction. We have translated his
result into an online setting which requires a lot of extra work including the martingale techniques we used in this

paper.



e Hardt and Price 8 analyzed a variant of Oja’s algorithm? and obtained a global convergence
that is not efficient: it linearly depends on the dimension d. Their result also has a cubic
dependency on the gap between the k-th and (k + 1)-th eigenvalue which is not optimal. They
raised an open question regarding how to provide any convergence result that is gap-free.

e In practice, researchers observed that it is advantageous to choose the learning rate 7; to be
high at the beginning, and then gradually decreasing (c.f. 19 ). To the best of our knowledge,
there is no theoretical support behind this learning rate scheme for general k.

In sum, it remains open before our work to obtain an efficient and global convergence rate, or any
gap-free convergence rate.

Special Case of k = 1. The seminal work by Jain, Jin, Kakade, Netrapalli and Sidford 9
obtained a convergence result that is both efficient and global (but not gap-free) for online 1-PCA.
Shamir 15 obtained the first gap-free result for online 1-PCA, but his result is not efficient. Both
these results are based on Oja’s algorithm, and it remains open before our work to obtain a gap-free
result that is also efficient even when k = 1.

1.1 Our Results

In this paper we analyze the rank-k variant of Oja’s algorithm (1.1) —or Oja’s algorithm for short.
We present convergence results that are global, efficient and gap-free.

Gap-Dependent Online k-PCA. We prove the following theorem in this paper:

Theorem 1 (gap-dependent online k-PCA). Letting gap = Ay —Apy1 € (0, %] and A < Zle Ai €
(O, 1], for every e,p € (0,1) define learning rates

~ 1 .
) gap-To 1§t§T0a

~ kA ~ A ~
TO:@(), le@(>7 N = ©® gapl-T1 T0<t§T0_|_T1’.3

gap?p? gap?p? X
=) t>To+T.

Let Z be the column orthonormal matrixz consisting of all eigenvectors of 3 with values no more
than \gr1. Then, the output Qp € R&>* of Oja’s algorithm satisfies:

~ (T
for evert T =Ty+Ty+ O <€1> it satisfies Pr [HZTQTH% >e| <p.

Above, O hides poly-log factors in %, %, ngp and d.

In other words, after a warm up phase of length 7, we obtain a gap%T

quantity [|ZT Qr||%. We make several observations (see also Table 1):

convergence rate for the

e In the k =1 case, Theorem 1 matches the best known result of Jain et al. 9.
e In the £ > 1 case, Theorem 1 gives the first efficient global convergence rate.

e In the k > 1 case, even in terms of local convergence rate, Theorem 1 is faster than the best
known result of Shamir 16 by a factor A\; + -+ A\x € (0, 1).

2They used multiple samples in each iteration and over congested the dimension from k to 2k.
3The intermediate stage [Ty, To + T1] is compeltely unnecessary; we add this phase only to simplify proofs.
4Theorem also applies to every T > Tp + 11 + Q(T1 /5) by making 7 poly-logarithmically dependent on 7'.




e The learning rates 7, are constants for ¢ < Ty and inversely proportional to 1/¢ for large ¢. To
the best of our knowledge, this is the first theoretical justification of this popular learning rate
choices researchers have used in practice for general k.

Remark 1.1. The quantity |Z' Qr||% captures the correlation between the resulting matrix Qr €
R¥>* and the smallest d — k eigenvectors of ¥. It is a natural generalization of the sin-square
quantity widely used in the k = 1 case, because if ¥ = 1 then ||ZT Qr||% = sin®(q,v1) where ¢ is
the only column of Q and vy is the leading eigenvector of 2.

ke 1
o 1) for gap-

dependent online k-PCA. 11 Therefore, the local convergence in Theorem 1 is optimal up to
logarithmic factors (at least when Ay = --- = \g).

Remark 1.2. We are aware of an information-theoretical lower bound of Q(

Gap-Free Online k-PCA. When the eigengap is small which is usually true in practical applica-
tions, it is desirable to obtain gap-free convergence rates 13, 15 . We prove the following theorem,
and thus fully answer the open question of Hardt and Price 8 regarding how to obtain gap-free
convergence rate for online k-PCA.

Theorem 2 (gap-free online k-PCA). For every p,e,p € (0,1), define learning rates

1

" 6 () t<m
TO:@<22>’ M= a0

pe-p © E) t > 1Ty.

hs)

Let W be the column orthonormal matriz consisting of all eigenvectors of X with values no more
than A\, — p. Then, the output Qp € R&>* of Oja’s algorithm satisfies:

~ (T
for every’ T =Ty +© <O> it satisfies Pr [||WTQTH% >e| <p.
3

Above, O hides poly-log factors in %,% and d.

Note that the above theorem is a double approximation. The number of iterations depend both
on p and €, where € is an upper bound on the correlation between Q7 and all eigenvectors in W
(which depends on p). This is the first known gap-free result for the & > 1 case.

One may also be interested in single-approximation guarantees, such as the rayleigh-quotient
guarantee. Note that a single-approximation guarantee by definition loses information about the
¢ — p tradeoff; furthermore, (good) single-approximation guarantees are not easy to obtain

We show in this paper the following theorem regarding rayleigh-quotient guarantee:

Theorem 3 (gNap—free rayleigh-quotient guarantee). In the same setting as Theorem 2, we have
for every T = @(ﬁ), letting q; be the i-th column of the output matrix Qr, then

Prvie ], ¢/a>N-06()]>1-p.

Again, O hides poly-log factors in %,% and d.

Remark 1.3. The only gap-free result known before our work is Shamir 15 — and it is only for k = 1
and not efficient due to its heavy initialization. Shamir’s result is in terms of Rayleigh quotient but

5Theorem also applies to every T > Ty + (NZ(TO / s) by making 7, poly-logarithmically dependent on T

SFor instance, as pointed out by the authors of 9], a direct translation from a correlation-type convergence to
a rayleigh-quotient type convergence loses a factor on the approximation error. They even raised it as an open
question regarding how to design a direct proof without sacrificing this loss. Thus, our next theorem answers this
open question (at least in the gap-free case).




not double-approximation. If the initialization phase is ignored, Shamir’s local convergence rate in
terms of Rayleigh quotient in fact matches our global convergence rate in Theorem 3. However, if
one translates his result into double approximation, his running time will lose a factor €. This is
why in Table 1 Shamir’s result 15 is in terms of 1/¢% as opposed to 1/e.

Other Related Results. Mitliagkas et al. 12 obtained an online PCA result but in the restricted
spiked covariance model. Balsubramani et al. 3 analyzed a modified variant of Oja’s algorithm
and needed an extra O(d°) factor in the complexity.

The offline problem of PCA (or more generally of SVD) can be efficiently solved via iterative
algorithms that are based on variance-reduction techniques on top of stochastic gradient methods 2,
16 (see also 5,6 for the k = 1 case); these methods do multiple passes on the input data so are not
relevant in our online setting. Offline PCA can also be solved via power method or block Krylov
method 13, but since each iteration of these methods relies on one full pass on the dataset, they
are not suitable for online setting either. Other offline problems and efficient algorithms relevant
to PCA include canonical correlation analysis and generalized eigenvector decomposition 1,7, 18 .

We emphasize that the offline problem is much easier to solve and one can efficiently (although
non-trivially) reduce a general k-PCA problem to k times of 1-PCA using the techniques of 2.
However, this is not the case in our online setting because one would have to lose a poly(k) factor
in the iteration complexity and sampling complexity.

2 Preliminaries

We denote by 1 > A; > --- > Ay > 0 the eigenvalues of the positive semidefinite (PSD) matrix X,
and since we have assumed ||z|| < 1 for each online data sample, it must satisfies Ay + -+ + A\g =
Tr(X) < 1 and thus each \; < 1/i. We define gap N\ — Akt1 € [O, %]

We denote by V € R¥* the matrix of the first k eigenvectors of ¥ (in the non-increasing
order eigenvalues) and Z € R¥(@=%) the last d — k eigenvectors (also in the non-increasing order
eigenvalues). For every parameter p > 0 in our gap-free setting, we also define W € R*" to be
column orthonormal matrix consisting of all eigenvectors of 3 with values no more than Ay — p. It
is clear that » < d — k.

We write X<; = VDiag{\1,..., A\, } V" and ;= ZDiag{Mit1,..., A}Z' 50 % = Zp+ oy

For a vector y, we sometimes denote by y[i] or y® the i-th coordinate of y. We may use different
notations in different lemmas in order to obtain the cleanest representations; when we do so, we
shall clearly point out in the statement of the lemmas.

We denote by Py & Hizl(I + nssz] ) where x4 is the s-th data sample and 7 is the learning
rate of iteration s. We denote by Q € R?™¥ (or Q) the random initial matrix, and by Q; ©
QR((T + iz )Qi—1) = QR(P;Qo) for every t > 17 We use the notation F; to denote the
sigma-algebra generated by x;. We denote F<; to be the sigma-algebra generated by x1, ..., ¢, i.e.
F<t = V!_|Fs. In other words, whenever we condition on F< t it means we have fixed z1,...,z;.

For a vector « we denote by ||z|| or ||z|l2 the Euclidean norm of . We denote by ||A||s, the
Schatten-1 norm of matrix A which is the summation of the (nonnegative) singular values of A. It
satisfies the following simple properties:

Proposition 2.1. For not necessarily symmetric matrices A, B € R¥™?% we have

(1): |Te(A)| < [|Alls, (2): |Tr(AB)| < | AB||s, < [|Alls,|B]2 -

"The second equality is simple fact but anyways proved in Lemma 2.2 later.



(3): Tr(AB) < || Al|r||B|lr = (Tr(ATA)Tx(B'B))"/* .

(2) is because of (1) and the matrix Holder’s inequality. (3) is owing to von Neumann’s trace
inequality (together with Cauchy’s) which says Tr(AB) < > .04, -0 < ||A||r|B||r. (Here, we
have noted by 04 ; the i-th largest eigenvalue of A and similarly for B. ]

Proof. (1) is becanse Tr(A) = LTr(A + AT) < LA + AT[ls, < L (JAlls, + AT ls,) = [[Alls,.

2.1 A Matrix View of Oja’s Algorithm

The following lemma tells us that we can push the QR orthogonalization step in Oja’s algorithm
to the end for analysis purpose only:

Lemma 2.2 (Oja’s algorithm). For every s € [d], every X € R, every t > 1, every Q € R¥¥F,
it satisfies | X' Q¢llr < |XTP:Q(VTP:Q) | F .

Proof of Lemma 2.2. Denote by Qt = P;Q, we first observe that for every ¢t > 0 Q; = Qth for
some (upper triangular) invertible matrix Ry € R¥**. The claim is true for t = 0. Suppose it holds
for t by induction, then

Qi+1 = QRI(T + m1z412411) Q) = (T+ ms1ze12/41) QiSe
for some S; € R¥** by the definition of QR (or Gram-Schmidt). This implies that

Qi1 = (I + 7]t+137t+137tT+1)QthSt =P 11QR:S; = Qt—i—lRtSt = Qt-ﬁ-lRt-i-l

if we define Ry41 = R;S;. This completes the proof that Q; = Qth. As a result, since each Q; is
column orthogonal for ¢t > 1 (thus [V Q|2 < 1):

IXTQillr < IXTQUVTQ) M r = IXTQR(VIQR) M r < [XTQ(VIQ) M r . U

Due to Lemma 2.2, we make an important observation that is in order to prove Theorem 1 and
Theorem 2. it suffices to upper bound the quantity |[X"P;Q(V P;Q)~!|r for X = W or X = Z.

3 Overview of Our Proofs and Techniques

Let us focus on the gap-dependent case first. Denoting in this section by s; = 1Z"TP;:Q(V P,Q)F,
owing to Lemma 2.2, we want to bound s; in terms of z; and s; 1 = HZTPt_lQ(VTPt_lQ)*lHF.
A simple calculation using the Sherman-Morrison formula gives

E[s2] < (1 — pgap) E[s2_,] + E [(%)2} where a; = |2/ P,_1Q(V P1Q) Y2 (3.1)
At a first look, E[s?] is decaying by multiplicative (1 — m,gap) factor at every iteration; however,
this bound could be problematic when nya; is close to 1 and thus we need to ensure 7, < a% with
high probability for every step.

A naive bound on a; gives a; < [|P;_1Q(V P;_1Q)7 1|2 < s; + 1. However, since s; can be as
large as Q(\/&) at t = 0 if random initialization is used, this would imply that 7; can be at most
1/ V/d and the resulting convergence rate would certainly be not efficient (i.e., at least proportional
to d). This is why most known global results are not efficient (see Table 1). On the other hand,
if one ignores initialization and starts from a point ¢y when s;; <1 is already satisfied, then he or
she can prove a local convergence rate that is efficient (c.f. 16 ) but still slower than ours.

Our first contribution is the following crucial observation: for a random initial matrix Q, a1 =
lz{ Q(VT Q)72 is actually quite small. We use a simple fact on the singular value distribution



of inverse-Wishart distribution to obtain that, with high probability, a; = O(v/k). This implies, at
least in the first iteration, we can set 7; to be Q(1/v/k) independent of the dimension d. However,
in subsequent iterations, it is not clear whether a; increases.

Our second contribution is to control a; using the fact that a; itself “forms another random
process.” More precisely, denoting by a; s = ||/ PsQ(V PsQ) 1|2 for 0 < s < ¢ — 1, we wish to
bound a; s in terms of a;s—1 and show that it does not increase by much. (If we could achieve so,
combining with the initialization a; o < O(\/E) we would know that all a; s are small for s <t —1.)
Unfortunately, since x; is not an eigenvector of 3, the recursion one can obtain is (again using
Sherman-Morrison)

Ela?,] < (1= noh) Elad 1] + m A BB, i) + B [ (1227 (3.2)

1-nsas
where b; s = |2/ ZP;Q(V PsQ)~!|2. Now two difficulties arise from this formula:

e b, s can be very different from a; s — in worse case, the ratio between them can be unbounded.

e the problematic term now becomes as = as—1 (rather than the original a; = as¢—; in (3.1))
. . . . t—1

which is not present in the chain {a;s};_;.

(6) def

We solve both issues by considering a multi-dimensional random process c¢;s with ¢; ; =
’

|z, TP, Q(VP,Q)~ 2. Ignoring the last term, we can derive that
Vs <t—1, E[(¢2)] £ Q- n M E[(¢) )] +nME[(@)] . 33

~

Our third contribution is a new random process concentration bound to control the change in
this multi-dimensional chain (3.3) To achieve this, we also adapt the prove of standard Chernoff
bound to multi dimensions (which is not the same as matrix concentration bound). After having
this concentration result (see Section 6), all terms of a; = cg?fl can be simultaneously bounded by
a constant, for every t € [T]. This ensures that the problematic term in (3.1) is well-controlled.

The overall plan looks promising, however, there are holes in the above thought experiment.

e In order to apply any random process concentration bound (e.g., any martingale concentra-
tion), we need the process to not depend on the future. However, the random vector ¢ s is
not F<, measurable but F<s V F; measurable (i.e., it depends on x; for a future t > s).

e Furthermore, the expectation bounds such as (3.1), (3.2), (3.3) only hold if E[xix:] =
however, if we take away a failure event C —C may correspond to the event when a; is large—

the conditional expectation E[z;x; | C] becomes ¥ + A where A is some error matrix. This
can amplify the failure probability in next iteration.

Our fourth contribution is a “decoupling” framework to deal with the above issues (see Section D).
At a high level, to deal with the first issue we fix ;4 and study {cts}s=0,1,...+—1 conditioning on zy;
in this way the process decouples and each ¢;, becomes F<, measurable. We can do so because
we can carefully ensure that the failure events only depend on x, for s < ¢ — 1 but not on x;. To
deal with the second issue, we convert the random process into an unconditional random process
(see (D.2)); this is a generalization of using stopping time on martingales. Using these tools, we
manage to show that the failure probability only grows linearly with respect to T and henceforth
bound the value of cg

Although each of our contributions is conceptually not a very big step, putting them together
gives us a new way to analyze how certain property of a random initialization is preserved in all
subsequent iterations, which we believe is useful in future research (especially when analyzing any
high-rank online power-method type of algorithm).

for all ¢, s and 1.



Remark 3.1. The above ideas are insufficient for our gap-free results. In order to prove Theorem 2
and 3, in addition to s; and ¢; s discussed above, we also need to bound s L IWTP,Q(VTP,Q) Y| r
where W is a column orthonormal matrix consisting of all eigenvectors of 3 with values no more
than Ay —p, for some parameter p given to the algorithm. This is so because the interesting quantity
in a gap-free case changes from s; to s, according to Lemma 2.2 Similar to the gap-dependent case,
to bound s, one has to bound ¢ s; however, the ¢ s process also weakly depends on the original s;.

In sum, we have to bound s, s}, and ¢; 5 all together.

Roadmap.

e Section 4 proves properties on the initial matrix Q and corresponds to our first contribution.

Section 5 gives expected guarantees on s; and a; s and corresponds to our second contribution.

Section 6 provides concentration results which correspond to our third contribution.

Appendix D gives the decoupling lemma which correspond to our fourth contribution.

Section 7 gives main convergence lemmas to deal with iterations both before T and after Tj.
e Section 8 provides final remarks on how to translate Section 7 to our theorem statements.

Our proofs of nearly all technical lemmas and theorems are deferred to the appendix.

4 Random Initialization

Let Q € R¥* be a matrix with each entry i.i.d drawn from N(0,1), the standard gaussian. Then,

Lemma 4.1. For every x € R? that has Euclidean norm ||z||2 < 1, every PSD matriz A, and every
A > 1, we have

Pr (27227 QAQ ZZ x> Tr(A) + \] < ¢ sTA)

Lemma 4.2. Let Q be our initial matriz, then for every p € (0,1):

rr [ vrarorey = e

Combining them, one can obtain our main lemma for initialization:

Lemma 4.3 (initialization). For every p,q € (0,1), every T € N*, every vector set {x;}1_, with
lz¢]|2 < 1, with probability at least 1 — p — 2q over the random choice of Q, the following holds:

T QVTQ M < Sty and
22 (2 /n) " Qv 2 8 (k) <

Pry, . 2, [Hi € [T],3t € [T,

We remark here that the two statements of the above lemma correspond to so and ¢; ; that we
defined in Section 3

(4)

5 Expected Results

In this section we provide formal statements of (3.1), (3.2). (3.3) which characterize to the behaviors
of the random processes we are interested. Since the quantities sy, s, cg we discussed in Section 3
have the same form, below we provide a general lemma that talks about all of them at once.



Let X € R be a generic matrix that shall later be chosen as either X = W (corresponding
to s;), X = Z (corresponding to s;), or X = [w] where w € R? is an arbitrary vector with norm at
most 1 (corresponding to 052) We introduce the following definitions that shall be used throughout
this paper:

L; = P,Q(V'P;Q)" ! e R™* R, = X 22/ L, e R
S;=X'"L; e R"™*¥ H, = V' L € RF¥F
We present a generic lemma that holds for all of the three choices of X:

Lemma 5.1. For every Q € R¥™* and every t € [T, suppose for ¢; > 0, x; satisfies:

o7 Lallo = [ PeaQ(VTPAQ) Mo < 60 and my <
Then the following holds:
(¢) Tr(S{S;) < Tr(S;-1S,_1) — 2mTr(S,_,S;—1H}) + 2n,Tr(S,_ | R})
+ (1207 13 + 207 | R7 12| H [|2) Te (S, 1 St—1) + 807 [IRA 13 + 20 [ RY |2 H |2
(b) ITr(S{Se)=Tr(Si—1SL1)[* < 24307 | H; |5 Tr (S, S—1)*+ 1207 | Ry I3 Tr (S, Si—1)+3007; 7 | RY 13
(c) |Tr(S/{S¢) — Tr(Si—18,_1)| < 9 Tr(Se—1S{_ ) + 20eper ) Tr(S_1S¢-1) + 1007 67

Note that Lemma 5.1-(a) will be used to provide upper bounds on the quantities we care about

(i.e., st, s, cgg), while Lemma 5.1-(b) and Lemma 5.1-(c) provide variance and absolute difference
bounds. We need the latter two bounds in order to provide concentration results 8
Taking expectation on top of Lemma 5.1-(a), one can verify that the following is true:

Corollary 5.2 (corollary of Lemma 5.1-(a)). For every t € [T], suppose C<; is an event that
depends on random x1,...,x: and implies

_ 1
|2, Li1lla = |2 ProaQ(VI P 1Q) Yo < ¢ where iy < 3 -

If Elzgw) | F<i—1,C<t) = = + A, then we have:
(a) When X =Z,
E[Tr(S7S1) | Far1,Cai| < (1= 2megap + 149767) T (S, 1] y) + 100767

3/2

+ 2l Alls ([Tr(ST8e-1)] " + 2Te(ST,80-1) + [Te(S[,8-1)] )

(b) When X =W,
E[Tr(STS0) | Fer1,Car] < (1= 2mp+ 147267 Te(S1 18 y) + 105767
+ 2ml|Alle ([Tr(S18e-1)]"* + Te(SL18i-1)) (14 [r(2 Ll ,2)])
(c) When X = [w] € R where w is a vector with Buclidean norm at most 1,
E | Tr(S]8,) | Ferr,Cer] < (1= mAs + L4n267) Tr(8,18 1) + 100267 + {* TSI 3
+ 20| A2 ([Tr(S]181-1)]

8Recall that even in the simplest martingale concentration, one needs upper bounds on the absolute difference
between consecutive variables; furthermore, the concentration can be tightened if one also has an (expected) variance
upper bound between variables.

+ Tr(sj_lst,l)) (1 + [Te(Z Ly 1L, 2)] 1/2)




6 Martingale Concentrations

We prove in the appendix the following two martingale concentration lemmas. Both of them
are stated in their most general form for the purpose of this paper. The first lemma is for 1-d
martingales and the second is for multi-d martingales.

At a high level, Lemma 6.1 will only be used to analyze the sequences s; or s} (see Section 3)
after warm start — that is, after ¢ > Tp. Our Lemma 6.2 can be used to analyze c; s as well as s;
and s} before warm start.

Lemma 6.1 (1-d martingale). Let {z}2, be a non-negative random process with starting time
to € N*. Suppose there exists d >0, kK > 2, and 73 = % such that

E[Zt_t,_l | fgt] S (1 — 5Tt)2t -+ Tt2
YVt > to: E[(zt41 — 2)? | F<] < TtQZt + /ﬁsz (6.1)
\zi01 — 2] < KT/Z + KA

If there exists ¢ > 36 satisfying lngoto > 7.562(¢p + 1) with z, < %;tzo, we have:

exp{— (%—1) Into}

¢
361

2
Pr |3t > tg, 2 > @t t} <

Lemma 6.2 (multi-dimensional martingale). Let {z}1_, be a random process where each z; € Rgo

is F<¢-measurable. Suppose there exist nonnegative parameters { [, o, Tt}z:ol satisfying k > 0 and
ke < 1/6 such that, Vi € [D],Vt € {0,1,...,T — 1},
(denoting by [z]; is the i-th coordinate of zx and [z]p+1 =0)

E [[2t11)i | F<i] < (1= Bt =6 + 77)[2e)i + Selzt)is + 77
E [|[zer1)i = [)il* | F<e] <77 ([24)F + [24)i) + w77, and (6.2)

T =Y (A RV e

Then, we have: for every A > 0, every p € [1, minse[t}{ﬁ}] .
Pr[[z)i >\ <A7P ( max e 41 {20/ } exp { Sy 5pPrE - Pﬁs}
+ 1A hexp { ST 5P~ pBu})

The above two lemmas are stated in the most general way in order to be used towards all of
our three theorems each requiring different parameter choices of 5, d¢, 73, k. For instance, to prove
Theorem 2 it suffices to use k = O(1).

6.1 Martingale Corollaries

We provide below four instantiations of these lemmas, each of them can be verified by plugging in
the specific parameters.

Corollary 6.3 (1-d martingale). Consider the same setting as Lemma 6.1. Suppose p € (0, e%),

91n(1
5 < ﬁ, T =3, KE[2 ﬁ], lnthto > %, and zy, < 2 we have:

2
Pr[3t2t0,2t>w <p.

10



Corollary 6.4 (multi-d martingale). Consider the same setting as Lemma 6.2. Suppose k = 1,
then for every t € [T and q € (0,1),

4t
— In"2 > : <q.
if Z T < 1001 . then Pr [[zt]l > 2max{1,j1€r[1ﬁ_xu{[zo]]}}} <gq

Corollary 6.5 (multi-d martingale). Consider the same setting as Lemma 6.2. For everyq € (0,1),
letting 1 < 12In %, suppose for every s € {0,1,...,t — 1} it satisfies Bs > 172 and k7l < 1. Then,

Pr [[zth > Qmax{l,jg%ixu{[zo]j}}} <gq.

Corollary 6.6 (multi-d martingale). Consider the same setting as Lemma 6.2. Given q € (0,1),
suppose there exists parameter v > 1 such that, denoting by [ © 10y 1In %,

1
s — 12 > 1 d Vse{0,1,....,t—1}: B, > 172 A
Zﬁ T n(max{[ ]}) an sef b Bs > /\m—mln?’;

JE[t+1]

Then, we have Pr [[Zt]l > 2/7] <gq

7 Main Lemmas

In this section we present our main lemmas. These lemmas can be proved by combining (1)
the expectation results in Section 5, (2) the martingale concentrations in Section 6, and (3) our
decoupling lemma in Appendix D

Before Warm Start. Our first lemma describes the behavior of quantities s; = |Z P;Q(V P:Q) 7| r
and s} = [W'P,Q(V"P;Q)~ ! (defined in Section 3) before warm start. At a high level, it shows
if sy starts from sg < Ez, under mind conditions and with high probability, s? never increases to
more than 2Zz. The other sequence (s})? also never increases to more than 2=z because s, < s;,
but most importantly, (52)2 drops below 2 after ¢ > Tj. This means we can choose Ty as a warm
start and proceed to derive a stronger convergence from 7j (and this is the goal of our next lemma).

We emphasize that although we are only interested in s; and s}, our proof of the lemma also
needs to bound the multi-dimensional ¢; s sequence discussed in Section 3

Lemma 7.1 (before warm start). For every p € (0,1), q € (O, %], Hz > 2, E, > 2, and fized
matriz Q € R suppose it satisfies

¢ |Z7Q(VTQ) |} < Ez, and
e Pr,, [Vj €| H:ct 77" (Z/)\kH)J ! Q(VTQ)_IH2 < Ex] >1—¢%/2 for every t € [T).
Suppose also the learning rates {ns}se(r) satisfy

=3/2 -
Vs € [T ]QHZ/ < gtz and YL PR < :

Shs < 4000=2 1n2;—2T T = 10012 32 -

3Ty € [T such that Y12, n: > ln(?’TEZ)
Then, for every t € [T — 1], with probability at least 1 — 2qT (over the randomness of x1,...,x¢):
e |Z"P,Q(V'P,Q)7!|% < 227, and

o ift > Ty then |W'P,Q(V'P;Q) < 2.

P
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Note that the following learning rates satisfy the above lemma:

Parameter 7.2. There exist constants C1,Co > 0 such that for every ¢ > 0 that is sufficiently
small (meaning ¢ < 1/poly(T,Zz,=Z,,1/p)), the following parameters satisfy Lemma 7.1

2212 Tn%(2g) Lt < Ty,
Ty > ° d 5 and ne = Cy - \{TO;”” ln%
Clp ﬁ t > TO.

After Warm Start. Our second lemma asks for a stronger assumption on the learning rates and
shows that after warm start (i.e., for ¢ > Tp), the quantity (s})? scales essentially inversely to 1/t.

Lemma 7.3 (after warm start). In the same setting as Lemma 7.1, if there exists § < 1//8 s.t.

T 91n(8/¢?) _— 1
> Vs e {To+1,....T}: 2n,p—56n°=2 > d S —
1n2T0 —_— 52 Y S { 0+ 9 9 } nsp T’S xr — S_]. an 775— 20(8—1)(551: I

then, with probability at least 1 — 2qT (over the randomness of x1,...,x1):
e |ZTP,Q(V'P:Q)!||% < 227 for every t € {Tp,..., T}, and

n2
o IWTP.Q(V'PQ)™ [} < FLmEY for cvery t € {Ty, .., T}

Parameter 7.4. There exist constants C1,Cy, C3 > 0 such that for every ¢ > 0 that is sufficiently
small (meaning ¢ < 1/poly(T,Ez,Z,,1/p)), the following parameters satisfy both Lemma 7.1 and
Lemma 7.3

=21.2T1..2—= In=
To E2In® = In“ =gz Z < Ty P
—— = =Cy- To-p ., and §=C5 =—
IDZ(TO) ' P " ’ t~1p t > To. ’ =

8 Putting Everything Together

Using our learning rates choices Parameter 7.4 and main lemmas in Section 7, it is not hard to
e prove exactly Theorem 2 (see Appendix 1.1), and

e prove a weaker version of Theorem 1 where A = Ay + --- + Ay is replaced 1.

Improvement 1. To further improve Theorem 1 so that the factor A shows up in the convergence
(e.g., shows up in T), we need tighter martingale concentrations on our random variables and below
we discuss the main intuition.

Recall that all martingale concentrations for a random process {z;}; require some upper bound
between consecutive variables |z; — z441|. If this upper bound is a probability-one absolute one,
that is, |zt — z¢41| < M, then an Azuma-type of concentration can be proved. However, Azuma
concentration is not tight: if one knows a better bound on E Uztﬂ —2z|? | zt}, he or she can replace
M? with this expected bound and get a tighter concentration. See for instance the survey 4 .

The same issue also shows up in online PCA. Our Lemma 5.1-(b) corresponds to a probability-
one absolute bound on |z; — z.41|; if one replaces it with a tighter (but very sophisticated) expected
bound, the concentration result can be further improved and this improvement translates to faster
running time on Oja’s algorithm (through our same framework used in Section 7). We present
such expected bounds in Appendix F, and prove similar versions of Lemma 7.1 and Lemma 7.3 in
Appendix G. Combining them one can obtain the exact statement of Theorem 1, and the final
proof is included in Appendix 1.2.

12



Remark 8.1. This factor A improvement is only possible in the gap-dependent case and does not
show up in gap-free running times to the best of our knowledge.

Improvement 2. In order to prove Theorem 3 which is the rayleigh-quotient guarantee in gap-
free online PCA, we want to strengthen Lemma 7.1 so that it provides guarantee essentially of the
form:

for every v > 1: HWIPtQ(VTPtQ)*lHQF <2/, (8.1)

where W, is the column orthonormal matrix consisting of all eigenvectors of 3 with eigenvalues
< Ag — - p. For obvious reason Lemma 7.1 is a special case of (8.1) when restricting only to v = 1.
It is a simple exercise to show that (8.1) implies our desired rayleigh-quotient guarantee (via an
Abel transformation and an integral computation, see Appendix 1.3).

Therefore, it suffices to prove (8.1). If one were allowed to magically change learning rates and
apply Lemma 7.1 multiple times, then (8.1) would be trivial to prove: just replace W with W,
and replacing p with v - p and repeatedly apply Lemma 7.1, Unfortunately, the difficulty arises
because want to prove (8.1) for all v > 1 but with a fized set of learning rates 7;.

We proved in this paper that, using the same learning rates in Parameter 7.4, together with a
more general martingale concentration lemma (i.e., Corollary 6.6 with v > 1), one can obtain (8.1)
This proof follows from the same structure as that of Lemma 7.1 except for the change in how we
apply Corollary 6.6, We include the details in Appendix H
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APPENDIX

A Random Initialization (Missing Proofs for Section 4)

Proof of Lemma 4.1, Let A = UX AU’ be the eigendecomposition of A, and we denote by Q, =
Z"QU € R@=F)xd_ Since a random Gaussian matrix is rotation invariant, and since U is unitary
and Z is column orthonormal, we know that each entry of Q. draw i.i.d. from A(0,1).

Next, since we have | Z " z||2 < 1, it satisfies that y = 2T ZZ " QU is a vector with each coordinate
i independently drawn from distribution NV(0, 0;) for o; < 1. This implies

k
v'Z22"QAQTZZTr =y Say =D [Zalii(m)® -
=1

Now, > cy[= Alii(yi)? is a subexponential distributior? with parameter (o2,b) where o2,b <

45°F [Zalis. Using the subexponential concentration bound, we have for every A > 1,

< exp {—A}
- 831 [Zalii

A
Pr[z' ZZ"QAQ"ZZ 2z > Tr(A) + )\ < e FT@A) | ]

k

k
Pr Z[EA]i,i(yi)Z > Z[EA]i,i + A

i=1 =1

After rearranging, we have

The following lemma is on the singular value distribution of a random Gaussian matrix:

Lemma A.1 (Theorem 1.2 of 17). Let Q € R*** be a random matriz with each entry i.i.d. drawn
from N(0,1), and o1 < 09 < -+ < oy, be its singular values. We have for every j € [k] and o > 0:

. )
o] 1/2 )]
Prio, < —=| < ( 2e «
[ ’ JE} )
Proof of Lemma 4.2. Using Lemma A.1, we know that

. [Tr [((VTQ)T(VTQ)>1} > W;;ﬂ <Pr [aj € [K.0;2(VTQ) 2 i;ﬂ

VP N P
=Pr|3jelk],0;(V'Q) < ]g < N2 O
[] [k],0;(V' Q) oot jEleJ T,
Proof of Lemma 4.3. Applying Lemma 4.2 with the choice of probability = %, we know that

36k

%r [TI'(A) > 2?2:| <p where AL ((VTQ)T(VTQ)>_1

Conditioning on event C = {Tr(A) < Bf—f}, and setting r = ?f—zk, we have for every fixed z1, ..., 27

“Recall that a random variable X is (2, b)-subexponential if log Eexp(AM(X —E X)) < X\?¢?/2 for all X € [0,1/b].
The squared standard Gaussian variable is (4, 4)-subexponential.
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and fixed i € [T, it satisfies
r , TN\ 1/2
pr o 22" (/7)™ VT 2 (180 ) \c,xt]

IN®

: TN\1/2
Pr HytZZTQ(VTQ)AH2 > <187“1n g) ’C,xl,..,xt]

IN®

T TpgT T 9 ¢
Pr |y, 2Z QAQ ZZ y > 9rln— |C,x1,..,xt] < = .
L q

Above, @ uses the definition y, = 2] ZZT (X/A\p41)'""; @ is from the definition of A; and ® is
owing to Lemma 4.1 together with the fact that |yillo < ||lx¢]|2 - H(ZA?CLE)Z_IHQ < 1 and the fact
that Z'Q is independent of V' Q. Next, define event

. T\ 1/2
/AN Q(VTQ)_1H2 > (18r In E> }

The above derivation, after taking union bound, implies that for every fixed x1, ..., z, it satisfies
Prq[C2 | C, 1, ...,7] < ¢*. Therefore, denoting by 1¢, the indicator function of event Cs,

Co = {37: € [T],3t € [T,

AR N
~1g| Bl lql|d]
[t €]

Above, the first inequality uses Markov’s bound. In an analogous manner, we define event
d\1/2
Cy = {Elj ed,j>k+1, 0] QVTQ s> <18r In ]3) }

where v; is the j-th eigenvector of 3 corresponding to eigenvalue A;. A completely analogous proof
as the lines above also shows Prq|Cs | C] < ¢. Finally, using union bound

Prics/\ Pr [C2]Q)=q| <PriCs|C]+Pr[ Pr (2] Q)= q|C|+Pric]<p+2 .

T1yees T T1yeensT
we conclude that with probability at least 1 — p — 2¢ over the random choice of Q, it satisfies
e Pr, ..[C2]|Q]<g, and
e C3 holds (which implies |[Z"'Q(VTQ)™![|% < 18rdIn £ as desired).

B Expected Results (Missing Proofs for Section 5)

Proof of Lemma 5.1. We first notice that
X'PQ=X"P,1Q+nX 2P, 1Q and
VIPQ=V'P_1Q+nV z2/P1Q,

15



where the second equality further implies (using the Sherman-Morrison formula) that
1 (VP 1Q) 'Vigz/P1QV'P,_,Q)!

1+ na! P Q(VTP1Q) 'V Ty
= (VIP1Q) ' = (e — aw)) (V' Pr1Q)'HY

def def .
and above we denote by a; = % where 1y = $tT L;_1V Tz Therefore, we can write

S: = X'P,QV'P,Q)!
= Si1— (e — on?)Se—1HY + Ry — (0} — o) R{H]
= S; 1 — (n — aun?)Se 1 H, + (e — ven? + avmd)R, = Sy_1 — mSe1Hy + iRy

Above, in the last equality we have denoted by Hy = (1 — ayn;)H} and Ry = (1 — ¥ym; + atyn?) R},
to simplify the notations. We now proceed and compute

Tr(S/S:) = Tr(Si—1S. ;) — 20 Tr(S. ;Si—1Hy) + 2 Tr(S_ Ry)
+77tTr(HtTSt 1S:-1Hy) + mTr(RtTRt) - 277tTr(Rt S:-1Hy)

(V'PQ™ = (VIP,L1Q)”

@ T T T
< Tr(Si-18;-1) — 2mTr(S;_1S;—1Hy) + 2, Tr(S,_1 Ry)
+2nf Tr(H' S,_1Si-1Hy) + 20/ Tr(R Ry)
®
< Tr(Si—1S. 1) — 20 Tr(S, ;Si—1Hy) + 20, Tr(S_ | Ry)
+2n7 (1 — owme)* | HY 3T (Se—1S, 1) + 207 (1 — e + cuthem) || RYI3
©)]
< TI"(SHStT—1) - 277tTr(S;r—1St71H2) + 277tT1"(StT—1R::)
+2n7 | cu| ‘Tr(StTASt—lH/) + 20 (me|ibe| + 7 ove| [vbe]) ‘TP (SL1R})
+207 (1 + 2¢4m)* | H|[3Te(Se—1S, 1) + 207 (1 + e + 267 n7)* | RY 3
@
< Tr(S1S ) — 20 Tr(S. ;S 1 H}) + 20, Tr(S,_, R})
402 B2 | T (S St HG)| + 402 | Hy |2 | Te(ST,Ry)
+80Z || H, ||I3Tr(Se—1S,_1) + 8n? | R I3
® T T / T /
< TI'(Stflst—l) - 277tT1'(St—1st71Ht) + 277tTI'(St—1Rt)

+477t2||H2|!2)Tr(StT_1R2) + 1207 [ H [ Te(Se-1S, 1) + 8 |Ril3 . (B.1)

Above, @ is because 2Tr(A'B) < Tr(ATA) +Tr(B " B) which is Young’s inequality in the matrix
case; @ and @ are both because H; = (1 — ayn)H, and Ry = (1 — ¥y + cwyyn?)RY; @ follow from
the parameter properties |1 < |Hjll2 < ¢, || < 2||Hjll2 < 2¢, and 0 < mu¢y < 35 ® follows
from |Tr(S, ;S;—1H})| < Tr(S,_;S:—1)||H}|2 which uses Proposition 2.1

Next, Proposition 2.1 tells us

Tr(S_1Ri)| < [IRills, [Se-1ll2 < [Ryll21/Tr (S Se-1)

Rl
< H2t”2 (Tr(stilst_l) + 1) , (B.2)

(the second inequality is because R is rank 1, and the spectral norm of a matrix is no greater than
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its Frobenius norm.) we can further simplify the upper bound in (B.1) as
Tr(S/S) < Tr(S1S/ ;) —2nTr(S. S, 1Hj) + 2 Tr(S, R}
207 | R4 [ > (Te(SySi-1) + 1) + 1202 [ 3 Tr(Si1S.) + 8n? Ry 3
= Tr(S;1S.,) — 20, Tr(SL1S: 1 Hy) + 21, Tr(S, RY)
+(1207 [ HL|13 + 207 [IRE 2l Hyll2) Te (S Se—1) + 857 [IRE3 + 207 | RE 12 H o -

This finishes the proof of Lemma 5.1-(a)
A completely symmetric analysis of the above derivation also gives

Tr(S/S) > Tr(S1S/ ;) —2nTr(S. ;S 1Hj) + 2 Tr(S, | R})
— (1207 [ 113 + 207 | R |12 | H[|2) Tr(S,_1Se—1) — 807 [R5 — 207 [IR7 |12/ HL |2
and thus combining the upper and lower bounds we have
I Te(S{ Si) — Tr(Ss-1S{1)| < 2| Te(S_1Ss—1Hy)| + 21| Tr (S, Ry)| (B.3)
(1207 |13 + 207 | RE 2] B [12) Te (S 1 Se1) + 857 [ RE(3 + 207 [ Ry |2 | L7 2

@

< (2ml[Hyll2 + 1207 [HL|13 + 207 [IRY |2l HY [|2) Te(S,_1S¢1) + 20| Ri[l2/ Tr(S[,S:-1B.4)
+8n07 [R5 + 207 | Ry 2] L 2

@

< 9l HY||2Tr(S,_ 1 Se—1) + 2n¢[| R} |24/ Tr(S,_ Se—1) + 1007 ¢ || R |2 - (B.5)

Above, @ again uses Proposition 2.1 and (B.2), ® uses ¢y < 1/2 and [|[H}||2, | R} |2 < ¢¢.
Finally, if we take square on both sides of (B.5), we have (using again n[|R}||2 < 3):
Te(S{ Se) — Tr(Se—1S{_1)|? < 243077 || HY 3T (S,_1Se-1)* + 1207 | R 3Te(S,_1Se—1) + 30057 | Ry 13

and this finishes the proof of Lemma 5.1-(b) If we continue to use ||[H}||2, |R}]|2 < ¢: to upper
bound the right hand side of (B.5), we finish the proof of Lemma 5.1-(c).
U

Proof of Corollary 5.2 from Lemma 5.1. According to the expectation we have E[H} | F<;—1,C<] =
V(Z + A)L;; and ER} | F<;—1,C<;] = X' (2 + A)L;_;. Now we consider the subcases sepa-
rately:

(a) By Lemma 5.1-(a),

T o 2,2 T 22
E [Tr(S; St) | F<i—1,C<t| < (1 + 14n; ;) Tr(Si—1S,_1) + 10m; ¢
—2nTr(S) 1S, 1 VI(Z + A)L; 1) + 2, Te(S] ,ZT(Z + A)L;_)
?(1_2 1472 ¢7) Tr(S;_1S,. 1007 ¢?
< negap + 14n; ¢;) Tr(Si—1S,_1) + 10n; ¢;

—2mTr(S,1Si-1 VI AL,_1) + 20, Tr(S; ;Z" AL;_) (B.6)

Above, @ uses | R} |2, ||H,||2 < ¢, and @ is because Tr(S, ;| ZTEL; 1) = Tr(S; |2, Z L, 1) =
Tr(StT—12>kSt—1) < /\k+1Tf(StT_1St_1), as well as 'I‘r(StT_lst_lszLt_l) — Tr(stT_lst—lﬁngTLt_Q _
Tr(S; 1Si-13<k) > ATr(SS¢1).

Next, using the decomposition I = VV T + ZZT ||[V|s < 1,||Z|]z < 1, and Proposition 2.1
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multiple times, we have

Tr(S; S;.1V'AL; )

Tr(S, ;S 1 VIA(VVT +ZZT)L; )
Tr(S; ;S 1V AV) + Tr(S, S, 1V AZS,; )

IN® INA

Az (Tr(SLy81) + [Tr(SL18-1)] )
Tr(S, ,Z'A(VV' +ZZ")L;_)

Te(S, ZTAV) +Tr(S] ,Z"AZS, 1)

| A2 (Te(S71Si-1) + Te(S],8i-1)%)

Tr(S, ,Z"AL; ;)

IA

IN

3/2
Above, @ uses the fact that [|Si—1S; 1Si—1lls, < [ISe=1S{1lls, [Si=1ll2 < [Tr(S]1Si-1)] /
Plugging them into (B.6) finishes the proof of Corollary 5.2-(a)

In this case (B.6) also holds but one needs to replace gap with p because of the definitional
difference between W and Z. We compute the following upper bounds similar to case (a):

Tr(S, 1811V AL, ) Tr(S, S VIA(VVT +ZZTL, )
Tr(S; ;S;. 1V AV) + Tr(S, ;S; 1 VIAZZ L, 1)

IN® INA

| A2 Tr(S,Se) (1+ [Tr(Z Lo L), 2)] )
Tre(S, | Z"A(VV' +ZZ")L; )
Te(S, | Z"AV) +Tr(S] | Z"AZZ L, 1)

Tr(S, ,Z"AL; ;)

IN® INA

|2 Tr(S S 1)"2 (14 Tr(Z Ly L, 2)12) - (B7)

Above, @ is because (using Proposition 2.1)

Tr(S] S 1 VI AZZ L, 1) < Tr((S] S, 1)2)" - [Tx(VT AZZ L, 1L 22" ATV)]"/?
< | Al Tr(S, 1 Se-1) - [Tr(2 Lo L, 2)]

and @ holds for a similar reason.

Putting these upper bounds into (B.6) finishes the proof of Corollary 5.2-(b)

When X = [w], a slightly different derivation of (B.6) gives
E|Tr(S/8y) | Fi, Cae| < (1= 2mAx + 1407 67 Te(S,18,y) + 10077

— 2 Tr(S) 1S, 1 VTAL,_y) + 20, Te(S, jw' AL;_1) + 2 Te(S)_jw ZL;_1) .
(B.8)

Note that the third and fourth terms can be upper bounded similarly using (B.7) As for the
fifth term, we have

1
Tr(S; jw'SL_) < ?Tr(StT 1Si-1) + K'I‘I'(wTELt_lLtT,12w)
Putting these together, we have:
E [Tr(8780) | Fee1,Car] < (1= me + 140267) Te(Sy18Ly) + 107767 + - Lo 3

2l Alls ([Tr(SLi8e-1)] Y + Te(8L,8i-1)) (1+ [Tx(Z "L, 2)] ) O
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C Martingale Concentrations (Missing Proofs for Section 6)

C.1 Proofs for One-Dimensional Martingale
Proof of Lemma 6.1. Define y; = 6 tZt — Int, then we have:

St+1DE F.
Elyenr | Fei] = hf(t[f{;‘ < e )

52(t + ].)(]. - 5Tt)zt i 52(t + 1)7}2
- In(t+1) In(t +1)
S2(t+1)(1-1) t+1 ® 5%tz

Cln(t+1) <
i+ Emayn  REHYsg5

where @ is because for every t > 4 it satisfies @D(-1) < % and m <In ( %)

In(t+1)

—In(t+1)

_lnt:yt 9

where @ is because for every ¢ > 3 it satisfies 0 < mifﬁl) h’it < 7 and In(t + 1) — In(t) < 1/t.
Taking square on both sides, we have

52\ 2N\, 3
‘yt+1*yt| <3<1 t> \Zt+1*2t| +3<1 t> ZH1+?2

Taking expectation on both sides, we have

|yt+1

2
Ellyrs1 —wl* | F<i] < 3 <15t) (72 + K27} + 37(% +21nt) + %
nt t t
3y +Int) 3y +Int)?  3(1+ x?)
tint 2 t2
3(p+1)  3(¢p+1)%In?t  15x2
t + t2 + 412 t
Above, @ uses y; < ¢lnt and £k > 2; @ uses —4- > >max{7 5k2 6(¢)+1)} and Int > 1.

%t = ln t
Therefore, if y; < ¢Int holds true for t = tg,...,T and ¢y > 8 (which implies o 2t > lntZOto)’ then

IN® A

T T

T
> Elly —wl [ Fa) < Ao +1) < 4(p+ 1)/ % <4(¢+1)In(T) .

t -
t=to t=to t=to—1

Now we can check about the absolute difference. We continue from (C.1) and derive that, if
Y < ¢lnt, then

52t 52 1 5%t 52 1
err —wel = Sl - al b ma + < — (kTi/Z + KPT) + ittty
Int Int Int
yr +1nt K (yt—l—lnt) 1 ® yr +1Int yt+lnt—|—/ﬁ

< - <
= K(\/ tmt o tme ¢ i) = "W oime * ¢
® @
e K( (qﬁ;i—l)+(¢+1)tlnt+/f> 2 . (¢jl)

where ® uses Int > 2 and k > 2, ® uses y; < ¢lnt, and @ uses : tgt > ln t > 4dmax{¢ + 1, k}.
From the above inequality, we have that if ¢y > 4k%(¢ + 1) and 3 < ¢Int holds true for
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t=to,...,T — 1 then |y;1 —y| < 1forallt =ty,..., T — 1.
2
Finally, since we have assumed ¢ > 36 and z;, < ¢21§12 tto

martingale concentration inequality (c.f. 4, Theorem 18]):

which implies y;, < ¢II21 0 we can apply

Pr(3t >to,p > ¢lnt] < > Prlyr>¢mT;Vte {to,...T — 1}, 5 < ¢Int]

T=to+1
o0
< Z Pr yr —y, > ¢InT/2;Vt € {to,....T — 1}, < ¢Int]
T=to+1
[e.e]
—(¢InT/2)?
< Z exp (¢InT/2) .
570 2-4(¢p+1)In(T - 1)+ 5(¢InT/2)
o0
¢*/4 }
< Z exp{—lnT
oy 8(p+1) + /3
00 —(£ —1)Int
< / exp{—¢lnT} ar < o (jf)' JInto}
T=to 36 36 1
[l
Proof of Corollary 6.3. Define ¢ < % > 36 ln% > T72. It is easy to verify that lngoto > 7.56%(¢+1)
(because k < 1/(v/26)) and z, < ¢21§22t20 = 2, so we can apply Lemma 6.1
—(£ —1)Int
(p+1)In?t eXp{ (3 —1)In 0} o
Pr[3t2t0,2t> 52 < %_1 <exp§ — %—1 Intygp <p ,
where the last inequality uses Inty > 2 and (% — 1) Intg > 3%. Therefore, we conclude that
5(to/ In? to)] [ (¢ + 1)ln2t]
Pr |3t >tg,zs > ——————| <Pr|dHt>th,zs >—F—| <p. ]
[ = t/Int |~ = 52t =P

C.2 Proofs for Multi-Dimensional Martingale

Proof of Corollary 6.4. We apply Lemma 6.2 with A = 2max {1, max;cp417{[20];} } > 2. Using the
fact that 3; > 0, we know that

t—1
Pr[[z:]1 > A\] = Pr [[Zt]l > 2(]»3;1"1}{[20]9‘} + 1)] < (1+1.4t)exp {— In(2P) + 5p? ZTE}
s=0

Denoting by o = Y2121 72, we can take p = ﬁ < mingep{

s=0 "s>
Lemma 6.2, Therefore,

ﬁ} satisfying the assumption of

15
— 4+ 2 lc
9\/a+36}—q’
5

where the last inequality requires ﬁ > 9( In % + %) which can be satisfied under our assumption

1 —2 4t

Pr [[zt]l > /\] < 4texp{ —

Proof of Corollary 6.5 We apply Lemma 6.2 with A = 2max {1,maxj6[t+1]{[zo]j}} >2,and p =

21n % = é. Note that the presumption p < mingep{ } is satisfied because ksl < 1.

_1
OKTs—1

20



The conclusion of Lemma 6.2 tells us that, since p < é and s > I72 which together imply

B¢ > bpt?, we have

Pr |[z]1 > 2( maxl]{[zo] SdHD <A+ 14t exp{—pln2} < 4te P2 < g . O
JE[t+
Proof of Corollary 6.6. We consider fixed p = &= = 2In 3t. Let y¢ = 7 - 2z, then y; satisfies (6.2)

with (using the fact that v > 1)
Bi="5, =0 (1)=n71, K=r.
def

We denote by b = ZS _oBs=0banda = Zs 0 S, and apply Lemma 6.2 on y; with \ = 2 Using
the fact that B > 72 = 5zp72 we know pj3, > 5p%(7/)?. Therefore, for all s € {0,1,...,T — 1} we
have

Pr([y]1 > 2] < exp {—pb+ 5p%ya + pInZE — pln 2} + 14texp{—pn2} , (C.2)

where we have denoted by E = max;c(41]{[20];} for notational simplicity. Now, the choice p =

21n % satisfies the presumption of Lemma 6.2 because we have assumed k75 < Therefore,

1
121n 3t

q
we have

—pb+5p*ya + pInZE —pln2 = p(—=b+la+InZ —1n?2) Sln%<:b—la21nE/\pZ2lnﬁ
q
t
—pln2§1ni<:p221n3— .
3t q

=q . O

N

Plugging them into (C.2) gives Pr [[zth > %] =Pr [y >2] <+

Proof of Lemma 6.2, Define vector s; for every t € {0,1,...,T — 1} and i € [D], it satisfies [s;]; =
Eeali 1 We have

[Zt]z

E [[ses | Fee] < —(61+ By — 2) + 6, 20000 | T (©3)
[ze)i [z
In particular,
7_2 /{27_4

if [z); > 1, then  E [[sy]7 | F<i] < 77 [ZZ]' [Zt]f <2+ (r)HTE < 377, (C.4)

2.2
I[se)i] < kme+ ﬂ[:t] + ”[Zt? < k(24 Km) <3k . (C.5)

t]e 7

We consider [z¢41]} for some fixed value p > 1 and derive that (using (C.5)

5))
if (km)p < é and [z;); > 1, then  [ze1]) = [2)P(1 + [se)s (i( ) >

< [adl? (L4 plsli + p°[se]?)
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After taking expectation, we have if (k7)p < % and [z); > 1, then

@ D . 2 2
Ellzen]} | F<i] < [z} (L4 pE([sii | F<i] + 3p°77)
@ [zd)isr | TED
< lal; ( —p(0r + Bt — 7£) + dep il i
= [zl (1= p(6 + B — 77) + 3p°77) + Oeplze]t _l[zt]i-l—l +prealt !
® —1 1
S [l (1= plB + B — 1) + 3022+ pr) + bip (p e+ p[ztml)
= (&)l (1= 6, — pBi + pri + 3p°17 + pri) + Sulz]h 4
® 2 2 p
< [a? (1= 60— pBe 4 5p°77) + 0z, -

Above, ® uses (C.4), @ uses (C.3) @ uses [z]); > 1 and Young’s inequality ab < a?/p + b?/q for
1/p+1/q=1; and @ uses p > 1.
On the other hand, if (k7)p < % but [z]; < 1, we have the following simple bound (using
ke < 1/6):
[ze1)i < (14 w7e)[2e)s + 1/ [2e)i + 6277 < (1 + k1) + (k1) + 6277 < 1.4 .
Therefore, as long as (k7)p < 1 5 we always have

E [[Zt+1] | -7:<t] <z t]f (1 — 0 — PP + 5P27't2) + 5t[zt]f+1 +14=:(1- O‘t)[zt]? + 5t[zt]f+1 +14,

and in the last inequality we have denoted by oy o 8¢ + pB: — 5p*7f. Telescoping this expectation,
and choosing 7 = 1, we have whenever p € [1, minge{ 6mls_1 }, it satisfies

E[[z41)8] < H(l—as—l—dg)(max{zop}>+14z<H 1—ozu+(5u)>

JEt+2]

s=1 s=0 \u=s+1
¢ t
< JIa - p8s+5p°72) < max {[z p}> +1. 42 ( IT @ -p8u+ 510273))
s=0 s=0 \u= s—l—l
t t ¢ t
< max {[z0]}} exp { <Zﬂs> + 5p2273} + 1.4Zexp {—p ( Z Bu> + 5p? Z 73}
JEN+2] s=0 s=0 s=0 u=s+1 u=s+1
Finally, using Markov’s inequality, we have for every A > 0:
Pr [[z41)1 > 2] < )\7P<maxje t+2]{[20]p} exp { Zi:o 5p*rd — p/Bs}
—1—1428 oeXP{Zu 8+15p7' —pﬁu}> . L]

D Decoupling Lemmas

We prove the following general lemma. Let x1, ...,z € €2 be random variables each i.i.d. drawn from
some distribution D. Let F; be the sigma-algebra generated by z, and denote by F<; = Vi_, 7 10

Lemma D.1 (decoupling lemma). Consider a fized value q € [0,1). For every t € [T] and s €
{0,1,...,t =1}, let ye s € RP be an F; V F<s measurable random vector and let ¢y € RP be a fixed

OFor the purpose of this paper, one can feel free view  as R?, each z; as the t-th sample vector, and D as the
distribution with covariance matrix 3.
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vector. Let D' € [D]. Define events (we denote by ) the i-th coordinate)
- {(ml, ey T—1) satisfies Pr [Hi € [D]: y§?_1 > ¢§it)_1 ‘.7-}_1} < q}
Tt ’ ’

c/ def {(:cl,...,:ct) satisfies Vi € [D'] : ytt 1 < ¢t }

def def

and denote by C; = C{ NC} and C<; = /\Z:1 Cs. Suppose the following three assumptions hold:
(A1) The random process {y: s}t.s satisfy that for everyi € [D],t € [T —1],s € {0,1,...,t—2}

(a) E [y,?"iﬂ | Fi FeorCd) < 1 (g1, 0).
(b)) E Uyt s+l yt5]2 | Fi, F<s,C<s] < hl )(yt sq), and
(c) ‘yt s+1 yts‘ < gs)(yts) whenever C<s holds.

Above, for eachi € [D] and s € {0,1,...,T —2}, we have fs,hs : R x [0,1] — Rgo, gs : R4 —
Rgo are functions satisfying for every x € RY,

(d) fs(i) (x,p), hgi) (x,p) are monotone increasing in p, and
(e) |20 — f(2,0)|* < h{(2,0) and [¢® — 1@ (2,0)| < o () whenever 1 (z,0) < 2.
(A2) Each t € [T] satisfies Pry,[E] < ¢*/2 where event
&EE {mt satisfies Yi € [D]: 158 < gbg } )

(A3) For every t € [T], letting x; be any vector satisfying &, consider any random process {zs ’;;%)

where each zs € ]Rgo is F<s measurable with zy = y.o as the starting vector. Suppose that
whenever {zs}'_{ satisfies

E [2521 | fSS] < fs (257 q)
Vi€ [D],Vs € {0,1,...,t —2}: ¢ B[]V, — 2712 | 7] <h<>(zs, q) (D.1)
|Z£Z;|)-1 l)| < gs' (ZS)
then it holds Pry, . 4, ,[3i€[D']: zt 1 > ¢tt U< d%)2.
Under the above two assumptions, we have for every t € [T), it satisfies Pr|C;] < 2tq .

Proof of Lemma D.1. We prove the lemma by induction. For the base case, by applying assumption
(A2) we know that Pry, [3i € [D']: y%o > d)]%] < Pr[&] < ¢%/2 < q so event C; holds with
probability at least 1 — ¢. In other words, Pr[C<;] = Pr[C;] < ¢ < 2¢.

Suppose Pr[C<;—1] < 2(t — 1)q is true for some t > 2, we will prove Pr[C<;] < 2tq. Since it
satisfies Pr[C<;] < Pr[C<;—1] + Pr[Cy], it suffices to prove that Pr[C;] < 2q.

Note also Pr[C;] < Pr[C!] + Pr[C/ | C/] but the second quantity Pr[C/ | C/] is no more than
q according to our definition of C; and C;’. Therefore, in the rest of the proof, it suffices to show
Pr[C]] <q

We use y s(z¢, x<s) to emphasize that y; s is an F; x F<, measurable random vector. Let us
now fix x; to be a vector satisfying &. Define {z, Z;%) to be a random process where each z; € RP
is F<, measurable:

s (i) (D.2)

) — (0 (x< ) act yt(lg (a:t,xgs) ' if z< satisfies C<g;
s ° min{ o1 (2s—1(2<5-1),0), zél_)l(xgs_l)} if 2«4 satisfies C<s.
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Then zgi) satisfies for every i € [D], s < {0,1,...,t — 2},

E[:{)) | F<i] = PrlCesir | F<d E[2l)) | Caopr, Feo] + Pr [Coopn | F] - E [28)) | Capr, Fei
@ .
< PrlCesi | F<o| -E [3/752+1 | C§s+17]:§s] + Pr [C§s+1 | ]:gs] fs (Zs, 0)
2 (i o (i
< PrlCasir | F<sl - [ (yt,s,0) + Pr [Caspr | F<s| - [ (25, 9)
® 4
< Pr[Cesir | Feo] - £ )(yt 5:q) + Pr[Casi1 | F<s] - fO (y,5,9) (D.3)
= D) 0.4

@ _ @

Above, @ is because whenever C<s41 holds it satisfies 2./ = y; 14, as well as whenever C<s11

holds it satisfies zgl < fs(l)(zs,O); @ uses assumptions (Ala) and (Ald) as well as the fact that
we have fixed x;; ® uses the fact that whenever Pr [CS3+1 | ]-'SS] > 0 it must hold that C<y is
satisfied, and therefore it satisfies y; s = 2.

Similarly, we can also show for every i € [D],s < {0,1,...,t — 2},

E (|28 — 2017 | Fed]
Pr(Cesi1 | Feol -E [|2{)) — 2002 | C<oir, Feo] + Pr [Caupr | Fs] -E (|28 — 2001 | Caorr, F<]

©) .

< PrlC<sir | Fes- “yt 41 yts|2 | C<si1, Fes] + Pr [Cogit | Feo - B (24,0)

2 (i o (i

< Pr(Ccsir | F<s] - by (yt,57 q) + Pr [CSS+1 | ]:SS] hi (25, q)

® .

< h{(z,q) (D.5)
Above, @ is because whenever C<s;1 holds it satisfies zgl = yfg 41 and zgi) = yt(lg, together

with whenever C<¢;; holds it satisfies ‘Zs—f—l — ygi)\Q either equal zero or equal ‘fy)(zs,()) — zgi)|2,

but in the latter case we must have fs (ZS,O) < 2 (owing to (D.2)) and therefore it holds
‘féz)(zs,O) - z§”\2 < hgz)(zs,O) using assumption (Ale). @ uses assumptions (Alb) and (Ald) as
well as the fact that we have fixed z;. @ uses the fact that whenever Pr [CS5+1 | fgs] > 0 then
C<s must hold, and therefore it satisfies y; s = zs.

Finally, we also have

20 =201 < g D) - (D-6)

This is so because whenever C<sy; holds it satisfies ]zﬁ?_l —'zgi)| = |y§2 1 Y )] so we can apply
assumption (Alc) Otherwise, C<s41 holds we either have |z£,21 - z§‘>y =0 (so (D.6) trivially holds)
or ‘Zi:_l — zs ‘f( (zs, ) — zgz) , (l)(zs,O) < zgz)
(D.2)) so it must satisfy }fs (25,0) — zgz)’ < ggl)(zs) using assumption (Ale).

We are now ready to apply assumption (A3), which together with (D.4), (D.5), (D.6), implies
that (recalling we have fixed x; to be any vector satisfying &)

(owing to

Pr [Jie[D]:2" 1>¢>tt & <2

T1,--5Tt—1
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This implies, after translating back to the random process {y; s}, we have

Pr [3ie[D]:y > o] < Pr [FielD]:yl, > o), | &] +PrE]

XT1ye..y Tt Tt

< Pr [FieD]:20 > ¢l 18]+ )2

T, @1
<¢R2+¢2=4¢ .
where the last inequality uses (A2). Finally, using Markov’s inequality,

S el = P [Ef [3i € (D] i) > 01y | Feam] > q]
< 1 . F Pri3i e (D1 49 (4) i
Sy o xtr[ i€ D]y > b | Fi]
1 . i i
= 1 ‘wf?‘xt [3’5 e[D]: yg,t)—l > ¢£,t)—1} <q.
Therefore, we finish proving Pr[C)] < ¢ which implies Pr[C<;] < 2tq as desired. This finishes the
proof of Lemma D.1 L]

E Main Lemmas (Missing Proofs for Section 7)

E.1 Before Warm Start

Proof of Lemma 7.1. For every t € [T] and s € {0, 1, ...,t— 1}, consider random vectors y; s € RT*2
defined as:

y) ZTP.QVTP.Q) N
y  IWTPQ(VTPQ) %

. 2
(344 e thTZZT(E/ARH)JPSQ(VTPSQ)*1H2, for j € {0,1,... .t —s—1};

yt,s 34 '
(1 —nsAk) -yﬁ,j_ﬁ), forje{t—s,..., T —1}.
i : (3+7) ; « 5 (3+j5) _
(In fact, we are only interested in Yts for j <t—s—1, and can “almost” define Yis = +o0

whenever j > t — s. However, we still decide to give such out-of-boundary variables meaningful
values in order to make all of our vectors y; s (and functions f, g, h defined later) to be of the same
dimension 7'+ 2. This allows us to greatly simplify our notations.)

We consider upper bounds

(1) det 9= @) daet | 28z s <Tp; (3+7) def 5—2
= 2= = . and =27 .
i.d z Ous 2 otherwise. ’ Pis z

For each ¢ € [T, define event C; and C; in the same way as decoupling Lemma D.1 (with D" = 3):
C, def {(xl, ..., Tt—1) satisfies Pr [Elz' € [3]: yt(it)_l > qﬁgit)_l ‘.7-}_1} < q}
Tt ’ ’
c/ S {(xl, ..., T¢) satisfies Vi € [3] : yi’it)_l < ¢§ft)_1}

and denote by C; 4 CiNC{ and C<; ot /\t C

s=]1 vs-
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As a result, if C<441 holds, then we always have
125, PQ(VTP.Q) 3 < (ol VVTP.QVTP.Q) o + 2], ZZ P.Q(VTP.Q) ! 2)
<1460 )% = (V2E, +1)* <422
where last inequality uses =, > 2. This allows us to later apply Corollary 5.2 with ¢, = 2=,.

Verification of Assumption (A1) in Lemma D.1.

Suppose E[zz! | C<s, F<s_1] = £+ A, and we want to bound ||Alz. Defining ¢; = Pr[C7 |
Cl,C<s—1,F<s—1], then we must have ¢; < ¢ according to the definition of C, and C. Using law of
total expectation:

Elzsz) | Cl,Cesm1, Fes—1] = Elwsa) | C<s, Fes1] - (1 — q1) + Elzsz] | CL,CL, Casm1, Fas1] - a1

and combining it with the fact that 0 < z,2] < T and E[zsz] | C., C<s 1, F<s_1] = E[zsz]] = %,

we have!!

Y<X(XE+A)(1-q1)+q-I and 2>—(2+A)(1—q1) :

After rearranging, these two properties imply Al < £ T S

Now, we can apply Corollary 5.2 and obtain for every ¢t € [T [1 s €40,1,...,t — 2}, and every
j€{0,1,...,T — 1}, it satisfies!?

1 _.3/2
E[yg s)—l—l | ft’ ‘F<S7 C<S+1] (1 + 56775+1 )yt( s) + 40773—{-1 + 20n8+1 )
H3/2
E[yt ,5+1 | ‘7:t7 ]:<S7C<S+1] < (1 - 2778+1:0 + 56775—1—1‘—‘ )yt( s) + 40775—1—1_‘ + 20773+1 9 and

3/2

E[yt?;ijl | ]:tv ]:<5,C<5+1] < (1 - 7’5+1)‘k + 567’3-‘,—1 )yzgs 9) + Ns+1 )‘kyzg s+]+1) + 40775—}—1‘—‘ + 20778+1

Moreover, for every i € [T'+ 2], using Lemma 5.1-(c) with ¢; = 2E, we have whenever C<441 holds
it satisfies

|yt s+1 — Yt s‘ < 1815412, yés) + 4Ans415g - yt(s) + 40775+1~ < 20M54155 - ngs) + 42775—1—1

Putting the above bounds together, one can verify that the random process {yt,s}te[T],sgt_l satisfy
assumption (A1) of Lemma D.1 withk!3

H3/2

Oy, q) = (1+ 5602, E2)y Y + 4002, E2 + 200541 TZ-

—3/2

F&y,a) = (1 = 2ns41p + 5602, E3)y®) + 4072 +15§ + 20m5 41 52

H3/2

B (y,q) = (1 — nsy1 e + 56m21E2)y ) 4 g ey G 4 40n2, 22 + 2041 T2

9 (y) = 20011, -y + 4202, 52, and
K0(y,q) = (95 (v))*

HHere, we use notation A < B to indicate spectral dominance: that is7 B — A is positive semidefinite.

12T verify these upper bounds, one needs to use ||ZTP QV'P, Q) '||% < 22z which is included in event C<s 1.
(3 +J)

Also, whenever j >t — s so y, ;" is out of boundary, we also have y(3+]> < (1 —nsAg) - yt( ;L]l) and it satisfies all the

upper bounds.
13 The only part of (A1) that is non-trivial to verify is (Ale) for ¢{”. Whenever f{” (z,0) < (™, it satisfies
0, ifi =1;
£ (2,0) =@ | < { 2megap-a®, ifi=2 <22 < gP(a)
Ne1 Mk -, if i > 3.

where the second inequality uses p, A\r < 1 and the last inequality uses =, > 2.
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Verification of Assumption (A2) of Lemma D.1.

For coordinates i = 1 and i = 2, our assumption [|Z' Q(V'Q)~!||2 < =z implies y% <EZz <
¢/ ZZT (£ \en) T QIVIQ) T, <
Ex} > 1 — ¢%/2. Together, event & (recall & < {z; satisfies Vi € [D]: Z/t(,i(% < qbg()) ) holds for all
t € [T] with probability at least 1 — ¢2/2. In sum, assumption (A2) is satisfied in Lemma D.1

(b% For coordinates ¢ > 3, we have assumption Pr, [Vj € [T, |

Verification of Assumption (A3) of Lemma D.1.
For every t € [T], at a high level assumption (A3) is satisfied once we plug in the following three
sets of parameter choices to Corollary 6.4 and Corollary 6.6 for every s € [T — 1], define

Bs,l =0, 55,1 =0, Ts,1 = 20ms 1122
BS,Q = 2ns41p, 55,2 =0, Ts,2 = 20ms11Zs
68,3 =0, 55,3 = 775+1)\k Ts,3 = 20ms4+1Z22

More specifically, for every ¢ € [T], let {z5}'_{ be the arbitrary random vector satisfying (D.1) of
Lemma D.1 Define g2 = ¢*/8.
e For coordinate i = 1 of {z}'_y,

— apply Corollary 6.4 with {1, 01, 7'871}';;%, g=¢q, D=1,and xk = 1;

t—

e For coordinate i = 2 of {z}'_},

— if t < Ty, apply Corollary 6.4 with {f;s 2, 5.2, TS,Q}Z;%, q=q2, D=1, and k = 1;
— if t > Ty, apply Corollary 6.6 with {65,2,5372,7572}2;%, g=q, D=1, v=1,and k = 1;
e For coordinates i = 3,4,...,T + 2 of {z:}'_5,

S=
— apply Corollary 6.4 with {33, 0, 3, 7'873}';;%, g=¢qo, D=T, and k = 1.

One needs to verify that the assumptions of Corollary 6.4 and 6.6 are satisfied as follows.

First of all, one can carefully check that our parameters f3, 9, 7 satisfy (6.2) with x = 1 and this

needs our assumption g < ZS;;;. Next, we can apply Corollary 6.4 because we have assumed

=z
zg:ol TS% 1 < 1(1)—0 In—2 %. To verify the presumption of Corollary 6.6 with v = 1, we notice that

‘mpli 3T 2
T implies 852 > 101n o Ten and k7 <

00022 3T for every s,
=z

e our assumption 7 < 121111£
a2

e our assumption Zzial Bs2 > 1+ InZgz implies ZZ;IO s — 101n %782 >InEz+1—-1=In=yg
whenever t > Tp,
Therefore, the conclusion of Corollary 6.4 and Corollary 6.6 imply that
Pr(3i e [3]: 2”) > ¢\')_1] < 3¢2 < ¢*/2
so assumption (A3) of Lemma D.1 holds.

Application of Lemma D.1. Applying Lemma D.1, we have Pr[Cr] < 2¢T which implies our
desired bounds and this finishes the proof of Lemma 7.1 ]
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E.2 After Warm Start

Proof of Lemma 7.3. For every t € [T] and s € {0,1,...,t — 1}, consider the same random vectors
Yyt.s € RT+2 defined in the proof of Lemma 7.1

yl 2" P.QVTR.Q) T
v = IWTPQ(VTP.Q) I}
(343) thTZZT (/A1) PSQ(VTPSQ)—luz, for j € {0,1,...,t — s —1};
7 (1—?75)\k)'y,§it]1), forje{t—s,..., T —1}.
This time, we consider slightly different upper bounds
927 if s < To;

1) def 5 2) de e o)
(;S;S) d:f2.:Z7 (,ngs) d:f 22 if s = 1—‘07 , and ¢§7S+]) d:f "'i )
ST/ (M) o
s/In’s 0-

We stress that the only difference between the above upper bounds and the ones we used in the
proof of Lemma 7.1 is the choice of qﬁg?s) for s > Ty. Instead of setting it to be constant 2 for all
such s, we make it decrease almost linearly with respect to index s.

Again, define event

o {(ml, .., Ty—1) satisfies ];’tr [Eli €[3]: ylfft)_l > ¢§f2_1 ’]:t—l} < q}

cl = {(xl, ..., x¢) satisfies Vi € [3] : yt(ft_l < ¢E,it—1}

and denote by C; = C/ AC/ and C<; = \'_, Cs.
We next want to apply the decoupling Lemma D.1

Verification of Assumption (A1) in Lemma D.1.

The same functions fs(i) , ggi), and hg) used in the proof of Lemma 7.1 still apply here. However,
(4)

we want to make a minor change on gs’ whenever s > Tj.
Applying Lemma 5.1-(c) with ¢; = 2=;, we have whenever C<441 holds for some s > Tj (which

implies yii) <5),

2 2 —_ 2 —_ 2 —_ —_ 2 —_
|y£,s)+1 - y£73)| < 18775+1::py§,5) + 415415 y£5) + 407734,-1:925 < 4515415, yt(,s) + 40773—1—1:‘:%: :

Therefore, we can choose
9P (y) = 45154150\ y@) + 4002, =3
for all s > Tp and this still satisfies assumption (A1) of Lemma D.1 14

Verification of Assumption (A2) of Lemma D.1.
This is the same as the proof of Lemma 7.1

Verification of Assumption (A3) in Lemma D.1.
Again, for every t € [T, let {zs é;%) be the arbitrary random vector satisfying (D.1) of Lemma D.1.
Choosing g2 = ¢*/8 again, the same proof of Lemma 7.1 shows that

Pr{3i € {1,3}: 2%, > 6{)] < 205 .

Similar to Footnote 13, we also need to verify (Ale) for g@. Whenever féz) (x, 0) < z@ | it satisfies |f5(2) (a:,O) —
x<2)| < 2541 2® < gf)(w) , where the first inequality uses p < 1 and the second uses Z, > 2.
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Therefore, it suffices to prove that Pr[zt > <Z>§2t) 1] < 2¢a.

We only need to focus on the case t > Ty + 2, because otherwise if ¢ < Ty + 1 then gg ) is not
changed for all s € {0, ...,t—2} so the same proof of Lemma 7.1 also shows Pr[zlE 1> qbtt J < @

When t > TO + 2, we can first apply the same proof of Lemma 7.1 (for t = Ty + 1) to show that

(2 )

Pr[z(T > (ZSTO T = = 2] < ¢2. Next, conditioning on z;,’ < 2 Wthh happens with probability at

least 1 — ¢o, we want to apply Corollary 6.3 with x = 2 and Ts = 53'
More specifically, for every t € {Tp + 2,...,T}, we have shown that the random sequence

{z§2) 2;:5“0 satisfies (D.1) with

—3/2

Py, q) = (1= 2s11p + 5602, 52)y™ + 4002, E2 + 200,41 T4
gg) (y) = 45775+1Em \/ y(2) + 4077?—{-153:
2
23 (y.q) = (62 (v))

Therefore, {zg)}i;lo also satisfies (6.1) with kK = 2 and 7, = 5 because the following holds from
our assumptions:

1
QHZ/ < Nst1 0Ts = —
S
3/2 92

2
Ts = 252 = s

> 60m3,E5 > 4007, E7 + 20n.1 ¢

Now, we are ready to apply Corollary 6.3 with ¢ = qo, tg = Tp, and x = 2. Because ¢ < e 2,
zg ) <2,6<1/ V8 and lng’(lfo > an(;g/ qQ), the conclusion of Corollary 6.3 tells us

Pr[zﬁ% > ¢l 12D <2 <q .

By union bound, we have Pr[z > (ﬁt i 1) < @2+ g2 = 2¢2 as desired.
Finally, we conclude (for every t > To + 2) that

Pr3ic 3]: 2, > ¢\')_|] < 4o < ¢°/2
so assumption (A3) of Lemma D.1 holds.

Application of Lemma D.1. Applying Lemma D.1, we have Pr|[Cr] < 2¢T which implies our
desired bounds and this finishes the proof of Lemma 7.3 U]

F Improvement: Expectation Lemmas

Lemma F.1. For every t € [T], For every t € [T], let C<¢ be any event that depends on random
T1,...,2r and implies

1
l2¢ Licalle = [l PraQ(V PraQ) o < & where mer < o

and E[zex] | F<i1,C<i] = =+ A. Denote by T = min{>"¥_ X, + | A|l2,1}. We have:
(a) If X = [w] € R where w is a vector with Euclidean norm at most 1,

E|Tr(S/8:) | Far1,Cx < (1—mAH14rn?¢%)Tr(St_ISI_1>+10Fn?¢?+;7—;HwTELHH%

+ 2 Al ([Tr(ST8e-1)] 2 + Te(ST,80-1)) (1+ [Te(Z L1, 2)] %)
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(b) If X = [w] € R where w is a vector with Buclidean norm at most 1,
E[|Tr(S7S)) ~ Te(Si18L0)|° | Fiv,C<i]
< 243007 ¢y Tr(S{_ 1 S-1)” + 120776 Tr(S,_1Si 1) + 3000, ¢
(c) f X=W =127,
E |Te(S[S)) | Fo1,Cat]
< (1 —2mgap + 12077 + 07 (6 + 8) A1) Tr(Se—1S,_1) + 1007 (2¢ + 8)
2| All2 (m(4 + 60)k + [Tr(SLy8i-1)]™ + (5 + 4n) Tr(SL,S-1) + [Tr(S,Si-1)] %)

(d) FX=W =2,

E[|Tr(S, S¢) — Tr(S¢-1S,_1)[3 | Fi1,C<]

< 192077 7 Te(Se-18¢_1) + 477 (60 + 10)* A1 Tr(Se-1S/ 1)
+ 19200 67 + | A2 - 407 (661 + 10)°(k + Tr(S,Se-1)) -

Proof. The proof of the first two cases rely on the follow tighter upper bound when X = [w]:

B [JHI3 | Fer,Carl B [IRGIE | Fep1,Cr] < min { ZA tlAp)1}e=T¢ ()

as opposed to cb? that we have used in the past.
The proof of the last two cases rely on the following tighter upper bounds when X = Z = W.:

E[|H3 | F<i1,C<) < 67 -Elll2] VI3 | Feio1,C<i] <T¢7

E[|Ri)3 | F<i-1.C<] < Elfla/ Ly1]3 | Feio1,C<i] = Tr(LL SLy1) 4+ Tr(L,_; AL )
< Tr(L] ((VEGVT + 235 ZT) L) + | AL (VVT + ZZ7)L, )
< A+ NepalZ Lo |F + Al - (k+ Te(L,ZZ L))

A+ N1 Te(S1Si-1) + | Al - (k + Tr(S,_1Si-1)) - (F.2)

(a) This follows from almost the same proof of Corollary 5.2-(c), except that one can replace the
use of (B.8) with the following (owing to (F.1))

E|Tr(S/8:) | Far1,Cat| < (1= 2000 + 14DR207) Tr(S,-1S ., ) + 107767
—onTr(S, S, 1VTAL,_1) + 20, Tr(S, jw AL, 1) + 20, Tr(S, jw'ELy_1) .
(b) This follows directly from Lemma 5.1-(b) and (F.1)
(c) We first note that (B.1) implies
Tr(S/S)) < Tr(Se1S.1) — 20 Tr(S,_1Si—1Hy) + 29 Tr(S,_ R}
+4n2on | Te(SLIRY)| + 1202 H3Te(S1-1STy) + 80 [RY3 . (F.3)

This time, we upper bound
ITe(SRY)| = [Te(SLZ @ Liy)| = [Te(S{ Z T wyar) (VVT + ZZ7)Lyy))|
= |Te(S] | Z" s, ZSt_l)—i—Tr(St VAR IR (F.4)

3
< §’I‘r(StT,IZTa:txt ZS; 1)+ ||37t Vi3 .

30



Denoting by A = Zle Ai < T, we can take expectation and get:

3 1
E [[Te(S_1Ri)| | Fi-1,Csi] < iTr(S;@T(E + A)ZSi1) + iTr(VT(E +A)V)
3 1 3 k
< iAkHTr(StTASt—l) + 51\ + A2 - (5'1'1“(8;187&—1) + 5)
(F.5)

At this point, plugging (F.5), (F.2) into (F.3) and using the assumption n;¢; < 1/2, we have

E[Tr(S{ S¢) | F<t-1,C<i] < (141200797 + 17 (661 + 8)Aer1) Tr(Se-1S:_y) + 77 (20 + 8)A
+E [ - 20, Te(S,_1Se1Hy) + 20, Te(S,_ 1 Ry) | Fep1,Ce]
2| Az (m(4+ 0)k + (4 + 360)Te(SL1Si1) )

Now, using the proof of Corollary 5.2-(a) which gives an upper bound on the expected value
of —Tr(S] ;S;_1H}) + Tr(S, ;R}), we can obtain the desired bound.

This time we use the following upper bound which comes from (F.4)
Te(S_1RY)| < Tr(S{ 12w ZSi-1) + [|S{1Z @i -
Plugging this into (B.1), we obtain
ITe(S{ Se) = Tr(Se-1S{ 1) < 2| Tr(S,_1Se—1Hy)| + 20| Te(S_ 1 RY)| + 40 | HY |2 ‘TP(SLRQ)
+1207 | HG|[3Te(Se-18,_) + 807 [IRA13 -

8ne|| H[|l2Tr(S¢—1S,_1) + 4n| Tr(S_ R)| + 807 || R} 13
8[| H |2 Tr(S¢—1S,_) + 4 Tr(S;_, Z " 2/ ZSs—1)
+477tHStT—1ZT$tHz + 877t2HR2H%

IN IN®

A®

8e|[HY |2 Tr(Se-1Sy) + mi(661 + 10)Tr(S 2wy 28, 1)"?
+8n7 o1 | Ry 2

Above, @ uses the fact that n;||H}||2 < neoy < 1/2, and @ uses

Tr(S,1Z" 2wy ZSi-1) = |lof ZZ Lo |13 < 2]l Lo [|3 + 2]l VV Lo |3 < 2067 + 1) < 2(¢r + 1)

Taking square on both sides, we have

Te(S S¢) = Te(Si-18,-1)l5 < 19207 [H|ETr(S,18{1)* + 307 (661 + 10)*Tx(S;_, Z " 2w/ ZS;-1)
+19217 7 | R} 13

Finally, taking expectation and using (F.2), we have (noticing that n:¢; < 1/2)

E[|Tr(S/ ;) — Tr(Si-18/_1)[5 | F<i—1,C<i]

192007 7 Tr(Si-1S{_1)% + 307 (60 + 10)*Tr(S,_, Z" (T + A)ZS;_1)

+1925/67 (A + Aot Tr(SL1Se-1) + [ Allz - (k + Tr(S[18,-1) )

IN

IN

19207 ¢ Tr(S¢-18,_1)* + 3n; (66¢ + 10)° ((Akﬂ + ||A|12)Tr(s;r_lst,1>)
192567 (A + Aot Tr(S1Se-1) + [ Allz - (k + Te(S18,-1) )

1920777 7 Tr(S-1S¢_1)" + 4177 (66 + 10)* A 41 Tr(Sp-1S, 1)
+1920 67 + || Al - 4n? (66 + 10)2(k + Tr(S;_1S:-1))

IN
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G Main Lemma Improvement 1: Gap-Dependent Case

In this section, we improve our main lemmas to obtain an extra A = Zle Ai € (0,1) factor in

the gap-dependent case (i.e., when p = gap and Z = W). We strengthen both Lemma 7.1 and
Lemma 7.3

Since the proofs of these new lemmas are analogous to the ones we had before, we spend most
of this section only emphasizing the differences. At a high level, whenever we apply martingale
corollaries in the old proofs (with constant x), we now want to apply them with x ~ 1/4/A. This
makes the notations much heavier as compared to the original proofs. We recommend readers to
first take a close look at our proofs of Lemma 7.1 and Lemma 7.3 before verifying the proofs in this
section.

G.1 Before Warm Start

Lemma G.1 (before warm start). Suppose W = Z and gap is the k-th eigengap. For every
q € (O, 2] , Bz > 2, B, > 2, and fized matriz Q € R¥™F | suppose it satisfies

¢ |IZTQ(VTQ) L% < Ez, and
e Pr,, [Vj €| th ZZ" (/M) Q(VTQ)_IH2 < Ex] >1—q?/2 for every t € [T).
Suppose also the learning rates {ns}se(r) satisfy

2q(Ey” + k) gap In(Ez)
Az TR o ) >
= A nS<O(A~E%lnT> and 3Ty € [T such that E M Q( o )

q
(G.1)
Then, for every t € [T — 1], we have with probability at least 1 — 2qT (over the randomness of

.y .’Et).'
o ift > T, then |Z"P,Q(V 'P;Q)~

Vs e [T7,

1112
I <
Proof of Lemma G.1. The proof is a non-trivial adaption of the proof of Lemma 7.1

We again consider random vectors y; s € RT*2 defined as (we ignore coordinate i = 1 throughout
the proof because W = Z in this section):

2 e _
y 9 ZTPQ(VTP.Q) 3 |

. 2
559 thTZZT(Z/AkH)JPSQ(VTPSQ)_lHQ, for j € {0,1,...,t —s—1};
t,s

3 .
(1 —nsAg) - y£S+J1), forje{t—s,..., T —1}.
We again consider upper bounds
(1) det aet | 227 s < Tp; (3+7) def 52
s = 222, d)t s { 2 otherwise. ’ and ¢y =25,

For each t € [T, define event C; and C;’ in the same way as before:
C, & {(331, ..., Ty—1) satisfies Pr [Hi €{2,3}: yt(ft)_l > ¢1(t,it)—1 | ]:t,l} < q}

cr < {(;pl, xy) satisfies Vi € {2,3} : y§’2 1 S ¢tt 1}
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and denote by C; = C/ AC/ and C<; = N, Cs.

Verification of Assumption (A1) in Lemma D.1.

Suppose E[zsz] | C<s, F<s_1] = =+ A, then we have ||Alz <
as before.

This time, we use Lemma F.1 to obtain the following tighter bounds for i = 2,...,T + 219

E [y§?2+1 | Ft)Fﬁ&CSS] < fs(l) (yt,87 Q) and E [‘y§j3+1 - yt(,ls)’2 ’ ‘Ftu'FSSvCSS] < hgz) (yt,sa Q)
where for every j € {0,...,T — 2},

_q i
o S 1o using the same proof

D(y,q) = (1 - 2n51183p + O(A2,E2))y P + O(Aniﬂﬁz + Err) :

o
Y

€

)

<y,q>:o( HER) + An2n 2+ A Z2 B
)
)

[=
2

e

FEH( = (1= nsr1 Mk + O(A2 1 E2)yCH) e Ay B Y O(AT]SH_ + Err) :

Y,q

o
=

3+] (

v.q) <0 (An = ((3+J)) A2, 22 (3+J)+An§+15i> '

521k
Above, we denote by Err o 775+1Exq(27+) the error term similar to the proof of Lemma 7.1

1—q
=32,
Obviously if M < 1 is satisfied then the Err term can be absorbed into the big-O notation.
Moreover, for every i € {2,...,T + 2}, consider the same g, as defined before

ngZ) (y) = 20m541Z5 - y(l) + 427’3—&-153: (G-2)

and it satisfies whenever C<sy1 holds then ]yizs) b1 y§2 | < gé”(yu s) -
Putting the above bounds together, we finish verifying assumption (A1) of Lemma D.1 with.

Verification of Assumption (A2) of Lemma D.1.
This step is exactly the same as the proof of Lemma 7.1 so ignored here.

Verification of Assumption (A3) of Lemma D.1.
For every t € [T, at a high level assumption (A3) is satisfied once we plug in the following three

sets of parameter choices to Corollary 6.5 and Corollary 6.6 define x =] / VA > 1 and for every
se [T —1],

55,2 = 21s118ap, 6572 =0, Ts,2 = 0(773+IE:(: : \/K)
Bs,3 = Ns+18aP, 05,3 = Ns+1 Ak o3 = 014154 - VAA)

More specifically, for every ¢ € [T], let {z5}'_{ be the arbitrary random vector satisfying (D.1) of
Lemma D.1 Define g2 = ¢*/8.

e For coordinate i = 2 of {z;}'_y,

— if t < T, apply Corollary 6.5 with {f; 2, ds 2, 7572}2;%, qg=q2, D=1, and k;
— if t > T, apply Corollary 6.6 with {f; 2, ds 2, 7'5,2}2;%, q=¢q2, D=1,~v=1, and k;

e For coordinates i = 3,4,...,T 4+ 2 of {z,}'_ A 0,

— apply Corollary 6.5 with {5, 3, ds 3, 7'5,3}2;%, q=q2, D=T, and k.

5In order to obtain such bounds, one needs to use the fact that when w = x:ZZ", the quantity - ||wTELt 13

2
that appeared in Lemma F.1-(a) can be upper bounded by %H’WTLt_ﬂ‘% < e |w T L1 ||3.
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Note that we can apply Corollary 6.5 because our assumption 7, < O( A-:g;fnT) implies 3, >
=2 T

12ln 7' and k75 - 121n 2+ 4T < 1 for both (8s,7s) = (Bs2,7s2) and (Bs3,7s3). We can apply

Corollary 6.6 with v =1 because our assumption 7, < O( A‘:gza{’n ) implies Bs 2 > 10ln oL 7'322 for
22T

every s, and our assumption ZsTigl Bs2 > 1+ 1InZEyz implies ZZ;E Bs—101n %752 >InEz+1—-1=
In Z7 whenever t > Tj.
Therefore, the conclusion of Corollary 6.5 and Corollary 6.6 imply that

Pr3i e [3]: 2y > ¢\)_y] < 32 < */2
so assumption (A3) of Lemma D.1 holds.

Application of Lemma D.1. Applying Lemma D.1, we have Pr|[Cr] < 2¢T which implies our
desired bounds and this finishes the proof of Lemma G.1. (]

G.2 After Warm Start

We have the following lemma and corollary

Lemma G.2 (after warm start). In the same setting as Lemma G.1, suppose in addition there
exists § < 1/\/§ such that

Ty S 91n(8/¢?) Q(1)

Vs € {1p+1,...,T}: 2 77: >
12%_ 52 ) S {0 ) 9 } nsgap s = 1

T VA(s—1)0=E,

and ns <

»

Then, with probability at least 1 — 2qT (over the randomness of x1,...,x7):

e |ZTP,.QV'P:Q) 2 < % for every t € {Tp,...,T}.

Proof of Lemma G.2. For every t € [T] and s € {0,1,...,t — 1}, consider the same random vectors
Yts € R7+2 defined in the proof of Lemma 7.1 Also, consider the same upper bounds defined in
the proof of Lemma 7.3

2=y, if s < Tp;

(2) def 2 if s = Tp; and BT df 9=2
t,s 5T0/1n2(T0) " T ) ¢t =z
/s 1r s > 1p.

def def

Also consider the same events Cy, C;/, C; = C; AC} and C<; = /\l,;:1 Cs defined as before.
We next want to apply the decoupling Lemma D.1

Verification of Assumption (A1) in Lemma D.1.
The same functions fs(l), ggz), and hgl) used in the proof of Lemma G.1 still apply here. We
make minor changes in the spirit as the proof of Lemma 7.3 whenever s > Ty, define

oD (1) = 450, 11Z0\ [y + 02,2 and BO(y) O(An2 =2y @ + At 22+ Err)
©)

Note that we can make this change for g;~ owing to exactly the same reason as the proof of

(2)

Lemma 7.3 We can do so for hs~ because whenever C<,11 holds for some s > T (which implies

yt(i) < 5), we have (y®)2 = O(y®) so the formulation of h?) can be simplified as above.
These choices of fs(i), ggi), and hgi) satisfy assumption (Al) of Lemma D.1.

Verification of Assumption (A2) of Lemma D.1.
Same as before.
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Verification of Assumption (A3) in Lemma D.1.

Same as the proof of Lemma 7.3, for every t € [T7], let {z5}'_{ be the arbitrary random vector
satisfying (D.1) of Lemma D.1 Choosing g2 = ¢?/8 again, the same argument before indicates that
it suffices to focus on ¢t > Ty + 2 and prove

Priz > 671 |2 <A <q2 - (G.3)
We next want to apply Corollary 6.3, Recall that for every t € {Tp + 2,...,T}, the random
sequence {zgz)}i;lTo satisfies (D.1) with
fs(Z) (yv Q) d:ef (1 - 2778+1gap + O(AU§+1E§))y(2) + O<An§+1EﬂC + ETT) ’

h(2) (y,q) = © O<A7]S+1H2 @ 4 A77§+152 + Err) ,

9£2)( = 451541521/ Y 2) + 40773+1~

Therefore, {z§2)}';;1TO satisfies (6.1) with & = 2/v/A and 7, = + because the following holds from
our assumptions:

—3/2 1 _
=" < nn 075 = < < 2sp1gap — Q1511 Zy)
1 1 9 ~
T = 522 = > QA2 E2)  KPr = 51t 2 > Q(Ant,E2) KTy = > Q(1s1152)

Finally, we are ready to apply Corollary 6.3 with ¢ = g2, to = Tp, and Kk = 2/ V/A. Because
@ < e 2, zg) <2 6< 1/\/§ and anOTO > 91n(§12/q2)’ the conclusion of Corollary 6.3 tells us

Pr[zﬁ)1 > ¢z§,,2t)71 | zg ) < 2] < @2 , which is exactly (G.3) so this finishes the verification of
assumption (A3).

Application of Lemma D.1. Applying Lemma D.1, we have Pr|[Cr] < 2¢T which implies our
desired bounds and this finishes the proof of Lemma G.2. ]

Parameter G.3. There exist constants Cq, Cy, C3 > 0 such that for every g > 0 that is sufficiently
small (meaning ¢ < 1/poly(T,Zz,Z,,1/gap)), the following parameters both satisfy Lemma G.1
and Lemma G.2:

212 L 162 = In=
T cy - AE;In” 7 In"5g — - Tres | < T0; and 6=Cy. 2P
ln2(To) gap? ’ @ t>Ty. VAZ,

H Main Lemma Improvement 2: Gap-Free Case

In this section we also sketch the proof to obtain Rayleigh quotient result. We will prove the
following lemma which is a strengthened version of Lemma 7.1.

Lemma H.1 (before warm start). In the same setting as Lemma 7.1, suppose we redefine W = W,
to be the column orthonormal matriz consisting of eigenvectors of 3 with values < A\, — v - p.
Then, for every v € [1,1/p], with probability at least 1 — 2qT :

2

v

Proof of Lemma H.1. The proof is a non-trivial adaption of the proof of Lemma 7.1

vt e {Ty,..., T}, [WIP.Q(VTP,Q) ! <
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We redefine W = W, and consider random vectors y; s € R7+2 defined in the same way as the
proof of Lemma 7.1 This time, we consider upper bounds

(1) def def 2827 s < Ty; (3+7) def =2
tS 2\—47 ¢t5_{2/,y SZTO ) nd¢ —

so the only difference we make here is on coordinate i = 2 for s > Ty. For each ¢t € [T], we also
def def

consider events C;, C/, Ct = C; AC/', and C<; = /\’;:1 Cs defined in the same way as before.

Verification of Assumption (A1) in Lemma D.1.

We consider the same functions fs, gs, hs as defined in the proof of Lemma 7.1, except that we
replace p with - p because this time we have redefined W = W, so that it consists of eigenvectors
with values < A\p —~ - p. In other words, we redefine

_3/2

F2(0) = (1= 2050170 + 560741 Z2)y® + 40721 25 + 200,11 71
In the same way we can verify that these functions satisfy assumption (Al) of Lemma D.1

Verification of Assumption (A2) of Lemma D.1.
This step is exactly the same as the proof of Lemma 7.1 so ignored here.

Verification of Assumption (A3) of Lemma D.1.
We consider the same parameters {fs, ds, 7s }s as Lemma 7.1 except that at coordinate i = 2 we
replace p with v - p:
Bs2 = 2Ns417p, ds2 =0, Ts2 = 20Ms112, -

Now, for every t € [T, let {zs}.Z} be the arbitrary random vector satisfying (D.1) of Lemma D.1.
Letting ¢o = ¢%/8, we can handle coordinates i = 1 and ¢ > 3 in the same way as before. As for
coordinate i = 2 of {z;}'_5,

o if t < Ty, apply Corollary 6.4 with {53,2,55,2775,2};%, q=¢q, D=1 and Kk = 1;
e if t > Ty, apply Corollary 6.6 with {5572,5572,7'572}2;20, q=q, D=1 vy=~,and kK = 1;

Note that the ¢ < Ty case is exactly the same as before. When ¢t > Tp, we again apply Corollary 6.6
but this time with value v > 1 rather than v = 1. Since this is the only difference here, we only
need to verify the the presumptions of Corollary 6.6

2

. p . . 3T
e our assumption 7 < m implies Bs2 > 20vIn o Ten and kTs < for every s,

_ 1
121n£

e our assumption ZS 0 s2 > 14+1nZz implies Zs Oﬂsg—lo’yln 3t 2, > 5 Zs 0Bs2 > InZEz
whenever t > Ty.

Therefore, in the same way as the old proof in Lemma 7.1, we can conclude using Corollary 6.4
and Corollary 6.6 that

Pr(3i € [3] : zt 1>d>tt J<3a < /2 .
This verifies assumption (A3) of Lemma D.1

Application of Lemma D.1. Applying Lemma D.1, we have Pr[Cr] < 2¢T which implies our
desired bounds and this finishes the proof of Lemma H.1. U]

I Missing Proofs for Final Theorems

We prove Theorem 2 first, and then Theorem 1 and Theorem 3|
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I.1 Proof of Theorem 2

Proof of Theorem 2. First for a sufficiently large constant C, we can apply Lemma 4.3 with p’ = &
and ¢ = min {ﬁ, %} and obtain: with probability at least 1—p' —q? > 1—p/2 over the random
choice of Q, the following holds:

I(ZTQ)VTQ)™| < 206dk 1 64 and

. 216, /k1In 2L
v 227 (E/Am)’*lQ(VTQ)—lH > ] <.

2 = p

Prxl,...,zT [Ell S [T], dt € [T],

Denote by C; the union of the above two events, and we have Prq[C;] > 1 —p/2.
Now, for every fixed Q, whenever C; holds, we can let

/ 2T

=7 = 5 =

p p ) —T p )
so the initial conditions in Lemma 7.1 (and thus Lemma 7.3) is satisfied. Also, according to
Parameter 7.4, our parameter choices satisfy the assumptions in Lemma 7.3, Finally, the con-

clusion of Lemma 7.3 immediately implies for every T' > Ty

~ (T
Pr [HWTPTQWTPTQVH% =0 (;) \cl] >1-2¢T>1- g :

L1,y @T

Union bounding this with event C;, we have

(T,
Pr[IWPrQvP) i3 =0 ()] 210
valw'sz T

Combining this with Lemma 2.2 completes the proof. ]

1.2 Proof of Theorem 1

Proof of Theorem 1. First for a sufficiently large constant C', we can apply Lemma 4.3 on p’ = &
and ¢ = min {ﬁ, 8%} and obtain: with probability at least 1—p' —q? > 1—p/2 over the random

choice of Q, the following holds:
[(ZTQ)(VT Q)™ < 206k 1y 64 and

i 216, /k1n 2L 2
2 227 (Z/N) T QVTQ)Y| = ] <%.

Prxl,...,xT [EIZ € [T]v Elt € [T]7 2 p

Denote by C; the union of the above two events, and we have Prq[Ci] > 1 —p/2.
Now, whenever C; holds, we can set

2T
20736dk . 6d _  216y/2kIn =S

In—, Z=,=
p? p N p

so the initial conditions in Lemma G.1 are satisfied. Also, according to Parameter G.3, our pa-
rameter choices satisfy the assumptions in Lemma G.1. Therefore, the conclusion of Lemma G.1
implies

=Z

Pr [|Z7Pr,Q(V P, Q) } > 2| 1] <247 .

T1,.-TT,

We denote by Cy the event that | Z"P7, Q(V ' Pr, Q) ![|2 > 2. Note that Cs only depends on the
randomness of Q and z1,...,z7,.
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Whenever Cy holds, denoting by Q' = P7,Q, we have 1

1ZTQYVTQ) |} <2, and
Vie[T|,te{Tp+1,..,T}: HIL';FZZT (2/)\k+1)i—1 QI(VTQ/)_1H2 <3

We next want to apply Lemma 7.3 again but on z7,,...,xp: we shift all the indices by —Tj,
meaning that z; now becomes z;_7,. This time we apply Lemma 7.3 with Q = Q’, Ez = 2, and
=, = 3. We use again the parameter choices of Parameter G.3 but this time we denote by T} this
new 1y and it satisfies:

noo_ (Azg In® TIn’ =z @(Aln2 §>
In?(Ty) gap? gap’

The conclusion of Lemma 7.3 tells us that, denoting by Pr,.; = H';:TO I+ nsxsx]) ), we have for
every t > Ty + 11,

5T1 In T1
(t - T()) ln(t - T()

Pr [nzTPToth%vTPTo;tQ')—l||%z

TTy41ye5Tt

In other words, if T > Ty + T4, then

Pr [rrzTPTcz(vTPTQ)l\%:fz( hi )]

)’Cg} < 2qT .

»L1y s TT T— Tg
~ T _ _
<  Pr ||[WPrLQV PrQ)'2=0 ! Co| + Pr [C2|Ci+Pr[Ch]
TTy+11-TT T-—"1Th X1y, TT Q
< 2qT+2¢T +p/2<p .
Combining this with Lemma 2.2 completes the proof. (]

1.3 Proof of Theorem 3

Proof of Theorem 3. Recall that we are using the same learning rates Parameter 7.4 as in Theorem 2
Therefore, the same proof of Theorem 2 ensures that the initialization assumptions in Lemma H.1
are satisfied so we can apply Lemma H.1.

We want to prove next the output matrix Qr = [q1, ..., qx] € R¥* satisfies

1
with probability at least 1 — (2kdT)q, Vi€ [k]: ¢ B¢ > X —3pn— .
p

For every i € [k], let Qgﬂ € R¥ denote the first i-columns of Q7. By the property of Oja’s
algorithm, the same Q% would have been the output if we started from an R4’ random matrix
Qo for online i-PCA. In other words, we can write Q% = [q1, ..., q].

Letting W% be the column orthonormal matrix consisting of all eigenvectors of 3 with eigenvalue
< A\ — 7 p, we applying Lemma H.1 (with k£ = i) and obtain:

wp. at least 1— 247 (W) Qill% < (W) "PrQ (VT PrQ) |3 <2/y .

Note that the second line is implies by the first line:

2 22 (Z/0) T QVTQ) |

<

2T ZZ7 (S hesr) ™ zzTQ’(VTQ’)*lH2 +

2 22" (B/0) T VVIQVIQ) |

<

el ZZT (/A i) ZH2 : HZTQ’(VTQ')’1H2 +1<vV2+1<3 .
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(Above, the first inequality uses Lemma 2.2') This in particular implies ||(W’V)qu||% <
Let us define for each i € [k],

of [Ai— A of Ai — A 1
Pz‘d:f{ijl)\i—/\jzp}gﬂ%>1 and "}%jg jE[l,*] .
P B P P
By union bound,
w.p. at least 1 — 2¢kdT, Vi€ [k],Vy €Ti: [[(W)) ql3 <2/v . (I.1)

We are now ready to bound Rayleigh quotient. For each i € [k], let iy be the index of the first

(i.e., the largest) eigenvector with eigenvalue < \; — p and define b; ; © Ef: y

the j-th largest eigenvector of 3. It satisfies b; 1 = 1. By Abel’s formula,

(gi,vj)? where v; is

d d
g Bq; = Z)\j<Qi,Uj>2 > (Ni—p)— Z biji(Aj—1 = Aj) -
j=1 J=io+1

Note that for every j > ig + 1, we have b; ; < HW?Y”qZH% < % according to (I.1). Therefore,

d d
2 1 1
Z bij(Aj—1 = Aj) < Z —p(Vi,j — Yij—1) < 2/3/ —dz <2pln— |
j=io+1 jmigt1 Vi 1 p

which implies qz-—r 3q; > N —3pln %. U]

D=
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